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PREFACE

This volume is the first effort of a new Board of Editors. We plan to provide
timely and critical reviews of substantial developments in chemical engineering.
We have a dual audience in mind: the generalists should learn where the major
advances are in new knowledge and understanding, in new tools and equipment,
in new processes and products, and in issues of general concern; the specialists
should learn in some depth from critical evaluations of the literature of theoretical
and experimental techniques and results and their future implications. These vol-
umes will provide a forum for articles longer than a single research paper and
shorter than a monograph or book. We believe that these reviews will prove
valuable to the profession of chemical engineering.

James Wei

Kenneth B. Bischoff
Thomas B. Drew
John H. Seinfeld
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1. Introduction

The application of reaction kinetics to the design of chemical reactors
has reached a level of maturity over the past 20 years. The discipline is

! Present address: Department of Chemical Engineering, Massachusetts Institute of
Technology, Cambridge, Massachusetts 02139.
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2 C. D. PRATER ef al.

now comfortably established under its Reaction Engineering name and is
already looking forward to its Seventh International Symposium. Publica-
tions in the field are increasing exponentially. Occasionally one finds a
paper revealing some successful industrial applications, but these papers
usually reveal only a small facet of the overall application. Because of the
proprietary nature of most processes, the true reaction schemes or cata-
lysts may be clouded in secrecy, the rate constants may not be given, and
comparison with plant data may not be made available.

It is the purpose of this article to present in its entirety one of the early
applications of reaction engineering, which was well under way in 1952
before the name Reaction Engineering was even coined. We will describe
the laboratory kinetic experiments, the diffusional analysis, the integra-
tion of these phenomena into a mathematical process model, its field
testing and validation, and subsequent use in process design, modifica-
tion, control, and optimization.

The work took place over a >20-yr period and involved the talents of
many people within the Mobil Research laboratories and the cooperation
of many refinery personnel. At the first stage, the kinetics of single-parti-
cle burning was studied by P. B. Weisz and co-workers. At the second
stage, the one-dimensional kiln equation was solved analytically by C. D.
Prater, and the exploration of kiln performance was performed by J. Wei.
At the third stage, extension of the model to both fast and slow coke by
numerical techniques, and to dynamic responses was done by V. W,
Weekman. Finally, the kinetics of CO conversion to CO, was included in
the model by B. Gross. However, the complete development could not
have been accomplished without help from a large supporting cast. The
kinetics have been published (Weisz, 1966, Weisz and Goodwin, 1963,
1966) and some information about the model was given earlier (Prater et
al., 1963; Weekman ez al., 1967). However, much of the present material
has not been published previously. It is hoped that the story in its entirety
will give encouragement alike to those seeking to apply the scientific
approach to industrial reactor design and to those engaged in fundamental
research. In order to increase the value of this article as a reference and
teaching tool, we have included detailed derivations of the final equations
used in the reactor models.

The thermofor catalytic cracking (TCC) process was developed in the
late 1930s and early 1940s, to break down heavy fuel oil into gasoline.
During World War 11, many units were built to meet the large aviation
gasoline demand. It had been developed through the classic approach to
scale up of building increasingly larger-scale components of the system.
By the 1950s over 48 commercial units were in operation, as well as
versions in the Soviet Union and the People’s Republic of China; yet little
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was understood about much of the operation of these units, particularly
the regenerator (kiln) operation.

From Fig. 1, we see the general flow diagram of the air lift version of the
unit. Bead catalyst? ~} inch (3.2 X 1073 m) in diameter flows as a compact
moving bed from the separator down through the reactor and into the kiln.
In the earliest version of the units, the catalyst was returned to the top of
the units by means of a bucket elevator. In the air lift version developed
later, the catalyst beads flowing out of the kiln are blown by an air lift to
the top of the separator, where they again pass down into the reactor. Oil
is contacted with the catalyst in a concurrent fashion in the reactor. The
reaction products are drawn off and separated in the fractionation section.
Recycle from the fractionator returns and is mixed with the fresh gas oil
and charged into the reactor. Carbonaceous material (coke) is laid down
in the reaction section as a by-product of the cracking reactions. The coke
acts to deactivate the catalyst, and the kiln functions to burn off the coke
and to restore catalytic activity to its initial value. A typical kiln may be 35
ft (10.7 m) tall and 30 ft (9.1 m) in diameter.

Many variables under the control of the operator or designer affect the
operation of the kiln. The flow patterns in the kiln are shown in Fig. 2, and
some of the major process variables are listed. There are more than 14
major variables which influence the kiln design or operation. All variables
strongly interact. Since it is exceedingly difficult to grasp the effect of
even a few variables, different schools of thought had arisen about kiln
operation. Each group had its own image based on the variables with
which it was most familiar, much as the seven blind Hindus after feeling
different parts of the elephant. Trying to change this situation, P. B.
Weisz and co-workers in the early 1950s undertook a program to deter-
mine the kinetics of coke burning in the kiln.

il. Single Particle Kinetics

A. INTRINSIC KINETICS FROM THE
LABORATORY EXPERIMENTS

Weisz and co-workers organized the kinetic experiments to study the
key underlying phenomena of coke burning, independent of other compli-
cating phenomena. Their first step in this direction was to recognize that

2 The earliest catalyst was made from clay; later, synthetic beads from silica~alumina
were introduced. In the early 1960s, catalysts were introduced that employed up to 10% X or
Y zeolite in a silica—alumina matrix.
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there were two kinds of coke on the catalyst (Weisz and Goodwin, 1966).
One was designated ‘‘fast’” coke, and consisted of chemisorbed material
that became desorbed as the catalyst temperature rose. It burns mostly in
the gas phase in the kiln. This coke could be removed by exposing the
sample to an oxygen-free atmosphere at 1200°F (922 K) for approximately
15 min. The remaining coke, designated **slow’’ coke, was not desorbable
and burned on the surface of the catalyst. This material constituted the
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major portion of the coke. It is this coke to which they first directed their
attention.

The rate at which carbon is burned from the catalyst in air was mea-
sured under differential reactor conditions by burning small samples of
coked catalyst (1.1-4.4) X 1073 Ib {(5-20) x 1073 kg] in a rapidly flowing
airstream. By using high air rates, the oxygen concentration varied little
during the experiments. Thus, oxygen dependence could be studied in an
uncoupled manner. It was found that the rate of burning was sufficiently
close to first order with respect to oxygen concentration (C,,) for most
purposes.

The rate of oxygen utilization is related to the intrinsic rate of carbon
burning by the ratio of CO to CO, produced in the burning reaction. This
relation can be expressed in terms of a constant « that is defined as the
moles of coke burned per mole of O, consumed, and varies between 1 and
2. The relation between the two rates is given by

d[C.Vdt = a(d[Cux]/dt) (¢))
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It was found that, for intrinsic burning, the value of « was a function of
the temperature only (Weisz, 1966).

At the higher temperatures, whole catalyst beads have greatly different
rates of burning than beads pulverized to 200 mesh. This is caused by
diffusional resistance in supplying oxygen to the coke burning sites within
the whole beads. This diffusion effect can be seen in Fig. 3, where the
oxygen consumption rate is plotted versus temperature for both powder
and beads. The cracking catalyst bead is a porous and high-surface-area
material in which the coke is deposited on the walls of the internal pores
structure. This requires the transportation, by molecular diffusion, of
oxygen to the place within the porous bead structure where the coke is

I 4

103 /

102 /
/
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jrm
R Ro= 4 x 10340 (1 x 10-4m)
1072 Sy
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F1c. 3. Diffusional effects in single-bead experiments.
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{a) (b} {©)
R I I
j § ; Dé i

C & DK Ceni

Fic. 4. “Fish eye” burning in cracking catalyst beads. Appearance after partial burn-off
(top), and coke concentration versus radius in beads for successive stages of burn-off (bot-
tom) for three temperature regions: (a) low, (b) intermediate, (c) high.

burned. The diameter of these pores is less than the mean free path of the
oxygen molecules in the gas, so the diffusion will be in the Knudsen
region. When the rate of intrinsic burning is very fast, a large concentra-
tion gradient of oxygen is required to supply the oxygen to the burning
site within the bead, so the oxygen concentration at the burning site is less
than that exterior to the bead. Since the intrinsic burning rate is propor-
tional to the oxygen concentration, the overall rate of burning will be less
than expected from the external oxygen concentration. If the intrinsic
burning rate is fast enough, coke burning will advance through the bead as
a sharply defined burning front. Hence, when beads that had been par-
tially burned at sufficiently high temperatures are cracked open, an inner
core of unburned carbon is found. Figure 4 shows this phenomenon for
three silica—alumina beads which have been partially burned at three
different temperature levels ranging from low to high (Weisz and
Goodwin, 1963). The coke has been made visible by immersing the silica—
alumina beads in carbon tetrachloride. Commercial operators had also
noticed this phenomenon and called beads that exhibited these black
cores ‘‘fish eye’” beads.

From the physical evidence it is clear that, as expected, a sharp coke
interface is formed at high temperatures between the burned and the
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unburned portion of the bead. This sharp interface means that the burning
rate at higher temperatures is completely limited by the rates of the diffu-
sion of oxygen to the burning surface. At lower temperatures, there ap-
pears to be no sharp interface, thus the burning is only partly limited by
the diffusion of oxygen and partly limited by the intrinsic rate of carbon
burning. Hence, except at very low temperatures, the intrinsic kinetics of
carbon burning could be determined only by using pulverized catalyst.
Pulverizing the beads provided the means of uncoupling the intrinsic rate
of burning from diffusional phenomena at higher temperature ranges.

Using the pulverized silica—alumina catalyst, it was found that slow
coke burning is first order with respect to the fraction of carbon remaining
on the catalyst (y) if the initial concentration of slow coke (C,) is below 7-
20% of the weight of the catalyst as shown in Fig. 5. The precise value of
this ceiling on first-order behavior is determined by the surface area of the
porous bead catalyst. Above this ceiling, the burning is not first order, as
shown in Fig. 5. It was shown that this departure occurred when more
coke is deposited on the catalyst than can be accommodated in a mono-
layer. These high coke levels were seldom encountered in commercial
operations of the TCC unit using silica—alumina beads.

The temperature dependency of the rate constant k for the first-order

1.0
A T T
—D\'O\ \l
N\,
~
05} ~N, -
)\ 7-20% Coke
AN
\\
N,
o\
y o1 3% Coke AN -i
\\
o\
\\
1000°F N
0. 1 | g
0 10 20 30
Time (min)

FiG. 5. Typical rate plots of carbon remaining versus burning time: (@) normal sample;
(O) initial flattening due to carbon overload (partial inaccessibility). Redrawn from Weisz
and Goodwin (1963).
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coke burning was found to obey the Arrhenius relationship:
k = b exp(—Q/RT) 2)

Thus, for the monolayer region of coke concentration, the intrinsic rate of
burning of slow coke is given by

(dyldth = byzCox exp(—Q/RT) (3

where C, is the initial concentration of oxygen, z = C,,/C/y is the frac-
tion of oxygen remaining, y = C./C? is the fraction of the original slow
coke left on the catalyst.

The various gas oil charged to the TCC units differed greatly in compo-
sition. Thus, the possibility arose that the burning rate of coke could be a
function of the composition of the charge stock from which it came.
Weisz and Goodwin (1966) found that the slow coke burning rate is inde-
pendent of the source of the charge stock and, within experimental error,
is equal to that reported in the literature for graphite (Arthur, 1951).
Figure 6 shows this independence. In this figure, the time required to burn
85% of the coke is plotted against the reciprocal of the absolute tempera-
ture. The 85% burning time is a convenient measure of the first-order rate
constant:

tgs = —In 0.15/kCo = 1.9/kCq 4
In #55 = In(1.9/bC¢y) + Q/RT &)

A variety of material could be used as the basis for cracking catalyst,
including synthetic silica—alumina, natural clay, or silica~magnesia. If
these materials did not contain significant amounts of metals such as
chromium or platinum that catalyzed the burning of carbon, the burning
rate of the coke is independent of the base as shown in Fig. 7.

B. DiFFUsiONAL LIMITED BURNING

The influence of diffusion on the burning rate is easy to calculate for the
special limiting case in which the rate of supply of oxygen by diffusion
determines the burning rate. As our previous discussion showed, a coked
bead partially burned at a high temperature exhibits two sharply defined
regions: an outer shell of cleanly burned bead surrounding a core of coke
still at its initial concentration (CY). At sufficiently high temperatures the
concentration of coke can be considered to go from zero to initial value in
a step function on passing between the two regions. Since there is no coke
in the clean burned region, no oxygen is used in this region and the
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FiG. 6. Burning rate constant is independent of origin of coke. Five different modes of
coking are represented by different symbols. From Weisz and Goodwin (1963).

concentration of oxygen at each point in this region must satisfy the
following equation:

ViCo = 0 6

The oxygen concentration is zC[, at the outer surface of the bead, and is
essentially zero at the burning front for this high-temperature burning.

For a spherical bead of radius a with coke core of radius r,, the solution of
Eq. (6) is

Cal) = 2Conlz25) (52),  nsr=a ™

The rate of flow of oxygen (f) through the outer surface of the bead

multiplied by « will be equal to the rate of burning of the coke in a single
bead:

of = (4/3)ma’Cdy/dt)p ®
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On the other hand, the rate of flow of oxygen through the outer surface of
the bead can be obtained from Eq. (7) and is given by

f = 4ma*D(dC,,/dr), ©
Furthermore,
y = (ry/a)® (10

Hence, combining Egs. (7)-(10) gives the diffusional limited rate of burn-
ing:

dy 3DazCl, y'3
(&)= a5 an

There were great expectations that the quantification provided by Egs.
(3) and (11) for single beads would receive quick and productive applica-
tion to kiln problems by the refinery engineers. To aid in this application,

100

2

¥ g5 (min)
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E \
5 \
: N
\
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I
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| W ' 'l
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Tomparsture

Fic. 7. Comparison of intrinsic combustion rate constant on various noncatalyzing
oxide bases: (Q) Filtrol 110; (J) silica-magnesia; (O) Fuller’s earth. The dashed line
denotes standard noncatalyzed kinetics.
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a special ‘‘slide rule’’ (Fig. 8) was constructed to provide burning curves
for any temperature, bead size and diffusivity, and coke concentration. In
this slide rule, the transition region between intrinsic burning given by Eq.
(3) and diffusion-controlled burning given by Eq. (11) was reproduced by
means of a plastic template shown in Fig. 8. However, this excellent and
penetrating study on single beads was very little used by the refinery
engineers, and had almost no impact on kiln operation and design proce-
dures. When reasons for this were sought, it became clear that the diffi-
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culty lay in the multiple dimensionality of the kiln problem. The user was
unable to think clearly through the complex interactions in the operating
kiln without the help of a comprehensive mathematical model, regardless
of how good the guantification for a single bead. In the early 1950s when
this work was completed, digital computers of sufficient capacity were
not yet available, so that analytical solutions for the kiln equations were
needed.

Ill. Analytical Solution of the Kiln Equation for Slow Coke

A. DEVELOPMENT OF AN EXPLICIT SOLUTION FOR THE
KiLN EQUATION FOR SLOW COKE BURNING

The first problem in setting up the kiln equation was to obtain an equa-
tion for the rate of burning in the transition region between the two limit-
ing cases given by Egs. (3) and (11). In the “‘slide rule,”’ a piece of plastic
was machined to fit the observed curve, and no explicit expression for this
region was obtained. The dashed lines in the Arrhenius plot of Fig. 9 show
the two limiting cases as a function of temperature. Instead of solving the
equations for the transition region, which presents considerable mathe-
matical difficulty, it was found that the integral burning rate to 85% com-
pletion could be empirically approximated in terms of the limiting cases
by

(dyldt)™! = (dyld)i" + (dyldt)p! (12)

The points shown in Fig. 9 were calculated using Eq. (12) and show
excellent agreement with the solid line which represents experimental
data.

It should be noted here that since the original work done at Mobil was
completed, there have been new developments published in the literature.
Ishida and Wen (1968) analytically solved a special case for the transition
region when the reaction rate does not depend on the local solids (coke)
concentration. Wen (1968) has also numerically solved the more general
problem for certain kinetic forms, and Amundson and co-workers have
done much work on the diffusion and reaction in the boundry layer about
a carbon particle (Caram and Amundson, 1977). We will not attempt to
review the literature or compare the more accurate numerical solutions
with our ad hoc approximation technique. However, we note that our
technique was simple, fit the experimental and commercial data ex-
tremely well, and provided us with valuable insight and understanding
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into the physical and chemical processes occurring in the kiln. Our philos-
ophy has always been to use the simplest model possible to explain ob-
served phenomena. Only when it fails is a more complex approach war-
ranted.
The second problem was to obtain some quantification of the variation
of the coefficient & which accounts for the relative production of CO and
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CO,. For the operating conditions for kilns in the 1950s, an examination
of the values of a observed led to the discovery that a« was approximately
a constant characteristic of each zone of the kiln. This phenomenon is
illustrated in Fig. 10, in which the fraction of carbon remaining (y) is
plotted against the fraction of oxygen remaining (z) along the length of the
kiln. If « is a constant characteristic of each zone, then the points in each
zone will be on straight lines. This is clearly the case in Fig. 10. Further-
more, for the operation modes in use at that time, the value for « for each
zone varied little from Kkiln to kiln. Consequently, the value of « for each
zone could be taken as a constant parameter characteristic of each zone,
and its value could be determined from full-scale kiln data. Although this
procedure left much to be desired, it made the search for an explicit
solution much more likely to succeed.

A third problem was that of fast coke. This coke also exhibited first-
order intrinsic burning, but with a rate constant 17 times that of slow coke
at 950°F (783 K). Again a fortunate simplification was found so that the
kiln equations would not have to be solved for two kinds of coke burning
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Fic. 10. Mass balance y versus z graph for kiln operating with conventional green
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simultaneously. With the design and mode of operation current at that
time, essentially all of the fast coke had been burned at a point 1 or 2 ft
(0.3 or 0.6 m) from the top of the upper zone. Thus, if the temperature and
coke concentration at this point were taken as the initial values, the
remainder of the kiln would be burning only slow coke according to Egs.
(3), (11}, and (12).

Next we developed the one-dimensional kiln equations by assuming (1)
piston flow for the solid and the gases, (2) negligible heat loss through the
kiln walls, and (3) solid temperatures equal to gas temperatures over a
horizontal section. These assumptions are justified since there is an intri-
cate network of catalyst and air distributors to ensure uniform flow. The
reactor diameter and height are several thousand times larger than the
catalyst diameter, the kiln surface to volume ratio is quite small, and the
solid heat capacity in the kiln is many hundred times greater than the gas
heat capacity. The kiln equations were developed by the mass and heat
balances in a differential section of the kiln, which related the temperature
(T), the fraction of oxygen remaining (z), the fraction of coke remaining
(), in terms of the kiln vertical position (x). It was possible to simplify
these equations by relating T and z in terms of y.

For each differential value, the carbon disappearance must equal «
times the oxygen consumed. The molar carbon disappearance rate is
given by (W F./M,) dy,, where W/ is the weight fraction of carbon on the
catalyst as it enters the kiln, F_ is the flow of catalyst into the volume
element, and M, is the molecular weight of carbon. The molar oxygen
consumption rate is given by (F,K,) dz, where F, is the flow of air into the
volume element, and K, is the mole fraction of oxygen in air—normally
0.21:

aF K, dz = (WF./M.) dy (13)
Integration of Eq. (13) from the inlet for constant «a gives
aK F.M.
Yy Yi=—wrm— @~z =Y2z—-2)
WeF. (14)

y=y—-Y;+Yz=A+ Yz
where y; and z; are inlet conditions and
Y= aKJFMJ/WF.,, A=y —1Yz

Equation (14) is the equation for the straight lines in Fig. 10 used to
demonstrate the approximate constancy of a over each zone of the kiln.
Similar consideration of the heat balance shows that

FW.AH dy = —~(FCpe + F.CM) dT, dT=-Pdy (15
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where C,c and C,, are the specific heats of catalyst and air, respectively,
and M, is the molecular weight of air. AH is the heat of combustion of
coke to CO and CO,. Integration of Eq. (15) for a constant gives

T=T+ (- yP (16)
where T; and y; are inlet conditions and
p FW.AH

T F.C, + F.M,C,,

The velocity of flow of catalyst along the kiln is used to transform the

time variable into a distance variable. The catalyst linear velocity is given
by

dx/dt = —F Jop, (17)

where o is the cross-sectional area of the kiln and py, is the bulk density of
the catalyst (weight of catalyst per volume of kiln).
Combining Egs. (3), (11), (12), (14), and (17) and forming the integral,

we have
I; dx =¥ fy {[exp(— 1%‘)][‘4 - y]y}#1 dy

-0 [ [ - yy 1 -y dy a8)
where ¥ and © are given by,

¥ = F.YioppybClx (19)

® = —F.a’C.Ylop,3DC \ya 20)

The two integrals on the right side of Eq. (15) will be treated separately.
Consider the first integral on the right. Substitute the value of T in terms
of y given by Eq. (16) and set w = Q/RT, u = (RTi/Q) = 1/w;, 7 = RP/Q,
&= 1/(A — y)r — u, and { = —=1/(y;7 + u); then the first integral on the
right side of Eq. (16) becomes

fy dy __[r__Tfe” dw
i e_Q/RT(A - y)y B w(w + f)(w + C)

The right side of Eq. (21) can be decomposed by partial fraction and
integrated to give

y dy _ _1_ [
we ORT4 —y)y ~ A

@n

fw e¥ dw w ew dw]

wiw+§—wiW+C (22)
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= - —}; [e'f Eilw + &) — et Eilw + {)]: (23)
where Ei(x) is the exponential integral defined by
x e dt

Eit) = [

The second integral on the right side of Eq. (18) gives

.1 I3
;%Z—_y—y;yif% = —1/8[(1 — 8) In(6 — ry) — (5 + ) In(8? + r, + A)

+ V3 tan~'[2r, + 8)/V3SILL 24
where r; = y'? and 8 = A'2. Hence,
x = %=~ & [ Eitw + £ — e Eitw + DI,

+ (B/8)[(1 — 8)In(d — r) — (3 + §) In( + &r, + 1)
+ V3 tan~'[(2r, + 3)/V38II}}, (25)

There are 21 parameters in Eq. (25) (Table I). These provide the five
dimensionless groups given in Table 1I. A 10-dimensional process varia-
tion space is needed to characterize the slow coke preformance of the
two-zone air lift TCC kilns, even when a is constant for each zone. It is
not surprising that engineers and operators had problems in understand-
ing the responses observed in the kiln.

Equation (25) expresses x as a function of w and r,, which in turn are
functions of y. The parameter A = y; — Yz; contributes to £, 6, ¥, and ©.
In the case of a concurrent zone, we have an initial-value integration; A is
given by the boundary conditions at the top of the zone and is known.
Thus, for a given y, the corresponding x can be calculated.

In the case of a countercurrent zone, we have a split boundary integra-
tion; A = y; — Yz is given by the boundary conditions at the bottom of the
zone and is unknown. However, if the upper limits of integration in Eq.
(25) are made x;, w;, and ry;, the left side of Eq. (25) becomes the length of
the zone, L;, and the right side becomes a function of y; and can be solved
for y; by iteration. After y; has been found, A can be calculated and then £,
8, ¥, and O.

Equation (25) cannot be solved for x with an arbitrary value of y. First
of all, y must be less than y;, the inlet coke level into the zone. In addition,
z must be positive at all times because burning ceases when there is no
oxygen left. This means that a concurrent zone, y > (y; — Y) and, for a
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TABLE I

PARAMETERS THAT DETERMINE THE PERFORMANCE OF THE MAIN SECTION OF THE KiLN

A. Fundamental Parameters

Burning
Q Activation energy a Moles carbon burned per mole
R Gas constant oxygen consumed
b Frequency factor AH Heat of combustion
Catalyst
D Catalyst diffusivity pv Bulk density
a Bead radius p: Particle density
Cy.  Specific heat
Air
Cox Inlet concentration of oxygen Cpa Specific heat
B. Kiln Parameters
Flow

F, Flow of air into the ith zone; negative for upflow, positive for downflow
F. Flow of catalyst

P, Pressure
Structural
o Cross-sectional area L Length of kiln
| Air inlet location
Boundary

T; Catalyst temperature at top of a zone
T. Temperature of air at air inlet
W, Weight fraction of coke on catalyst

countercurrent zone, y > (y; + Y). Also according to Eq. (1), the intrinsic
burning rate is first order with respect to both coke and oxygen, and x
approaches infinity when y = y; — Yin the concurrent zoneandy = y; + Y
in the countercurrent zone, or when y = 0. In order to avoid obtaining a
kiln of infinite length for all operating conditions, we consider a catalyst to
be regenerated when y reaches some small value, say y = 0.001, instead of
allowingittogotoy = 0.

B. TEest AND USE OF THE EXPLICIT SOLUTION

Since no suitable computer was then available, the first computations
with the explicit solution were made ‘‘by hand,’”” using mathematical
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TABLE II

DIMENSIONLESS GROUPS

Group* Related to:
(RT)IQ = The inlet intrinsic burning
rate of end zone
RIQP =~ Increase of burning rate in
relation to coke con-
sumption
A McC{,,.) e L.
— ) =] = Oxygen utilization
( Fc) ( wi ) =Y v8
(mF,) (C(,,Mc) ( 1y _¥ Dimensionless factor for
T W! 'b?;) =T intrinsic burning
Foa*p._© A factor for diffusion
13Dp, | burning

2 | is the location of the air inlet.

tables for the various functions prepared by the WPA during the 1930s
depression. Not too long after the solutions were obtained, a Datatron
computer became available and the explicit solution was programmed for
computation on this computer.

Parameters in the model are listed in Table I. The flow, structural, and
boundary conditions are known quantities. The frequency factor and acti-
vation energy for coke burning were the values determined by Weisz and
Goodwin (1966) from the experiments discussed earlier, and the catalyst
diffusivity D was measured directly in the laboratory. The value of o was
determined from direct observations of the CO/CO, ratio in each zone of
the operating kiln. The remaining parameters are known quantities. Thus,
there are no adjustable parameters available to tune the fitting of pre-
dicted values to observed data, for the fraction of coke remaining and for
the vertical temperature versus distance from the top of the kiln.

Figures 11-13 show three typical comparisons of commercial data
(points) and computed (curves) fraction of coke remaining versus distance
from the top of the kiln. The location of the air inlet is given by the arrow.
The agreement is quite good for Figs. 11 and 12. The deviations in Fig. 13
are typical of the poorer agreements. These deviations arose from one of
three causes: (1) changes in the kiln operating conditions during the sev-
eral hours required to complete the sampling operations; (2) a spiraling
flow of the catalyst in the donut-shaped kiln coupled with a nonuniform
distribution of the initial values of the coke at the inlet of the kiln, which
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FiG. 11. Simulation of y versus x for the Beaumont T-2 kiln operating with conventional
green silica—alumina catalyst. Computed results are given by the solid curve. The observed
values, obtained from a vertical traverse, are given by the points. The operating conditions
were as follows: flow of air up—23,500 scfm (665 scmm); flow of air down—13,600 scfm (385
scmm); air temperature at inlet—120°F (49°C); O, in air to kiln—21%; catalyst circulation
rate—348 tons/hr (3.16 X 10° kg/hr); catalyst inlet temperature (1-ft level)--900°F (482°C);
coke on catalyst (1-ft level)—1.5%.

caused samples with different boundary conditions to be obtained at vari-
ous points on the vertical traverse; (3) poor data caused by the difficulties
in operating the probes used in obtaining the samples. The temperature
simulation was also good, as shown by the example in Table III.

C. UsE oF THE EXPLICIT SOLUTION TO EXPLORE
KiLN PERFORMANCE

One good method of exploring the effects of variables on kiln perfor-
mance is to prepare performance maps of appropriate subspaces of the
kiln performance space. The most widely used map for this application
was a graph of catalyst circulation rate versus carbon burned. Tempera-
ture and burn-off constraint curves were used to define the operating
region given as shaded areas in Fig. 14. The conditions for the kiln used in
Fig. 14 are given in Table IV.
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Fic. 12. Simulation of y versus x for the Beaumont T-3 kiln operating with conventional
green silica-alumina catalyst. Computed results are given by the solid curve. The observed
values, obtained from a vertical traverse, are given by the points. The operating conditions
were as follows: flow of air up—20,700 scfm (586 scmm); flow of air down—14,900 scfm (422
scmm); air temperature at inlet—100°F (38°C); O, in air to kiln—21%:; catalyst circulation
rate—373 tons/hr (3.49 x 10° kg/hr); catalyst inlet temperature (1-ft level)—915°F (451°C);

coke on catalyst (1-ft level)—1.2%.

TABLE III

A CoMPARISON OF COMPUTED AND OBSERVED TEMPERATURES IN

Top ZONE OF BEAUMONT T-2 TRAVERSE OF 7/31/53

Calculated Observed
x temperature temperature
ft in. y °F °K °F °K
2 0.6096 0.95 9239 777 940 7774
3 09144 0.875 993 807 980 800
4  1.2192 0.83 1028 826 1030 827
5 152 0.675 1144 891 1125 880




A REACTION ENGINEERING CASE HISTORY 23

1.0P——
0.8
[o]

Q
0.6
Y
0.4
0.2

o\\ ° 9

1 \L o fa)

2 4 B 8 10 12 14

X
Distance along Kitn {ft)

FiG. 13. Simulation of y versus x for the Buffalo kiln operating with Durabead 5. Com-
puted results are given by the solid curve. The observed values, obtained from a vertical
traverse, are given by the points. The operating conditions were as follows: flow of air up—
25,500 scfm (722 scmm); flow of air down—11,500 scfm (326 scmm); air temperature at
inlet—760°F (405°C); O, in air to kiln—18%; catalyst circulation rate—495 tons/hr (4.5 X
10° kg/hr); catalyst inlet temperature (1-ft level)—960°F (516°C); coke on catalyst (1-ft
level)—1.4%.

TABLE IV

KiLN OPERATING ConNDITIONS USED IN FiG. 14

Flow of air up 25,000 scfm (670 n.m?/ min)
Flow of air down 12,000 scfm (322 n.m*/min)
Air temperature at inlet 100°F (311 K)

Oxygen in air to kiln 21%

a (upper zone) 1.33

o (lower zone) 1.08

Location of air inlet 6.75 ft (2.057 m)

Reactor outlet temperature 920°F (766 K)
Cross-sectional area 463 ft? (4.301 m?)

Length of bed to cooling coils 20.5 ft (6.25 m)
Diffusivity of H,, temp. = 100°F 30 x 10-? cm?/sec




24 C. D. PRATER ¢t al.

@ kgihrx 103

Ibihr x 103
-
o

)
(732°C) / /
1350°F Above
Cooling Coils /
{excess oxidation)

—
(732°C)

1350°F Above

10 Air Inlet =
(excess
temperature) ‘\

insufficient
burnoff (less than 99%)

Carbon Burned

Operating Region

1 i L L

400 450 500 550 600  tonsihr
i 1 y i 1
4.0 4.5 5.0 5.5 kglhrx 105
Catalyst Circulation

Fi1G. 14. Performance graph for the reference conditions given in Table IV.

The way in which the operating regions are shifted as other variables
are changed is a convenient way to examine kiln performance. Figures 15
and 16 show the effect of changes in catalyst diffusivity and changes in the
location of the air inlet, respectively, on the location of the operating
regions for the kiln parameters given in Fig. 14. The catalyst diffusivity
has considerable effect on kiln performance; the higher diffusivity cata-
lyst allows the unit to be operated at a higher catalyst circulation rate.
When the kilns were originally designed, the air inlets were placed be-
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FIG. 15. A comparison of the operating region for catalysts with diffusivities Dy, of
1.08 X 10~% (---) and 3.23 X 10~% (—) ft¥sec (10~¢ and 3 X 10~¢ m%sec). The other
conditions are given in Table IV.

tween 6 and 7 ft down the kiln. Figure 16 shows that this location is not
optimal for all operations. If 600 tons (5.45 X 10° kg) of catalyst is to be
circulated per hour, the location should be at 10 ft (3 m). This procedure
was used to successfully relocate the air inlet in some commercial Kilns.
The original kinetic studies were neglected, but the explicit solution
was accepted and found considerable use in practical kiln problems.
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FiG. 16. A comparison of the operating regions for air inlet locations at 6.75 (—) and
10 {(~~-) £t (2.05 and 3.05 m). The other conditions are given in Table IV,

IV. Extension of the Model for Fast and Slow Coke

A. THE EFFECT OF THE INITIAL TEMPERATURE T; ON
REesipuAL CARBON

The explicit model can be used to determine the behavior of the TCC
kiln when the initial temperature T; is varied. A good index of the kiln
performance is the distance down the kiln at which 99% of the carbon has
been removed. This distance X, is an important indicator of the extent to
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which the catalyst has been regenerated when it leaves the kiln. A graph
of X;, versus T; for the kiln used for the simulation in Fig. 13 is shown in
Fig. 17. The distance X, is a strong function of 7; and the kiln performance
should show a large sensitivity to T;. This temperature T;, which is the
temperature of the catalyst after the fast coke has been burned off, is not
generally known. The measured parameter on the TCC unit is the reactor
outlet temperature Tg, where the coke contains both fast and slow coke.
In the commercial kiln, X}, does not show a great sensitivity to T . As the
reactor outlet temperature decreases, the amount of fast coke on the
catalyst increases. On entering the kiln, the catalyst encounters a special
region called the plume burner with an auxiliary air supply designed to
burn as much of the fast coke as possible before the catalyst enters the
kiln proper. Hence, the temperature rise due to the combustion of fast
coke in the plume burner and in the upper parts of the kiln will increase
the catalyst temperature. A lower reactor outlet temperature usually
means a higher amount of desorbable fast coke and a higher temperature
rise in the plume burner.

It was found that for a large spectrum of commercial operations, the
kiln behaved as if T; was approximately 920°F (494°C) regardless of reac-
tor outlet temperature. This observation allowed the explicit model to be
extensively used to explore the effects of some of the variables such as
catalyst diffusivity and air inlet location on kiln performance. However,
the absence of fast coke in the model limited its usefulness, here leading
us to develop a model which included the plume burner and fast coke.
This next stage of advance was not possible without numerical integra-
tion.

B. THE INcLUSION OF FAST COKE IN THE MODEL

As with slow coke, the fast coke was shown to burn at a rate that is first
order in coke and approximately first order in oxygen. However, the
activation energy is approximately half that of the slow coke and the
frequency factor is 1.0 X 103 sec™! in contrast to 3.7 X 107 sec™! for slow
coke. At 950°F (783 K), the fast coke burns 17 times as fast as the slow
coke.

A major part of the fast coke is probably desorbed from the catalyst bed
and burned in the gas phase. Even if none of the fast coke was desorbed, a
calculation of the Thiele modulus 7 for conditions in the plume burner and
the top of the first zone of the kiln shows that 7 is in the range 0.92-0.99,
Thus, the fast coke can be assumed to burn without significant diffusion
limitation.
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F1G. 17. The effect of catalyst inlet temperature T on the 90% burn-off distance X, for
the kiln simulated in Fig. 13.
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In treating the simultaneous burning of both fast and slow coke, it is
convenient for computation purposes to reformulate the slow-coke kinet-
ics in terms of a new effectiveness factor nr. The total rate of slow coke
burning (dy./df)t of Eq. (12) is set equal to n(dy,/d?);:

(dys/dt)yr = nr(dy,/dt); (26)
Using Eq. (26) in Eq. (12),
{nTbsysZC(’)x[exp(—QS/RT)]}—I = {bsyszc(l)x[exp(_Qs/RT)]}—l
2C1 - y:%)
3DazCoy?” @
Solving Eq. (27) for %,
3Da;
3Dag + azbsc(c)(yzjs - ys)[exP(—Qs/RT)]

Making the transformation from time to distance along the kiln by use of
Eq. (17) gives

N = (28)

% =~ F mbClatyy [exp(- 1%)] 29)

for the fraction of slow coke remaining, y,. Equation (29) is equivalent to
the differential form of the integral Eq. (18). For the fraction of fast coke
remaining, yg

o~ bChan[exo( - )] G0)

The coupling between Eqgs, (29) and (30) is with the temperature T and
oxygen z. The equation for the rate of change of temperature as a function
of the distance down the kiln is given by

dr F, ( dy;

- ' @’_s_)
& = FiCp + F.Cod, Vet Mgy + W M 5 GD)

The heat of combustion of fast coke, AH;, takes into account both CO and
CO, formation as well as the combustion of the hydrogen in the coke. The
heat of combustion of the slow coke is given by

AH, = [as AHco, + 21 — a)) AHJ/a (32)

where AH = (AHco, — AHco). Coke loses all of its hydrogen rapidly, and
this hydrogen is included in the fast-coke burning. The equation for
the rate of change of oxygen as a function of distance down the Kkiln is
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given by

dx F,KM_\ o dx a, dx

Computer solutions of the set of Eqs. (29)-(31) and (33) were obtained
with a and AH; typical of those measurements on operating kilns, since
the kinetics of the conversion of CO to CO, had not been included into the
model at this time. A low catalyst inlet temperature is used to show more
clearly the effect of fast coke on kiln performance. Figure 18 shows the
coke versus distance along the kiln for the fast and slow coke in the plume

dz _ F, (Wéf dye | Ldl) (33)

Fraction Coke
Remaining, Y

Remaining, Z

Fraction Oxygen

1100

S
i

|

i

l
sooLl__ 1 | il | i | i i 1
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Fraction Distance Down Kiln
Fi1G. 18. Typical steady-state solution of the kiln model.
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burner, the top and the bottom zones, for 1% slow coke and 0.1% fast
coke. Almost no slow coke is burned in the plume burner, but 40% of the
fast coke is burned.

Figure 19 shows the slow coke profiles for the top and bottom zones
obtained when 0.0, 0.1, and 0.2% fast coke is present. When no fast coke
is present, the catalyst does not burn clean (~0.2% residue carbon at kiln
exit). This is consistent with the rapid rise in burn-off distance at 875°F
(469°C) seen in Fig. 17. However, the presence of 0.1% fast coke gives an
essentially clean catalyst, using only 0.6 of the bottom zone. Only a
quarter of the bottom zone is needed when 0.2% fast coke is present. This
improvement in burn-off distance is caused by the temperature boost
obtained from the rapidly burning fast coke. This temperature boost is
shown by the temperature curves in Fig. 20b. The temperature of the
catalyst at the top of the upper bed has increased from 875°F (741 K) to
900°F (755 K). This is sufficient to make a large improvement in burn-off
distance as shown by Fig. 17.

An interesting effect occurs in the top zone of the kiln as shown in Fig.
20. In the first part of the top zone, the catalyst contains 0.2% fast coke
and has a rate of burning less than the one containing 0.1% fast coke. Also
the temperature boost obtained at the inlet to the top zone is less than that
obtained from 0.1% fast coke. This change in response is caused by the
change in oxygen concentration in the plume burner and at the top of the
first Zone as seen in Fig. 20a. The burning of the fast coke diminishes the
oxygen concentration at the top of the first zone, thereby decreasing the
rate of burning in this region. However, the subsequent temperature in-
crease in the top zone more than compensates for this effect. The overall
effect of fast coke is to accelerate the burning of the slow coke.

V. Dynamic Response Model

When operating conditions were changed, transient phenomena were
sometimes observed that first move in one direction and in the reverse
direction on going to the final steady state. To study these transients and
to design an improved control strategy for the unit, a dynamic response
model was needed. With the inclusion of the fast coke in the model, it
became possible to extend the steady-state model to obtain useful dy-
namic response results by the addition of time-dependent accumulation
terms (Weekman et al., 1967).

The accumulation term for the coke (Ib/hr) is given by

9Ce , _ FCeM.

dy
ot o, 90 dx (34)

M.o
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Fic. 19. Effect of fast coke on slow coke burning. All cases 1.0 wt. % original slow
coke. Slow coke profiles are given for the top (a) and bottom (b) sections.
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FiG. 20. Effect of fast coke on slow coke burning (1% slow coke). The profiles shown
are for the top section: (a) oxygen profile; (b) temperature profile.

where 6 is a normalized time relative to each kiln zone and x is a normal-
ized distance relative to each kiln zone:

6 = (F./aL;pp)t (35)
X = x/L; (36)
where L; is the length of the ith zone.
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The flow differential for the element dx of the kiln is given by

FM, aC. FM.C? oy
FcMcobe , _ ZeMcbc 0¥ -
Py Ox dx Pv  OX x 37
and the reaction term is given by
bnCAC o zM Vilexp(—Q/RT)] dx (38)

where V;is the volume of the ith zone. Combining Egs. (34), (37), and (38)
for the fast coke, we get

dyr  9yr _ VibipoCoxyiZ _ O
6 ax  F e"p( RT) (39)
since %y = 1.
For the slow coke, combining Egs. (34), (37), and (38) gives
% QZE - TIsVibstCfax)’sZ ( %)
30 " ax F. €XP\~ RT (40)
The accumulation term for the oxygen (Ib/hr) is
aC o« _ 'BFCC(,)xMoz 9z
ecMo, o dx = o 8 dy “n
the flow term (Ib/hr) is
az
F.K Mo, x dx 42)
the reaction term is
VibeCfC:)XMOnyZ [ p( Qf)]
o exXpy — R_T dx
TIsVibchfCé-xMOZ)’sz [ ( Qs)]
+ . eXP\ = BT dx 43)
Combining Eqs. (41)—(43) gives
RiCiudz | 32 ViCht [bClre Q1)
poFaK, 30 ~ ax F.K, L a COP\" RT
NsbsC (s ¥s _ %)]
+ Dol expl - % (44)

For the enthalpy, the accumulation flow and reaction terms are

F, oT
;ﬁ (paCra + prpc) 30 dx (45)
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oT
(FeCpc + F.M,Cp) o dx (46)
beC sCox AH:M 5yezV; exp(— Q/RT) dx
+ bsnscésccl)x AHM_ yzV; exP(_Qs/RT) dx 47
Combining Eqgs. (45)-(47), we get

E( epacpa + prpc ) QZ g
po \F.Cpo + FuM,Cpa/ 98 = ax
__ CuVa

F.Cy + FM,Cpy

[bfc of AHM 5y¢ CXP(— %)

+ b Cis AHM  y, exp(— }%,)] (48)

To study the response of the kiln to transient conditions and to different
control schemes, the set of partial differential equations (39), (40), (44),
and (48) were solved using a hybrid analog-digital computer, the EAI
Hydac 2000. A description of the computer and of the methods used in the
solution are given in the paper by Weekman et al. (1967). The kiln condi-
tions used in the simulation to be discussed are given in Table V. The
dynamic model was first used to study the effect of fast coke on kiin
stability.

The amount of fast coke was determined from a correlation based on
observation of operating kilns. As the reactor outlet temperature changes,
the amount of oil on the catalyst changes. For the usual purge conditions
existing in the seal leg connecting the reactor to the Kkiln,

W = 0.0176 — (1.92 X 1075)Tx 49)

where Ty is the reactor outlet temperature (°F).

As the reactor outlet temperature rises, the amount of fast coke falls.
Thus, as the kiln receives more heat from the catalyst, it receives less fast
coke. This leads to a self-regulatory effect that played an important role in
kiln stability. This effect is seen by a comparison of Figs. 21 and 22.

Figure 21 shows the response of the temperature above the air inlets
and above the cooling coils at the bottom of the bottom zone of the kiln,
due to a step change in catalyst temperature 7, when no fast coke is
present (W = 0). Figure 22 shows that there is a large improvement in
stability of the kiln temperature when fast coke [as per Eq. (49)] is
present. An unexpected response to a temperature rise occurs when the
fast coke is absent; the temperature above the cooling coils falls before it
finally rises, and residual coke is present until ~60 min after the tempera-
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TABLE V

DyNnamic SIMULATION KiILN CONDITIONS

by 6.86 x 10" f3/(1b mole O,) (hr)
b, 6.39 x 10" ft}/(Ib mole O,)(hr)
Cix 0.0001842 1b moles/ft’

Coa 0.264 Btu/(Ib)(°F)

Cx 0.292 Btu/(Ib)(°F)

D 25 cm¥sec (H,STP)

Fyptume) 1900 scfm

Fatop) 24,000 scfm

F, a(bot) 15,700 scfm

F, 513 tons/hr

AH, 10,000 Btu/Ib

AH, 14,087 + 10,135 2 - 2/a)

M 12

M, 16

Q. 37,500 cal/(gm-mole)

0O 16,500 cal/(gm-mole)

a 0.0052 ft

Viptume) 130 ft

Vidon 3100 £

Vion 6900 ft°

oy 50 Ib/ft?

P 80 1b/ft?

Gtop) 1.31 Ib moles coke burned/lb mole O,
oy 1.12 Ib moles coke burned/lb mole O,
& 4

ture is raised. This ‘‘wrong way behavior’ is related to the difference in
the speed of propagation of the concentration and temperature distur-
bances in the bed (Mehta er al., 1981). The catalyst after this time is
burned clean. The dynamic model was next used to determine the re-
sponse of the kiln to certain disturbances.

The feedstock to the TCC reactor varies in its coke-forming properties.
This is an important source of disturbance in the kiln operation. Figure 23
shows the effect of a 20% change in coke. The temperature above the air
inlet responds with a damped oscillation of the temperature before reach-
ing a steady state 40°F (22°C) above the previous steady state. The tem-
perature at the bottom of the lower zone rises monotonically 75°F (42°C)
to the new steady-state value. This rise in catalyst temperature will influ-
ence the performance of the reactor, since the catalyst is returned to the
top of the reactor after some heat losses from cooling coils in the bottom
of the kiln and in the air lift and the separator. The change of temperature
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FiG. 21. Response to 20°F increase in temperature of catalyst when no fast coke is present (K; = 0). Residual
coke is present until ~60 min, by which time the coke is burned away.
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of the catalyst inlet to the reactor will move the operation point of the
reactor from its desired value, unless some action is taken to correct it.

Figure 24 compares the response of the catalyst above the steam cool-
ing coils to a change in combustion air temperature with that predicted by
the model. The combustion air temperature is controlled by varying the
fuel gas which is injected and burned in the combustion air line by means
of a line burner. Since the thermocouple employed above the coils was
armored by a steel casing, it will exhibit a measurement lag. Calculations
had shown that a 3-min lag was reasonable and this value gave a good
match between the model prediction and the plant data.

The dynamic model was used to study and design closed-loop control
systems for the kiln. Various ideas as to how to achieve effective control
existed before the study began and new ideas were conceived during the
study. Two systems based upon the control of combustion air tempera-
ture will illustrate this use of the model.

Since the time constant for the response of the exit kiln temperature to
changes in coke level is long (see Fig. 23), a scheme was used in which the
temperature above the air inlet was measured and fed to a simple linear
model that predicted the kiln exit temperature from the temperature
changes at the air inlet. Figure 23 shows that the temperature at the air
inlet responded much more rapidly to the coke changes. The outlet tem-
perature computed from the linear model is compared to the desired
temperature and the combustion air temperature adjusted to compensate
for differences. But the change in combustion air temperature is made by
changing the fuel to the line burner, which changes the oxygen content of
the combustion air. It would seem advisable to increase the flow rate of
air to maintain the same amount of oxygen in the kiln. This adjustment
was also computed and made by the control loop. The system that con-
trolled both the combustion air temperature and maintained the amount of
oxygen to the kiln constant is the closed-loop scheme (a) shown in Fig. 25.

Scheme (a) was compared to a system in which the combustion air
temperature was adjusted, but the air flow rate maintained constant,
thereby allowing the amount of oxygen to the kiln to vary. This system is
closed-loop scheme (b) and is shown in Fig. 26.

The response of the kiln to a 20% increase in coke on the catalyst from
the reactor is shown in Fig, 27 for no control and for schemes (a) and (b).
The simpler scheme (b) is clearly superior to scheme (a) although steady-
state considerations predicted that scheme (a) would be the better strat-
egy. The fluctuations in the total air rate of scheme (a) that maintains a
constant amount of oxygen to the kiln causes this difference and out-
weighs the effects of the fluctuations in oxygen amounts present in
scheme (b). This comparison showed that control strategies designed
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FiG. 25. Control scheme a: T, average temperature at air inlets; T,, combustion air
temperature; S,, desired combustion air temperature; P;, position of fuel gas valve; Py,
position of air valve. Control goal: constant temperature above coils.

from steady-state considerations must be tested dynamically to show fea-
sibility.

V1. The Inclusion of the Kinetics of the Conversion of CO to
€O, in the Model

As the composition of the catalyst changed, the inability to predict the
COJ/CO, ratio becomes more and more limiting on the use of the model.
The explicit solution was originally applied to the catalyst containing
chromia (Cr,0;) and with relatively poorer diffusivity. With this catalyst
and with the operating conditions at that time, the assumption of a con-
stant value of « in each zone was adequate. The chromia was introduced
into the catalyst early in the use of the TCC units to oxidize CO and to
reduce the concentration of CO in the bottom plenum chamber and in the
stack. The presence of too much CO in these parts of the unit could lead
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Fi1G. 26. Control scheme b: 7|, average temperature at air inlets; 7;, combustion air
temperature; S;, desired combustion air temperature; Py, position of fuel gas valve. Control
goal: constant temperature above coils.

to afterburning. Since no catalyst was present in the plenum and stack, a
high temperature could result that could damage the unit. The presence of
chromia in the cracking catalyst particles converted all the CO to CO; in
the bottom zone of the kiln and prevented the high temperature. The
value of a in the bottom zone was unity for these early uses of the model.

With the introduction of zeolites into cracking catalysts, the situation
changed. The first version of the zeolite catalysts contained no chromia
because it was found to be detrimental to the cracking selectivity. The
value of the diffusion was also increased. These two changes led to hot
spots developing in the bottom zone in regions of restrictive catalyst flow.
In these regions CO burning occurred with insufficient catalyst flow to
remove the heat. Large ‘‘popcorn’’ balls of fused catalyst resulted from
the high temperatures occurring in these regions. In addition, afterburning
became a problem in the plenum chambers and in the stacks. A model that
included CO conversion was needed so that operating and design options
could be determined to eliminate these problems.
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A. KINETICS OF CO FORMATION AND CONVERSION

At the same time as the basic work was being done on the kinetics and
diffusivity effects in coke burning, the kinetics of the processes that deter-
mined the CO/CO, ratio from slow coke was investigated by Weisz (1966).
Studies were made of the cumulative CO,/CO ratios for individual, whole,
spherical catalyst beads. The results, shown in Fig. 28, scattered very
badly.

Arthur (1951) determined that there is an intrinsic ratio of CO, to CO
formed when graphite is burned and that this ratio is only a function of
temperature. Departures from this ratio were caused by subsequent con-
version of the CO to CO, over catalytic sites. The curve for this intrinsic
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Fic. 28. The cumulative CO,/CO ratio for coke burn-off on spherical catalyst beads
versus combustion temperature in air: (O) ‘‘white’’ amorphous silica—alumina; (@) ‘‘green’
CrO,-containing amorphous silica—alumina; (M) macroporous ‘‘white’’ catalyst. The weight
(mg) of the bead tested is denoted by the numerals adjacent to the respective symbol.

Dashed line represents ‘‘intrinsic’’ ratios from carbon combustion research. From Weisz
(1966).
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ratio found by Arthur is shown in Fig. 28. All the points lie either above
this line or approximately on it.

The weight of each bead is given beside each point. Three kinds of
catalyst beads are shown. The ‘‘white’’ beads have no chromia in them
and the ‘‘green’’ beads have chromia. The ‘‘white’’ macropore beads
have high values of diffusivity. The presence of chromia in the bead
causes a large departure from the Arthur curve. On the other hand, the
““white’” beads either lie on the curve at lower temperatures or depart
much less than ‘‘green’” beads at higher temperatures. Furthermore,
within each type of bead, the greater the weight and hence the greater the
diameter, the greater the conversion of CO to CO,. The *‘white’’ macro-
pore beads, which have a high diffusivity, lie below the ‘‘white’’ ordinary
beads. When the beads were crushed to a fine powder, the cumulative
CO,/CO ratio fell on the Arthur curve.

These observations are explained by the conversion of CO to CO, on
sites active for CO conversion, as the intrinsically produced CO makes its
way out of the catalyst bead by diffusion. The greater the diffusion limita-
tion, the more the CO conversion. Weisz gave the mathematical solution
for two special cases of these phenomena and demonstrated that the
above interpretation was correct.

Gross (1983) expanded the mathematical treatment to the general prob-
lem required for the model and incorporated the CO conversion into the
model. The treatment by Gross will be utilized because it is more general
than the Weisz treatment.

The chemical reaction for the intrinsic burning of slow coke is given by

B+2 B 1
C+2(B+”02 3+1C0+F+”—1C02 (50)

where 8 is the intrinsic CO/CO, ratio given by the Arthur curve. The
quantity 8 is a function of temperature only and is given by

B = Bo exp(—Qp/RT) (51)

The rate of CO conversion is given by (Kozlov, 1959)
dCcoldt = kcoCoo €xp(—Qco/RT), 0,>2% (52)
dCcoldt = kcoCcoChy exp(—Qco/RT), 0, < 2% (53)

For oxygen concentrations greater than 2%, Eq. (52) combines with
Eqgs. (50) and (3) to give

dCco _ ﬂ Q _ QCO
Pl b N CoxC. exp(— R;—T) kcoCeo exp(— -R—T—> (54)
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B. DirFusioN KINETICS
For the shell progression burning case with the burning front at the

radius ry,, the differential equations for the coke-free regions of a spherical
bead are

75 (%) - 3ko o =0 ©
for oxygen and
12 (:5) p o o
for CO.
The boundary conditions are
Cox = C%, Cco=Clo (57)
at r = a and at the burning front r,
Cox =0 (58)
Furthermore,
Doy G2 = - 5725 b, Lo 59

Equation (59) states that the amount of CO diffusing out is proportional
to the oxygen diffusing in. The proportional function is determined by the
intrinsic kinetics and is the stoichiometric ratio of CO to oxygen.

The splutions to Eqgs. (55) and (56) are

A A
Cco = 71 exp(mr) + —;2- exp(—mr) (60)
_ DcoA, DcoA, A;
Cox = D7 exp(mr) + Do exp(—mr) + - + Ay (61)

where m = (kco/Dco)'? and Ay, A,, Az, and A, are constants of integra-
tions that can be evaluated from the four boundary conditions. The rate of
oxygen diffusing into the spherical burning front f; is given by

o = 4ariDoy(dCox/dP) =y,
= 2wDcofAl(mr, — 1) exp(mry)]
— A)(mry + 1) exp(=mry)] + (2Dox/Dco)As} (62)
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The rate of oxygen utilization (f,) is given by the rate of diffusion of
oxygen across the exterior surface of the bead.

f, = dma?D,(dC,,/dr),-,
= 2aDcofA [(ma — 1) exp(ma))
— As[(ma + 1) exp(—ma)] + (2D,xA3/Dco)} (63)

The amount of carbon burning is given by the amount of oXygen moving
across the burning front multiplied by the intrinsic value of o o =
28 + DB + 2). Thus,

o fs = $ma’C(dyldr) (64)
Thus,
c Dco2 1
(%), = 35 (Ailtmn, = 1 expmr)
— Asl(mr, + 1) exp(—mr,)] + 2—%&43} (65)
CO

In the same way,

dCox 3D
( dt )D =3D C23 {Ani(ma — 1) exp(ma)l

- Add(ma + 1) exp(-ma)] + Duks] (66)
C

D, A3

0
The disappearance of CO in the diffusion-limited case is given by twice
the difference between Egs. (65) and (66).

Let (dy/dt)p in Eq. (12) be rewritten as np(dy/dt);:

(dyldDyy' = (dyldni" + mi(dyldor! (67)
Analogous to Eq. (26), let
(dyldtyy = n(dyldt) (68)
From Egs. (67) and (68), we get
_ _mb
= (69)
. _ (dyldDp (70)

™ = (dyldy,
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From Egs. (65), (3), (70), and C. = yC?, we get

. _ 3Do2B + 1)
™ = D@ CYB + 2)

X {A'[(”” b — 1) explmry)] — Asl(mr, + 1) exp(—mry)] + 2Dox4; °"A3}
' DCO

+ {byzColexp(—- Q/RT)]}! (71

In the same way the 7p for oxygen, 0D, is found from Eq. (66), Eq. (3)
divided by aj, the oxygen rate equation corresponding to Eq. (70), and
Cox = 2C%:

o __3Dco
P = 3D’ Ch

2D oxAB}
Dco

+ {2(2,B++Bl) byzCox[eXP( RQT) + EC}% exp(— _QR—C]—?)]}_I

X {A,[(ma — 1) exp(ma)] — A,[(ma + 1) exp(—ma)] +

(72)

From Eq. (69), we get
Nrc = p/md + 1) (73)
Mo = Mp/(nd + 1) (74)

The introduction of the kinetics of the formation of CO and CO, into the
model modifies the temperature equation (31) and the oxygen equation
(33). The slow and fast coke burning equations are unchanged except for a
change in the effectiveness factor 0t of Eq. (29) to nrc given by Eq. (73).
A new equation for the conversion of CO is introduced.

The equation for the rate of change of oxygen corresponding to Eq.
33)is

dz o { [C Os _ 9co ]
&~ T FK, |0| g bCods exp(~ RT> + %52 Coo exp(~ 357)
Ce, ., O }
+ P bC oxzys exp( R_T> (75)

The equation for the rate of change of temperature corresponding to Eq.
3B is
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ar - s o
E B FCCPC + FanaMa {AHfbefcoxzyf exp( RT)
1 s
+ MiclAH, + nro AH,] [;1 bC 5 Cizys exp(— R%,)
k
+ nNro AHA —SQ exp(— —QRET—C,))]} (76)

The additional equation for the rate of change of CO is

dCco _ 9pa
dx F,

2-a
|22 bcpCiyeeorm
f

x (2116 = 29 b,CiuCiayie R + T kooCeoe2c0T | (77)

These five basic equations were used by Gross to build a model including
the kinetics of CO to CO,. In addition, the Gross model accounted for (1)
the water in the incoming airstream, (2) the H,0 formed during the burn-
ing of the fast coke, (3) gas density change caused by temperature varia-
tions, and (4) molar expansion of the gas during the reaction. The com-
plete set of equations has been given by Gross (1983).

Computed results from this model are compared to actual kiln perfor-
mance in Table VI and the operating conditions taken from kiln samples
are given in Table VIIL. There are no unit factors or adjustable parameters
in this model. As with the explicit model, all kinetic data are determined
from laboratory experiments. Values of the frequency factors and activa-
tion energies are given in Table VIII. Diffusivity values are also included.
The amount of fast coke was determined from Eq. (49). With the excep-
tion of the T-B (5/12) survey, the agreement between observed and com-
puted values of CO, CO,, and O, is very good considering that there are
no adjustable parameters used to fit the model to each kiln. In the kiln
survey T-212/10, the CO conversion activity of the catalyst has been
considerably deactivated and a different frequency factor was used in this
simulation.

When the cause of the departure of the survey T-B (5/12) was sought, it
was found that afterburning was taking place in the bottom plenum of the
kiln. The predicted values agreed with the observed value when the equa-
tion for the homogeneous reactions of afterburning were included in the
model. These equations are (Kozlov, 1959)

dC co

22 by CeaC HHL012 expl - 2] a8)
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TABLE VI

COMPARISON OF PREDICTED AND OBSERVED BEHAVIOR IN OPERATING KILNS

ORSAT analysis
Predicted Plant

Kiln CO 0, CO, coO 0, Co

(1) T-411/20 5.75 6.23 6.96 Top 6.0 7.4 6.0
3.68 444 12.32 Bottom 4.4 33 137

2) T-311/20 7.25 3.35 9.96 Top 7.0 1.4 8.8
5.44 5.56 10.13 Bottom 53 34 125

3) T-312/9 8.39 0.44 7.85 Top 83 1.4 8.0
6.22 5.69 9.86 Bottom 5.6 39 126

@4 T-BS5/12 6.7 0.5 9.8 Top 6.5 3.0 9.5
3.8 0 16.0 Bottom 0.7 02 19.0

(S) T-512/10 9.3 4.9 8.5 Top + 7.3 1.9 108

plenum

0.38 13.3 6.34 Bottom 0.7 133 5.4

6 T-212/10° 5.48 9.36 5.71 Top 5.6 8.4 6.0
8.41 7.33 7.37 Bottom 8.3 7.6 7.9

¢ Rate constant for CO burning lower in this case.

dar o
pi H;C_'f_a—l—’: AHcobCooCad[H,012 exp (‘ %) (79)

When the model was completed, it was used to explore the operating
space of a typical kiln in order to obtain a better understanding of the CO
concentration in the kiln and of the afterburning characteristics. A list of
the parameters studied are listed in Table IX. The base operating condi-
tions were those of T-3 12/9 of Table VII. The studies on throughput of
catalyst (1d) and activity for CO burning (3a) will illustrate typical results.

The throughput of catalyst has a large effect on the amount of CO at the
bottom of the lower zone as seen in Fig. 29. An increase from 500 tons/hr
(4.54 x 10° kg/hr) to 700 tons/hr (6.36 X 10° kg/hr) increased the CO from
about 1% to about 6%. Thus, cutting back the catalyst circulation could be
used to help control afterburning in the lower plenum. The effect on the
upper plenum was in the reverse direction since decreasing circulation
causes more carbon to be burned in the top section, releasing more CO.
However, this was a small change of an already high concentration of CO.

The afterburning and ‘‘popcorn’ ball formation were so bad for the
zeolite catalyst containing no chromia that chromia had to be added. A
compromise between the amount of chromia added to the catalyst and the
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TABLE VII

T-3 T-2 T-3 T-4 T-5 Buffalo

12/9 12/10 11/20 11/20 12/10 $/12/70
Flow of air up, scfm 14,395 22,312 16,864 21,679 51,059 13,394
Flow of air down, scfm 14,279 11,162 14,212 11,770 28,383 11,606
Air temperature at inlet, °F 540 500 800 685 580 975
Reactor outlet temperature, °F 885 921 915 883 905 897
Catalyst circulation, tons/hr 670 700 655 587 1000 514
Length of bed to cooling coils, ft 20 20 20 20 27 20
Location of air inlet from top, ft 10 6.75 10 6.75 6.75 8.0
Cross-sectional area, ft? 463 463 463 463 964 463
Carbon on catalyst, wt. % 0.649 0.558 0.663 0.681 1.05 0.745
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TABLE VII

CarBON, CO BURNING IN TCC KiLN

Rate constants K, (sec™!) E, (cal/gm-mole)
Fast coke 0.103 x 10° 16,400
Slow coke 0.352 x 108 37,500
CO burning 0.218 x 10° 20,000

Effective diffusivity in catalyst particle, Dy, = 0.0331 cm?¥
sec (hydrogen at 100°F)
Diffusivity of species i is calculated from

D; = Dy(My,/M)[(T + 459)/559]1"2

where T is temperature (°F), My, is the molecular weight
of H,, and M; is the molecular weight of specie i.

loss in the cracking selectivity of the catalyst was sought. The amount of
chromia chosen was 0.15%, which gave a frequency factor of 4.2 X 107°
ft¥/Ib/hr (12.6 X 1071 m¥kg/hr). This choice was made before the model
was constructed. The computed effect of changes in the frequency factor
on the CO in the bottom of the typical kiln is shown in Fig. 30. The value
of the frequency factor for the commercial catalyst in use at that time is
indicated by the arrow. If the chromia content is increased by a factor of
two, considerable improvement in CO content is achieved. Above this
amount, the gain became much less.

TABLE IX

PARAMETERS INVESTIGATED IN INITIAL
OPERATIONS SPACE EXPLORATION

1. Process
a. Air flow rate to top and bottom
b. Position of air inlet
¢. Lineburner temperature
d. Throughput of catalyst
e. Catalyst inlet temperature
2. Catalyst condition
a. Percent fast coke on catalyst
b. Coke on catalyst
3. Catalyst properties
a. Activity for CO burning
b. Diffusivity
c. Particle diameter
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F1G6. 29. Effect of catalyst throughput on CO at the top and bottom of the kiln.

Injection of cooling air into the plenum can be used to control after-
burning provided sufficient air is used. This effect is shown in Fig. 31 for
calculations made for the ‘‘Buffalo”’ kiln of Tables VI and VII. When no
air is going to the plenum, some afterburning is taking place and the
temperature is above 1200°F (649°C). No more afterburning occurred be-
cause the plenum was oxygen-starved. When 1000 scfm (28.3 scmm) of air
was added in the plenum, the afterburning increased greatly because suf-
ficient oxygen was now present to burn all the CO. The temperature rose
to above 1700°F (927°C). When the air rate was further increased, the
temperature began to drop because all the CO was burned and the effect
of the additional air was to cool the plenum. When the air rate rose to 5000
scfm (141.6 scmm), the cooling effect was sufficient to stop the afterburn-
ing and at 6000 scfm (169.9 scmm) the plenum was uniform in temperature
throughout.

This model completed the development of the TCC kiln model, since
the TCC units were being replaced by FCC units. However, the model is
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still in use as questions continue to arise in kiln operation for those TCC
units still in existence. The basic information and the method of approach
applied in the TCC kiln model enabled Weekman, Gross, and others to
construct FCC regenerator models with the same successful predictive
properties as the TCC model.

VIl. Conclusion

The optimum design and operation of chemical reactors have pro-
gressed beyond an era of empiricism, correlations, and small extrapola-
tions from existing knowledge of what is operable and advantageous. A
more powerful tool is needed to understand the complexities, and to
extrapolate with confidence into regions where no plant data exist. The
wedding of mechanistic models and the computer makes possible rational
design and operations, starting from fundamental knowledge of mass and
energy balances, thermodynamic equilibrium, kinetics, heat and mass
transfers, and fluid mechanics.

The thermofor catalytic cracker is being replaced by fluid cracking, but
the lessons learned from TCC modeling and the confidence gained have
not been forgotten. In fluid catalytic cracking and in reforming today, it is
possible to describe the events in a reactor quite precisely, based on
laboratory and pilot-plant data. A modern refinery engineer, armed with a
verified mathematical model, a data bank, and a digital computer, can
rapidly determine the optimum operating conditions for each change of
feedstock, change of product distribution needed, or change of catalyst.

This revolution will spread to all chemical and petroleum processes that
are large enough in scale to justify the investment in model building and
experimental verification. Further progress needs better chemical kinetic
data. The most deficient area remains in predicting the fluid mechanical
and solid flow behaviors in reactors, where progress is sorely needed to
round out the science of reaction engineering.

Nomenclature

a Radius of catalyst particle, ft C. Concentration of coke, Ib moles/

A Constant of integration, y; — YZ; ft3

b Frequency factor for carbon burn- C? Initial concentration of coke, ib
ing, ft3/(fb mole)(hr) moles/ft?

b, Frequency factor for thermal CO Cco Concentration of CO, Ib moles/ft?

burning, ft*/(Ib mole)(hr) C¢> Concentration of CO in the gas
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Cox

Cx

kCO

Ryt~

X
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phase over the catalyst particle,
b moles/ft?

Concentration of oxygen, Ib
moles/ft?

0O, concentration in gas phase
over catalyst particle, b moles/
3

Initial concentration of oxygen, Ib
moles/ft?

Specific heat of air, Btu/(Ib)(°F)
(0.26)

Specific heat of catalyst, Btu/
(Ib)(°F) (0.29)

Diffusion coefficient, ft¥hr

CO diffusion coefficient

0O, diffusion coefficient

Rate of flow of oxygen through
outer surface of bead, moles/hr

Rate of carbon burning at bead
surface

Flow of air, b moles/hr; down-
flow is positive

Flow of catalyst, Ib/hr; downflow
is positive

Concentration of water, gas
phase, b moles/ft?

Heat of reaction for combustion
of coke to CO,, Btu/(lb coke
burned)

Heat of reaction for combustion
of coke to CO, Btu/lb

Heat of reaction for combustion
of fast coke, Btu/lb

[asAHCOZ + 2(1 - as) AHA]/as

Rate constant for carbon burning,
f/(1b mole)(hr)

Rate constant for CO burning,
hr-!

Mole fraction of oxygen in air,
moles O,/mole air

Location of air inlet

Length of kiln, ft

Length of ith zone of kiln

(kco/Dco)'™

Molecular weight of air, Ib/(Ib
mole) = 29

Molecular weight of coke, Ib/(lb
mole) = 12

Molecular weight of O,, Ib/(lb
mole) = 32

[P

2PI3I v

FWAH/I(F.Cy + F.M,Cp)

Pressure

Activation energy of carbon burn-
ing, Btu/(lb mole)

Activation energy for CO/CO,
ratio

Activation energy of catalytic CO
burning

Activation energy of thermal CO
burning

¥ = r/a

Radial length along bead

Radius of coke core

Gas constant, Btu/(lb mole)(°F)

Time, hr

Temperature, °F or °R

Temperature of air at air inlet

Temperature at entrance to ith
zone

reactor outlet temperature

Volume

Qi/RT

Weight fraction of coke on cata-
lyst, Ibs coke/lb catalyst

Initial weight fraction of coke on
catalyst, lbs coke/lb catalyst

Distance along kiln, ft

Distance along kiln at which 99%
of coke is burned off

Fraction of the original coke left
on catalyst, C./C®

Fraction of original coke remain-
ing at entrance to ith zone

aK FMJ/W.F,_, Y > 0for concur-
rent flow, ¥ < 0 for countercur-
rent flow

Fraction of O, left, C,,/C/,

GREEK LETTERS

Moles carbon burned/moles of ox-
ygen used, « = 1 for all CO,,
a = 2 for all CO

Intrinsic value is a = 2(8 + 1)/8 +
2

Intrinsic CO/CO, ratio

Al/}

Wy + @)

Effectiveness factor

aF.a’p/30Tpy

(F./oL;py)t, normalized time
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® RT/Q = lw ¥ (aF/T)CoM/K)1bpy)
£ VA = y)r —pl & Void fraction
p. Density of the air, Ib/ft®
py Bulk density of the catalyst, Ib/ft’ SusscripTs
reactor I Intrinsic burning
pe Density of the catalyst beads, Ib/ D Diffusion-limited burning
ft* catalyst T Total
o Cross section of kiln, ft2 i Inlet to ith zone
oz Cross section of afterburning sec- s Slow coke
tion f Fast coke
T RPIQ h Homogeneous gas-phase burning
x X/L;, normalized distance
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. Introduction

Polymer processing operations can arbitrarily be divided into two
rather broad categories which, simply stated, are those operations that
are concerned with shaping polymeric materials into well-defined, end-
use configurations and those that are not concerned with shaping. Profile
extrusion, pultrusion, injection molding, tubular film blowing, blow mold-
ing, and fiber spinning are examples of polymer processing operations
which involve shaping; and usually, the engineering analysis of these
processes is concerned with describing the fluid mechanics of the process,
how complex rheological behavior may affect processability, and with
heat transfer when shaping involves solidification by cooling. In more
sophisticated analyses, account is taken of the developing stresses during
flow and how these, as well as solidification rates, influence the morphol-
ogy and performance properties of the shaped structure.
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Polymer processing operations which do not involve shaping are de-
fined here as those which are concerned with the synthesis of high-molec-
ular-weight polymers, or with affecting physicochemical changes in the
nature of polymeric materials. These operations, which are most often
conducted upstream from shaping operations, include the following: va-
por--liquid stripping operations when the liquid phase is a molten polymer
or polymer solution (devolatilization), liquid-liquid stripping operations
where one liquid is a molten polymer or polymeric solution, gas absorp-
tion in molten polymers, polymerization and grafting reactions, mixing,
pumping and pressurization, and filtration.

The engineering analysis and design of these operations addresses
questions which are different than those addressed in connection with the
shaping operations. This is illustrated in Fig. 1 which is a flow sheet, cited
by Nichols and Kheradi (1982), for the continuous conversion of latex in
the manufacture of acrylonitrile-butadiene—styrene (ABS). In this pro-
cess three of the ‘‘nonshaping’ operations are shown: (1) a chemical
reaction (coagulation); (2) a liquid-liquid extraction operation which in-
volves a molten polymer and water; and (3) a vapor-liquid stripping oper-
ation which involves the removal of a volatile component from the molten
polymer. The analysis and design around the devolatilization section, for
example, would deal with such questions as how the exit concentration of

Polymer Feed —)
D
Latex
Coagulant —1_]
XY
-

Steam
Raffinate

Voiatiies

Product

Fi1G. 1. Process flow sheet for the continuous conversion of latex in a counterrotating,
tangential twin-screw extruder as it might be arranged for the production of acrylonitrile—-
butadiene-styrene polymer (Nichols and Kheradi, 1982). Polystyrene (or styrene—acryloni-
trile) melt is fed upstream of the reactor zone where the coagulation reaction takes place.
Washing (countercurrent liquid-liquid extraction) and solids separation are conducted in
zones immediately downstream of the reactor zone. The remaining zones are reserved for
devolatilization and pumping.
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the volatile component is related to the throughput rate, the size of the
extraction zone, the pressure in the extraction zone, the speed of the
screw in the extruder, and the rheological behavior of the polymeric
system.

The scientific and engineering principles which govern behavior in
these nonshaping polymer processing operations have not been well artic-
ulated, and, consequently, it has not always been entirely clear as to how
to proceed in the analysis and design of these operations. What is particu-
larly noteworthy about this point is the fact that the nonshaping opera-
tions closely parallel many of the classical unit operations in the chemical
process industries where analysis and design procedures are based on
well-established engineering concepts, which leads one to believe that
these same concepts might be applied to the analysis and design of the
nonshaping operations. Polymeric materials have two features which dis-
tinguish them from the materials of usual interest in the chemical process
industries: inordinately high viscosities and the property of elasticity. As
aresult, these materials must be processed in ways that are different than
those traditionally used in the chemical process industries. New and ‘‘un-
usual” flow geometries must be used, and this means that the process
equipment will be different. This, in turn, means that even though the
scientific principles which govern behavior may be the same, the specific
application of these principles may lead to quite different results.

In this article we review the current state of the art for just one of the
nonshaping polymer processing operations: vapor-liquid stripping, or
devolatilization as it is known in the polymer processing industries. In
doing so, we show that the classical concepts and design procedures used
for the traditional stripping operations are applicable to the stripping of
viscous polymeric solutions. Polymer devolatilization is frequently en-
countered in both the synthesis of polymers and the shaping of polymeric
materials to form finished goods. Condensation polymerizations, for ex-
ample, require that (volatile) by-products be continuously removed dur-
ing polymerization so that reverse reactions will not prevent the forma-
tion of high-molecular-weight products (Amon and Denson, 1980; Ault
and Mellichamp, 1972; Pell and Davis, 1973; Secor, 1969). The removal of
residual monomer in polymeric materials used for food packaging is an-
other example of the importance of devolatilization. Some of the mono-
mers that are used in the synthesis of these polymers are thought to be
carcinogenic and therefore must be reduced to levels of the order of parts
per million. And, in injection molding, it is often necessary to remove
traces of moisture from the molten polymer prior to injection so as to
obtain a void-free molded structure.
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. Nature of the Problem

The analysis and design of any stripping operation would be relatively
straightforward provided that the velocity and concentration profiles that
obtain in the extraction unit are known. Solutions to the momentum and
diffusion equations provide this information, but, for most cases of inter-
est in the chemical process industries, solutions to these equations are
difficult to obtain since the flow geometry is often not well defined and
flow may be both tortuous and turbulent. When these circumstances pre-
vail, scientifically based, semiempirical relationships have often provided
the basis for analysis and design procedures.

An entirely different situation exists in vapor-liquid stripping opera-
tions involving concentrated polymeric solutions. These solutions are
usually viscous enough so that the creeping flow approximation can be
made, and one need not be concerned with the complications which arise
out of turbulence or other nonlinear behavior related to inertial effects. A
further simplification results because the fluid flow boundaries in polymer
processing equipment are generally well defined, and even though the
shapes of these boundaries are not always simple, the equations of motion
can be solved rather routinely, particularly when the polymeric solution
behaves as a Newtonian fluid at the process conditions of interest. When,
in addition, Fickian diffusion prevails, computation of the concentration
profiles provides no great difficulty, and analysis and design can proceed
in a straightforward manner.

Often times concentrated polymeric solutions cannot be treated as
Newtonian fluids, however, and this tends to offset the simplifications
which result from the creeping flow approximation and the fact that the
boundaries are well defined. The complex rheological behavior of poly-
meric solutions and melts requires that nonlinear constitutive equations,
such as Egs. (1)~(5), be used (White and Metzner, 1963):

7y + M(Ia)d7;/81) = n(llyey; M
n = n(lly) @
Iy = eyey) ®
Oy 3y O Y
& ot Kox, Mox,  T*ox @

where 1 is an unspecified function which could, for example, be the
power law

n = K@)~ 5)
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The use of nonlinear constitutive equations means that the resulting equa-
tions of motion will be nonlinear and that the determination of the velocity
profiles becomes increasingly difficult. Additional complications which
arise due to the finite memory and elasticity of polymer solutions and
melts include the following: the generation of secondary flows because of
the particular shape of a given flow geometry, and the tendency of an
elastic liquid to act as a solid when the characteristic process time is much
shorter than the characteristic relaxation time. This latter situation could,
for example, significantly influence the efficiency of extraction equipment
which operates on the basis that smooth, continuous polymeric films are
mechanically generated on the wall of the extractor. If the time for forma-
tion of these films is shorter than the relaxation time of the polymeric
solution, the solution could behave more like a solid than a liquid and the
film could undergo rupture. In these circumstances smooth, continuous
films would not be formed, and the surface area for mass transfer would
be significantly different than the expected value.

The second major difference found in vapor-liquid extraction of poly-
meric solutions is related to the low values of the diffusion coefficients
and the strong dependence of these coefficients on the concentration of
solvent or monomer in a polymeric solution or melt. Figure 2, which
illustrates how the diffusion coefficient can vary with concentration for a
polymeric solution, shows a variation of more than three orders of magni-
tude in the diffusion coefficient when the concentration varies from about
10% to less than 1%. From a mathematical viewpoint the dependence of
the diffusion coefficient on concentration can introduce complications in
solving the diffusion equations to obtain concentration profiles, particu-
larly when this dependence is nonlinear. On a physical basis, the low
diffusivities result in low mass-transfer rates, which means larger extrac-
tion equipment.

The development of a scientific understanding of diffusion in liquid-
phase polymeric systems has been largely due to Duda et al. (1982), Ju et
al. (1981), and Vrentas and Duda (1977a,b, 1979) whose work in this area
has been signal. In their most recent work, Duda er al. (1982) have
developed a theory which successfully predicts the strong dependence of
the diffusion coefficient on temperature and concentration in polymeric
solutions. The parameters in this theory are relatively easy to obtain, and
in view of its predictive capability this theory would seem to be most
appropriate for incorporating concentration-dependent diffusion coeffi-
cients in the diffusion equation.

Because of the highly nonideal behavior of polymer—solvent solutions,
polymer—vapor equilibrium relations account for the third major differ-
ence found in stripping operations with polymeric solutions. The appro-
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Fic. 2. Typical example of the variation of the diffusion coefficient with concentration
in concentrated polymeric solutions. The system shown is poly(vinyl acetate) and toluene.
(Reproduced with permission from Ju et al., 1981.)

priate expression to use here is that developed by Flory (1941) and Hug-
gins (1942):

In(PIPg) = In(1 — ¢) + (1 = & )by + x93 6)
For concentrated polymeric solutions, Eq. (6) can be written as
P = Pypse'*x @)
or
P =Hw (72)

which is the form [Eq. (7a)] most commonly employed in engineering
design. The difficulty here is the experimental determination of reliable
values for the interaction parameter x or the weight-fraction-based Hen-
ry’s constant.

The most comprehensive treatment to date of the state of the art con-
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cerning vapor-liquid equilibria in concentrated polymeric solutions is that
due to Bonner (1975). A survey of the data available in the literature for a
wide variety of polymers is presented in that work along with a discussion
of both the experimental techniques used to obtain the data and the theory
used to analyze and correlate the data.

None of the experimental techniques described by Bonner, however,
has been capable of providing reliable vapor-liquid equilibrium data at the
combined extremes of elevated temperature and reduced pressure, condi-
tions applicable to most commercial polymer-stripping operations. This
problem has been addressed by Meyer and Blanks (1982), who developed
a modified isopiestic technique that could be used when solubilities are
low. Although the success of this new technique was demonstrated using
just polyethylene with isobutane and propane, the idea shows consider-
able promise for obtaining data at unusual conditions of temperature and
pressure.

. Mass Transfer Rates in Wiped-Film Processors

In commercial practice, when a volatile component must be extracted
from a polymeric solution of high viscosity, say 500 P or greater, the
extraction operation is almost always conducted in geometries which me-
chanically generate a wiped film. And here, screw extruders have played
a major role.

In single-screw extruders, a screw with a finite helix angle rotates inside
a cylindrical barrel (Fig. 3). Material is conveyed from the inlet to the
discharge by virtue of the viscous forces which exist between the barrel
wall, the fluid, and the screw. Thus, these machines are particularly well
suited for the processing of highly viscous polymeric solutions. Analysis
of the flow in single-screw extruders generally proceeds along the lines of
unwinding the barrel and screw (Fig. 4) and treating the barrel as if it were
moving and the screw as if it were stationary (Tadmor and Klein, 1970).
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Fi1G. 3. Schematic view of a single-screw extruder showing a double-flighted screw in a
cylindrical barrel.
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Screw Root

FiG. 4. Schematic representation of the unwound screw and barrel.

A. Mass TRANSFER COEFFICIENTS FOR
SINGLE-SCREW EXTRUDERS

When devolatilization processes are conducted in screw extruders, the
screw channels are only partially filled with the polymeric solution to be
stripped of the volatile component (see Fig. 5) while the unoccupied por-
tion of the screw channel serves to carry away the evaporated liquid.
Because the barrel has a component of motion Vi, in the down channel
direction, the solution is caused to flow from the extruder inlet to the
outlet, which, in this case, is out of the plane of the paper. The cross-
channel component of the barrel motion, Vy,, has two effects. First, it
causes a circulation of the fluid in the nip and because of the continual

Vpx 5

—

Z/ &1 / Polymer Film ////Z@_
=t
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Fic. 5. Schematic representation of a screw channel that is partially filled with liquid.
Mass transfer occurs from the film on the barrel wall and the surface of the nip.
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exposure of fresh material at the surface of the fluid in the nip, mass is
transferred to the gas phase which contains the volatile component at a
lower fugacity. On the basis of an analysis by Moffatt (1964), who showed
that the velocity of an infinite free surface perpendicular to a moving wall
is 2/ times the wall velocity, the velocity of fluid at the surface of the nip
can be approximated as (2/m)V,, and thus the exposure time for mass
transfer is approximately given by

On = (w/2)(HI V) ®

The second effect which results from the cross-channel component of
the barrel motion is the generation of a wiped film of the polymeric solu-
tion as the solution is dragged from the nip in an adjacent screw channel
through the clearance between the flight tip and the barrel. Since this film
is continually generated, mass is transferred to the gas phase in a time
period given by

6 = (W — x')Vy, ®

in circumstances, again, when the fugacity of the volatile component in
the gas phase is lower than that in the solution.

1. Theory

On the basis of the simplified view of the flow patterns just described, a
model for predicting mass transfer rates can be developed using penetra-
tion theory and the fact that mass is transferred simultaneously from both
the nip and the wiped film. We can therefore write that the total molar
mass transfer rate from an element of fluid over a length dX\ in the extruder
is

NS d\ = (Nya, + NeagS di (10)

A mass balance across the same differential element with no axial disper-
sion results in

d(Lw)ld\ = —(Nya, + Nia))SM an

which can be solved to obtain a relationship between the extruder inlet
and exit concentrations, the liquid flow rate, and the operating conditions
once the mathematical form for the quantity in parentheses on the right-
hand side of Eq. (11) is known.

A specific expression for the mass transfer rate in Eq. (11) was first
developed by Latinen (1962) in a classic paper that showed how penetra-
tion theory can be applied to the analysis of devolatilization processes in
single-screw extruders. The derivation presented here parallels that by
Latinen but differs in some respects for reasons of clarity.
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The use of penetration theory requires that the following assumptions
be made:

(1) The diffusion coefficient is independent of concentration and tem-
perature.

(2) The penetration depth for diffusion is small compared to the thick-
ness of the liquid layer.

(3) The initial concentration of the volatile component in the wiped film
is uniform and equal to the bulk concentration of the volatile component
in the nip.

(4) The concentration of the volatile component in the nip is uniform as
aresult of the cross-channel circulatory motions even though a concentra-
tion gradient exists near the vapor-liquid interface.

In view of the above assumptions, both the wiped film and the nip can be
treated as semi-infinite slabs in which diffusion is described by

dc/at = D(8%clotd) 12)
for the wiped film and by
a¢lot = D(8*¢/aE3) (13)

for the nip.

The appropriate boundary and initial conditions for a particular solution
of Eq. (12) are

c = wp/M for =0 (14)

c = wp/M for £ =0 (15)

¢ = wp/M as ¢ o (16)
and for Eq. (13) are

¢ = wp/M for t=0 an

¢ = wplM for &£ =0 (18)

¢ = wp/M as oo (19)

The solutions to Eqs. (12)-(19) for the wiped film and the nip are, respec-
tively, given by

cMip —w; _ &
w—w erf 4D (20)
Mlp — w; _ &

w—w erf 4Dn)'2 @
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From Eq. (20) the molar flux at the interface between the wiped film and
the gas phase at any instant in time is given by

_ _¢9£_D(w—wi)£
"= Do = wbi” M >

whereas for the nip this flux is
a¢ Dw-w)p

= D% ="wDo” M )
The average molar flux at each of these surfaces is given by
_ 1 qa _ Dy p
Nf—yfo nfdz-z(ga) L= w) 24)
12
= Lo
N, —-—f 2 dt = <170) £.ow ~w) 25)

It is often convenient to express the molar flux for mass transfer in
terms of a mass transfer coefficient, and in these circumstances Eq. (10)
can be written as

Na = £ (aa)w = w) = Nog, + Neay @26)
Substitution of Eqs. (24) and (25) into Eq. (26) results in
4 D12 4 D\»2
kLa = (; ‘é;) ag + (; o—n) a, (27)

which can be rearranged to

25w (@ G2
kpa =2 (77 o a Py 1+ % (28)
For the ideal case of smooth, continuous films on the barrel wall and a
vertical interface with no curvature, the following expressions are true:

6= (1 — f)i/pDN 29
af/ab =1~ f (30)
azlas = HIW(1 — f) (31)

When Eqgs. (29)—-(31) are used along with Eq. (8), Eq. (28) can be written
as

4t 2 opvye[a-pm+ 2 (3)7] ()
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The fraction of the channel that is partially full, f, can be approximated
using Fig. 6, which is based on results developed by Squires (1958). The
drag flow shape factor Fj, is given by

L _ 2L
Op wD,WHN cos ¢

and kya/a, is thus seen to depend on both N and the ratio L/N. If the
channel is infinitely wide (H/W — 0), Fj, is identically equal to f and Eq.
(32) can be written as '

kpalay, = QIVm)(DpN)V¥(1 — Fp)\2 (34)

If, in addition, the holdup is low (f — 0), Eq. (34) reduces to the much
simpler form

FD=

(33)

kialay, = 2/Vw)(DpN)"* (35)

Equation (35) predicts that the mass transfer coefficient increases with
increases in the screw speed and the number of parallel channels on the
screw. The explanation for this is rather simple and is related to the fact
that each time the film on the barrel wall is regenerated and the surface of
the nip is renewed, a uniform concentration profile is reestablished, which
means that the driving force for mass transfer is maximized. Since the
instantaneous mass transfer rate decreases with time, mass transfer rates
can be maximized by keeping the exposure time as short as possible, and
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FiG. 6. Drag flow shape factors for partially filled channels in a single-screw extruder.
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this is accomplished by increasing the screw speed or increasing the num-
ber of parallel channels on the screw.

The concentration of the volatile component at the exit of the devolatili-
zation zone can be computed using Eqs. (26) and (32) along with an
equation developed around a mass balance across a differential element
[Eq. (11), for example].

Thus, we find

0 (225 - B omnfo- 0 27 oo

when w; = w*, Latinen (1962) took account of axial dispersion, or back-
mixing, in his mass balance and thus introduced the Peclet number, which
he simply wrote as

Pe = uME 37

In so doing, he developed (in our nomenclature) the following differential
equation

d*w dw ki At )\p] _
E;‘ — Pe —d—i: - Pe[(—}‘—‘>av T w-w)=0 (38)
If penetration theory is appropriate,
kLAt = 112

For large values of the Peclet number, Eq. (38) reduces to Eq. (11) and the
exit concentration is strongly influenced by the dimensionless group
BNY2)\p/L (Fig. 7). On the other hand, at low values of the Peclet number
the exit concentration is hardly influenced by this dimensionless group,
which means that the exit concentration is relatively insensitive to
changes in the flow rate and screw speed. We shall return to this point
momentarily.

Roberts (1970) has identified the exact mathematical form for axial
dispersion in a screw extruder by noting that the devolatilized film is
remixed with material in the bulk at an upstream position which can be
determined exactly once the geometry of the system is specified. Accord-
ing to Roberts, the Peclet number is given by

Pe = 2\(1 — B,A)/B,A? (40)
B2 = [Vud(1 — &)]2L @D
A = (6:L/WfH) + (w2D% + )12 (42)

and can be computed exactly without having to make an independent
estimate. As pointed out by Roberts, the Peclet number will be a function
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Fi6. 7. Variation of the dimensionless exit concentration of the volatile component as a
function of screw speed, liquid flow rate, and Peclet number. Curves were computed using
Eqgs. (38) and (39).

of the efficiency of the devolatilization process. If ¢ = 1.0, the Peclet
number will be infinite, but if ¢ = 0, the Peclet number will have a mini-
mum value.

2. Experimental Studies

The results of experimental studies aimed at assessing the validity of
Eq. (32) have, for the most part, been inconclusive. Although the exact
reasons for this are not entirely clear, certain differences between the
experimental conditions employed and those upon which the model is
based can be readily identified. In most studies the diffusion coefficient
for the particular polymeric solution used was not known and was neces-
sarily treated as an adjustable parameter in the theory. A subjective judg-
ment was thus required as to whether the value of the diffusivity which
described the data best was a reasonable one. Generally speaking, the
resulting values were unrealistically high.

A second reason is related to an assumption employed in the reduction
of the experimental data. Here, the equilibrium concentration of the vola-
tile component in the liquid phase, w*, was often assumed to be negligible
in comparison with w, the concentration in the liquid phase. An assump-
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tion of this nature would be valid if Henry’s constant were large enough
so that w > P/H.. If Henry’s constant is small, that is, if the volatile
component is highly soluble in the polymer, such an assumption would be
questionable.

Finally, a number of experimental studies have been conducted in a
pressure range where the polymeric solution could ‘‘boil.”” The vapor
bubbles thus created would provide a much larger surface area for mass
transfer than the surface area of the wiped film alone. And therefore, for
fixed values of the diffusivity and the driving force, predicted values for
mass transfer rates would be substantially lower than the measured val-
ues. Conversely, for a fixed mass transfer rate and driving force, use of
the wiped film surface area alone would require unusually high values of
the diffusivity in order to obtain agreement between theory and experi-
ment.

In a study in which styrene was stripped from polystyrene, Latinen
(1962) concluded that his theory correctly described the dependence of
mass transfer rates on screw speed and flow rate. This conclusion was
based on the agreement obtained between the measured and predicted
exit concentration of styrene over a broad range of screw speeds and flow
rates (Fig. 8). But, agreement between the theoretical expression and the
experimental data was obtained using a diffusion coefficient of the order
of 3 X 10-% m? sec™!, at 200°C a value which is unrealistically high for this
system. If the system ethylbenzene-polystyrene—which has a diffusion
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Fic. 8. Comparison of the measured and predicted exit concentrations obtained by
Latinen for a styrene—polystyrene system. Reproduced with permission from Latinen
(1962). Copyright 1982 American Chemical Society.
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coefficient of 5 X 1012 m%/sec at 200°C (Duda et al., 1982)—is used as a
basis for comparison, the Latinen value is seen to be three orders of
magnitude too large. In view of the fact that Latinen’s experiments were
conducted at pressures which were lower than the equilibrium partial
pressure of styrene in the feedstream (H. = 20-65 atm, T = 200-250°C,
w; = 0.008), vapor bubbles may have been formed and, if so, the true
surface area for mass transfer would have been larger than the values
used by Latinen. This, of course, would result in a high value for the
diffusivity.

A second factor which may have played a role in the conclusions drawn
by Latinen was that a low Peclet number (~10) was also required to
obtain agreement with the theory. As pointed out earlier, the lower the
Peclet number the less sensitive is the exit concentration to changes in the
screw speed, and this could bring into question any conclusion regarding
the linear dependence on the square root of screw speed.

Coughlin and Canevari (1969) have published experimental data on two
systems at a variety of operating conditions: the extraction of xylene from
polypropylene and the extraction of methanol from polypropylene.
These studies were conducted in a single screw extruder at low pressures
and w* was assumed to be small in comparison with w. Coughlin and
Canevari developed a model which they used in conjunction with their
experimental data to obtain a value for the diffusion coefficient. The
values that they computed were of the order of 10~5 m%sec, which obvi-
ously means that the model is incorrect. Coughlin and Canevari also
computed values for the mass transfer coefficient and found it to be inde-
pendent of screw speed. This observation is particularly noteworthy since
they saw no evidence of bubble formation.

We have used the Coughlin and Canevari data to compute values of
kipalay, s0 as to put their results on a basis consistent with Eq. (32). We
used the following equations for these calculations:

ka _ L(w; — wy)

ay - )\SabAw;mp (43)
wy; — w¥\]-!
Bwim = [0y = w9 = o = w91 [ ()| @0
or, for w* = 0,
kLa/ab = (L/WDbA) lﬂ(Wl/Wz) (45)

The results of these calculations are plotted in Fig. 9, where k a/a, is also
seen to be independent of screw speed for both systems studied.

We are unable to critically comment on the numerical values of (k_a/ay)
shown in Fig. 9 since Eq. (32) cannot be used to make an independent
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Fi16.9. Values of ki a/a, computed from the experimental data obtained by Coughlin and
Canevari (1969) in a single-screw extruder: xylene—polypropylene (O, O); methanol-poly-
propylene (®). D, = 4.5 (@, O), 3.5 (O) inches.

estimate because of the invariance with screw speed. Furthermore,
Coughlin and Canevari (1969) is the only published work on devolatiza-
tion in single screw extruders that provides enough information for (k;a/
ap) to be computed, and so it is also not possible to compare these results
with results obtained in separate studies. Insofar as future studies are
concerned, however, the results shown in Fig. 9 should serve as a basis
for comparison.

The extraction of styrene from polystyrene has also been studied by
Biesenberger and Kessidis (1982). This study consisted of two sets of
experiments. One set was conducted at atmospheric pressure, a pressure
well in excess of the equilibrium partial pressure of styrene in the feed-
stream. The stripping agent used was nitrogen. The other set was con-
ducted at a pressure of 1 Torr, which was found, by visual observation, to
be low enough for bubble formation and entrainment.

Biesenberger and Kessidis were able to correlate their experimental
data at atmospheric pressure in terms of N2 in accordance with Eq. (36)
[their Egs. (4)-(9)], but the diffusion coefficient which they computed
using Eq. (36) along with the experimental data was found to be roughly D
= 1079 m? sec™! at 177°C. Again, if the ethylbenzene~polystyrene system
is used as a basis for comparison, Duda et al. (1982) report a value of 3 x
10~ m?sec at 178°C, which is considerably smaller than the value ob-
tained by Biesenberger and Kessidis (1982). In the experiments con-
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ducted under vacuum, experimentally measured values for the extraction
efficiency were found to be independent of screw speed.

The experiments of Latinen (1962) and those of Biesenberger and Kes-
sidis (1982), when viewed side by side (Table I), present an interesting
contradiction, for which there is no obvious explanation. Both sets of
investigators used the same polymer—-monomer system, both used single-
screw extruders, and both ran experiments at reduced pressure. Latinen
found that the extraction efficiency depended on N'2, whereas Biesen-
berger and Kessidis found the efficiency to be independent of screw
speed.

B. Mass TRANSFER COEFFICIENTS FOR
TwIN-SCREW EXTRUDERS

In twin-screw extruders, two screws lie side by side in a common barrel
that has a figure-eight pattern (Hwang, 1982). These screws may rotate in
the same direction (corotating) or in opposite directions (counterrotating)
and may be nonintermeshing, partly intermeshing, or fully intermeshing.
In nonintermeshing twin-screw extruders, the distance between the axes
of the screws (the centerline distance) is equal to or greater than the screw

TABLE 1

CoMPARISON OF EXPERIMENTAL CONDITIONS AND RESULTS FOR THE STRIPPING OF
STYRENE FROM POLYSTYRENE IN SINGLE-SCREW EXTRUDERS

Biesenberger and Kessidis

Condition Latinen (1962) (1982)
Pressure (mm Hg) 5-20 1 760
Temperature (°F) 400-480 400 350
Rotational speed (min™!) 60-244 10-100 10-100
Extraction efficiency Varies as N7 Independent Varies as N2

of N

Wy =0.008 0.0054 0.0054
H_ (atm, T = 400°F) 19.7 13.6 13.6
D, (inches) 2.5 3.0 3.0
@° 18 17.7 17.7
Pe 5-12 £ %
A (inches) 10-25 12.2 12.2
D m?/sec™ 3 x 1079 (T = 200°C) 1072 (T = 177°C)

« Computed from the experimental data relating extraction efficiency and screw speed.
Diffusivities determined by Duda er al. (1982) are D = 5 x 1012 m¥sec at 200°C and 3 x
10-"" m¥sec at 178°C.
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Fic. 10. Schematic representation of nonintermeshing counterrotating twin-screw ex-
truder.

diameter. These extruders have neither self-wiping action nor positive
conveying characteristics, and are usually designed to have counterrotat-
ing screws (Fig. 10).

In intermeshing twin-screw extruders (Figs. 11 and 12), the centerline
distance is somewhat less than the screw diameter and the flights of one
screw protrude into the channels of the other screw. In intermeshing,
counterrotating twin-screw extruders, where the channels on each screw
are sealed off by the flights of its mate, a positive conveying action results
and these extruders operate much like gear pumps (Fig. 11). In self-wiping
intermeshing, corotating twin-screw extruders the screw configuration is
such that complete self-wiping between the screws can be achieved (Fig.
12). The channels are open in the down-channel direction and closed in
the cross-channel direction. In these extruders, the screw crests of the
corotating screws are connected together over the free wedge area. No
positive conveyance—such as that which occurs in the intermeshing
counterrotating extruders—is present, although partial positive convey-
ance is achieved because of the influence of the wedge resistance. The

A
4;)1»»,'

COUNTERROTATING

Fic. 11. Schematic representation of intermeshing counterrotating twin-screw ex-
truder.



80 COSTEL D. DENSON
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F1G. 12. Schematic representation of intermeshing corotating twin-screw extruder.

material in the parts of the channels which are away from the intermesh-
ing zone is conveyed forward by the frictional force exerted by the barrel
on the material. As the material reaches the intermeshing zone, it is
brought into the intermeshing zone and then picked up by the other screw
and conveyed forward further. Thus, the material is transported from the
inlet to the discharge in a figure-eight pattern from one screw to the other
as it moves toward the discharge.

Insofar as devolatilization processes are concerned, the three types of

BARREL SURFACE

[——‘ x
~———SCREW SURFACE

y

Fi6. 13. Isometric view of one channel of a fully intermeshing corotating twin-screw
extruder.
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twin-screw extruders just described have been used, to some extent, in
commercial operations. But, in view of the fact that the published scien-
tific literature has dealt mainly with self-wiping, intermeshing corotating
twin-screw extruders, we shall restrict our discussion to extraction opera-
tions in this type of extruder.

1. Theory

The constraint that the tip of one screw element wipe the flank of its
mate in self-wiping, corotating twin-screw extruders leads to a unique
relationship for the shape of the screw channel (Booy, 1978, 1980). Figure
13 is an isometric view of this channel and Fig. 14 is a cross section of the
channel in a plane that is perpendicular to the plane which defines the
helix angle. Figure 14 shows the actual shape of the channel, which is
described by the following expressions:

h(x) = H=2R, — C for 0=sx= % (46)
_ 2a(x — e/2)]}
h(x) = R, {1 + cos[—-—-—ts cos &

. [2m(x — e/Z)]}W e w
_p2 _ p2 o™X — €i2) € d

{CL R? sin [ Y for 5=<x=3 47)

w W e

h(x) = 0 for S =x=5+5 (49
|
+w  Polymer Film 4
Vapor Space T

x
o
>

|

ks

w

Fic. 14. Partially filled channel of intermeshing, corotating twin-screw extruder.
Mass transfer occurs from the films on the screw and the barrel and from the surface of
the nip.
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The quantities W, e, ¢, and « are given by the following expressions:

W = [(t, cos ¢)/p] — e (49)
t; = 7D tan ¢ (50)
e = (ty cos d) 2w (51
a = (w/p) — 2 cos™(p./2) (52)

The same assumptions and equations used in developing an expression
for kyalay, for single-screw extruders can be used to describe mass transfer
rates in the type of corotating twin-screw extruder considered here. In
this regard, Fig. 14 is relevant, and k; a/a, will be given by Eq. (53):

kLa _ (Q 12 [ﬂ _O_f 12 (ﬁ ﬁ)l/z (ﬁ ]
ay m9f> ay + (0.,) ab> + (05 ab) (53)
When the holdup is low (-)—c“-; — 0), Eq. (53) reduces to

kialay, = 4DIT0)[1 + (a/ap)]
which can be written as
e 2 Ll [+ 2]
a VLG + plmcos™'ip) ay
since the exposure time is given by

6: = (pN)'[3 + (p/m) cos™! §p]

(54)

and 9, = 6.

One major difference between single-screw extruders and fully wiping,
corotating twin-screw extruders is that in the latter, a film is formed on the
surfaces of the screws in addition to that on the barrel wall, and this
greatly increases the surface area for mass transfer. A second major dif-
ference is due to the intermeshing zone where a significant degree of
mixing is believed to occur. Mixing in the intermeshing zone thus exists
along with the mixing that occurs in the screw channel because of the
cross-channel motion, and therefore the concentration of volatile compo-
nent in the bulk should be more uniform prior to each exposure to the
vapor phase. This would have the effect of maximizing the driving force
for the interphase transfer at the beginning of each exposure. In single-
screw extruders where mixing occurs only in the channels, the concentra-
tion of volatile component in the bulk may not be uniform prior to each
exposure and the rate of mass transfer would therefore be expected to be
significantly reduced.
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Fic. 15. Comparison of the measured and predicted exit concentrations obtained by
Todd for a polystyrene polymer containing ethylbenzene as the volatile component. Data
were obtained in a twin-screw extruder. From Todd (1974).

2. Experimental Studies

Published experimental studies on devolatilization rates in twin-screw
extruders fall into two categories: studies conducted at pressures in ex-
cess of the equilibrium partial pressure of the volatile component in the
feedstream using an inert gas as the stripping agent and those conducted
at pressures lower than the equilibrium partial pressure of the volatile
component.

One of the earliest published studies on extraction in twin-screw ex-
truders was conducted by Todd (1974). In this work devolatilization was
conducted under vacuum using two different polymeric systems, polysty-
rene in one and polyethylene in the other. In the case of polystyrene,
styrene was not used as the volatile component so as to avoid problems
associated with further polymerization or depolymerization; instead, use
was made of mixtures of thiophene and toluene or ethylbenzene. Todd
found good agreement between the measured exit concentrations of the
volatile component and the predicted values using Pe = 40 in the solution
to Eq. (38) (see Fig. 15). The value of B in Eq. (39) was not reported and it
is not known whether a value was chosen to provide a fit with the data or
whether it was known a priori. In any event, what is clear is that the exit
concentration varies with N2, which suggests that mass transfer is occur-
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FiG. 16. Variation of the measured exit concentrations as a function of screw speed and
liquid flow rate for the system cyclohexane—polyethylene. Solid line is the theoretical pre-
diction and is based on Egs. (38) and (39). From Todd (1974).

ring through a wiped film and that the use of reduced pressures introduced
no spurious effects.

In the case of polyethylene, the volatile component was cyclohexane
and here, too, good agreement was obtained between the measured exit
concentration and the predicted values using Pe = 40 in the solution of
Eq. (38) (see Fig. 16). These data also suggest that mass transfer is occur-
ring by molecular diffusion through a wiped film since the exit concentra-
tion varies with N2 in accordance with the theory. It is somewhat discon-
certing, however, that the value of B used in the theoretical expression
was not reported, and the question naturally arises as to whether realistic
values were used to obtain the fit with the data.

Collins et al. (1983) have conducted the most definitive studies thus far
on devolatization. These studies were conducted at atmospheric pressure
in a corotating twin-screw extruder with a transparent barrel using a
polybutene—Freon system. Nitrogen was used as the stripping agent and
caused to undergo both cocurrent and countercurrent flow. Mass transfer
coefficients, i.e., ky a/a,, were computed from the experimental data using
Eq. (43). In these studies both the diffusion coefficient and Henry’s con-
stant were known, and therefore, it was not necessary to treat the diffu-
sion coefficient as an adjustable parameter, nor was it necessary to as-
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sume that w* was zero. Consequently, a quantitative comparison between
theory and experiment could be made. These investigators found that k; a/
a,, varies with N'2 in accordance with Eq. (54). However, the theoretical
prediction [Eq. (54) with ay/a, < 1] was found to be higher than the ex-
perimental data by a factor of about 2 which they attributed to their as-
sumption that the film on the barrel was continuous. In reality, ag/a, < 1.
Werner (1980) has studied devolatilization in corotating twin-screw ex-
truders when the volatile component was stripped from the polymeric
solution by applying a vacuum to the system. Rough estimates of the
equilibrium partial pressure of the volatile component in the feedstream
for each of the systems studied by Werner indicate that this pressure was
less than the applied pressure, which means that bubbles could have been
formed. Figure 17 shows the influence of the externally applied pressure
on the exit concentration for a methyl methacrylate—poly(methyl metha-
crylate) system of fixed concentration. Note that the exit concentration
decreases as the pressure is decreased, but seems to approach an asymp-
totic value at the lowest pressures studied. Werner also reported that at a
fixed flow rate and feed concentration the exit concentration did not vary
with screw speed (over the range 150-300 min~'), which also suggests
that ki a/a, is independent of screw speed. Figure 18 is a plot of data
obtained by Werner on an ethylene-low-density poly(ethylene) system
and also shows that decreases in the applied pressure result in decreases
in the exit concentration, but here a lower asymptote is not observed.
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F16. 17. Experimentally measured values of the exit concentration as a function of
pressure for a polymeric solution consisting of methyl methacrylate—poly(methyl methacry-
late). Data were obtained by Werner using a twin-screw extruder. (Reproduced with permis-
sion from Werner, 1980.)
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F1G. 18. Experimentally measured values of the exit concentration as a function of
pressure and water content for the system ethylene-low-density poly(ethylene). Data were
obtained in a twin-screw extruder by Werner. (Reproduced with permission from Werner,
1980.)

The decrease in the exit concentration with decreases in the extraction
pressure seen in Figs. 17 and 18 is a consequence of the fact that the
driving force for mass transfer is directly related to the partial pressure of
the volatile component in the vapor phase, which, in this case, is constant
and equal to the extraction pressure. In fact, reasonably good agreement
between the data in Fig. 17 and the predictions of Eq. (38) can be obtained
provided it is assumed that the dimensionless group (kL A1/M)av(Ap/L) is
independent of pressure. This point is illustrated in Fig. 19, which is a plot
of Eq. (38) for Pe = », The value used for (k. A1/A),(Ap/L) was chosen so
as to obtain the asymptotic value of w, in Fig. 17.

Using the data shown in Fig. 17, Werner computed an average value of
2 x 107* m sec”! for the mass transfer coefficient k; by comparing these
data with the solution to Eq. (38) for Pe numbers in the range 20-40,
although it is not clear what value Werner used for the surface area. We
have used Eq. (43), which assumes that Pe = o, to compute a value for
kyala, for the MMA-PMMA data shown in Fig. 17. The length of the
extraction zone was not reported, and in our calculation the total length of
the extruder was used (A = 0.65 m). The upper limit on &; a/a, was com-
puted to be 1.2 X 10~2 m sec™! for the experimental runs conducted at a
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F1G. 19. Theoretical prediction (—) of the variation of the exit concentration of a vola-
tile component with extraction pressure. The prediction is based on Eq. (38) with
[(k adaghpl/L = 0.115. The circles are selected experimental (MMA/PMMA) data points
taken from Fig. 17.

pressure of 100 mbar (w; = 0.013, H, = 10° mbar). Since the actual length
of the extraction section was probably less than the total length of the
extruder, ki a/ay should be less than 1.2 X 1072 m sec™!. The value for k;_
obtained by Werner and the value for k; a/a, obtained from our calcula-
tions can be reconciled if a/a, = 60. This means that either entrained
bubbles were present or that the surface area of the wiped film on the
screws played a dominant role.

JV. Bubble Entrainment and Enhanced Mass Transfer

Mass transfer in polymeric solutions by molecular diffusion is a com-
paratively slow process, and in extraction equipment where mass transfer
occurs through a thin wiped film, inordinately large equipment surface
areas are often required in order to obtain substantial rates of mass trans-
fer. In commercial practice when this situation occurs, the required sur-
face areas may, instead, be obtained by either one of two methods, both
of which involve reducing the pressure in the extraction zone. In one
approach the extraction pressure is fixed at a value which is less than the
equilibrium partial pressure of the monomer or solvent in the polymeric
solution fed to the extraction zone. In these circumstances gas bubbles
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composed of the pure monomer or solvent can be formed (nearly) sponta-
neously by what is believed to be homogeneous nucleation. Thereafter,
the monomer or solvent diffuses from the polymeric solution to the sur-
faces of these bubbles, which grow and ultimately rupture. Figure 20
shows the presence of such bubbles in an extruder (MacKenzie, 1979).
In a second approach, a stripping agent that is immiscible with the
polymer is introduced into the polymeric solution under pressure at a
position upstream from the extraction zone. If the vapor pressure of the
stripping agent is higher than the equilibrium partial pressure of the sol-
vent or monomer, gas bubbles composed mainly of the stripping agent will
be formed when the mixture enters the extraction zone. Subsequently,
monomer or solvent will diffuse to the surfaces of these bubbles which
will grow and ultimately rupture. Two alternative advantages accrue from
the use of a stripping agent. Higher extraction pressures can be employed
if a stripping agent is used, or lower values of w* can be obtained since

w* = (P, — PD/H, (P,=P) (55)

The net effect of this reduction, of course, is to increase the driving force
for mass transfer in the liquid phase.

The beneficial effect that the introduction of water has on the extraction
of ethylene from low-density polyethylene is shown in Fig. 18. The
reduction in the exit concentration of ethylene is substantial, especially at
the higher pressures, and dramatically illustrates the increase in mass
transfer rates which results from the introduction of an immiscible strip-

ping agent.

A. PHYSICAL AND MATHEMATICAL MODEL

Consider a situation in which a concentrated polymeric solution enters
the extraction zone of, say, an extruder in circumstances when the pres-
sure in the extraction zone, P,, is less than the equilibrium partial pres-
sure of the volatile component in the feed solution. Under these condi-
tions the solution will be supersaturated at the extraction pressure,
flashing of the volatile component will occur, gas bubbies of radius R, will
be formed, and the concentration will immediately fall from w, to wy. If
bubble formation occurs by homogeneous nucleation, the rate at which
these bubbles will be formed per unit volume of solution should depend on
the difference between the equilibrium partial pressure of the volatile
component and the devolatilization pressure. Since this pressure differ-
ence is greatest when the solution first enters the extraction zone, the rate
of formation of bubbles will at first be high; but as devolatilization pro-
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ceeds and the concentration falls, this pressure difference will decrease.
The rate at which bubbles are formed will also decrease.

When it is assumed that the pressure inside the gas bubbles at the time
they are formed is the equilibrium pressure, then

Py = Howy (56)

and, because Py > P,, a mechanical driving force will be established
which causes the bubbles to expand. When expansion begins, the gas
pressure in the bubbles Py, will decrease and a thermodynamic driving
force will be established, again in accordance with Henry’s law, and the
volatile component will begin to diffuse to the surface of these bubbles
where it will evaporate. This, in turn, reestablishes the mechanical driv-
ing force causing further expansion. Eventually, a state of both mechani-
cal and thermodynamic equilibrium will be reached and the bubbles will
attain a equilibrium radius R., provided rupture does not occur in the
meantime.

During the period when the bubbles are growing, a dynamic situation
exists in which bubbles are continually being formed and destroyed. We
might anticipate, then, that the number of bubbles per unit volume of
solution is rate dependent and that

dN/dt = Jg — Jp (57)

The exact form of Jr, the number of bubbles nucleated per unit volume
per unit time, is not known since there appears to be no published scien-
tific studies which deal with nucleation rates in concentrated polymeric
solutions at pressures below the equilibrium partial pressure. Blander and
Katz (1975) have studied nucleation rates of pure liquids as a function of
temperature at atmospheric pressure and Prud’homme (1982) has studied
nucleation rates of polymeric solutions containing up to 0.60 weight frac-
tion of polymer as a function of temperature, concentration, and polymer
molecular weight at atmospheric pressure. Both sets of investigators con-
cluded that nucleation rates seem to follow the equation

—16mo” ]
3kT(P, — P)*

In the absence of further evidence, a reasonable assumption is that nucle-
ation rates in concentrated polymeric solutions as a function of pressure
would also be described by Eq. (58), with P, replaced by H.w. Thus, we
see that as devolatilization proceeds, w decreases and the rate at which
bubbles are formed decreases.

Bubbles can disappear from the solution for a number of reasons: They
can coalesce; they can simply escape from the surface of the solution; or

Jr=C exp[ (58)






16

Fi1G. 20. Photographs taken through a transparent barrel section in a twin-screw extruder showing the presence of bubbles at an
extraction pressure of 8 Torr (MacKenzie, 1979). The polymeric solution is heptane—poly(dimethyl siloxane). (a) Screw rotational
speed is 15 min~!. Note how bubbles are dispersed on pushing side of flight. Flow is from right to left. (b) Stationary screw. Note how
the bubbles shown in (a) coalesce when the screw is stopped.
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they can be mechanically ruptured. This means that Jp, the rate at which
bubbles disappear per unit volume of solution, is specific to the process
and the type of equipment in which the extraction operation is being
conducted. In screw extruders, for example, the disappearance of bubbles
could result from the mechanical action of the rotating screw, whereas in
falling strand devolatilizers, where no mechanical action is present, bub-
ble rupture may be dictated by the rheological nature of the polymeric
solution (Newman and Simon, 1980). In any case, the extraction effi-
ciency is directly dependent on the rate at which the bubbles are ruptured:

47M

3
T oo f JoP,R} dt (59)

And, unless the volatile component is allowed to escape from the solution
after bubble rupture, no devolatilization will occur.

Equation (59), which is written around a spherical bubble, requires
knowledge as to how P; and R vary with time. The development of ex-
pressions for these variables proceeds along the following lines. First, a
mass balance is made on each gas bubble:

d(mg
47R2N, = p t( M) (60)
which, when combined with the ideal gas law, leads to
1 g dR
N (% + P, E) (61)

If the ideas are used that an infinite sea of liquid surrounds each gas
bubble and a pseudo-steady state exists, then the molar flux can be de-
scribed by the familiar expression

Ny, = (DIR)(p/M)(w — wy) (62)
Combining Egs. (61) and (62) results in
1 dpPy dR\ Dp _ P
5 BRGE+ P ) = (v - 5) 3

A current mass balance on the volatile component results in an expres-
sion for w:
4MNP,R®  4zM
. 3 (64)
3pKy 3pKy Jo 8

W= w; —

which upon substitution into Equation (63) gives the following result:
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%GR g)
= PME [(wl - %) ‘;’;(M (NPR + f JpP,R? dt)] (65)

Equation (65), the working equation for mass transfer, contains two
independent variables P, and R. A second equation can be obtained from
momentum transfer considerations. In the absence of surface tension
forces, the momentum equations for a Newtonian fluid reduce to

4n dR/dt = (P — PR (66)

Equations (57)~(59), (65), and (66) thus constitute the governing equations
for predicting the extraction efficiency when mass transfer is enhanced by
the presence of entrained bubbles.

1. Simplified Analysis for Constant Bubble Population

Some useful insight can be developed concerning the influence of mate-
rial properties and process conditions on devolatilization efficiency by
considering the special case when the number of bubbles per unit volume
of solution is constant. To fix ideas, assume that all bubbles are formed
instantaneously when the solution enters the extraction zone and that no
bubbles are ruptured until the very end of the process when all rupture
simultaneously. Then the rate of formation can be expressed by

Je=Nd@), 8&nN=0, t#0 (67)
and the rate of destruction by
Jo=Nd@t —t%, §t—-1=0, t+r¢ (68)

where 8(r) and 8(+ — r*) are Dirac delta functions. When the number of
bubbles per unit volume of solution is constant, a well-defined equilibrium
bubble radius exists and can be used to scale the governing differential
equations (Amon and Denson, 1983). The overall mass balance, the rate
of mass transfer, and the rate of momentum transfer are, respectively,
given by

w_ (- P)LR
w7 R~ R ©
dP, .. dR - 1-P -
oL -~ (e -] oo
1 dR . .
P (P; — PR (1)
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where

o=V el

D H.w

7=ﬂw¥
The dimensionless parameter 7, was first identified by Amon and Den-
son (1983) and is a measure of whether mass transfer controls the rate of
bubble growth (7p, > 1) or whether momentum transfer controls growth
(170,1 < 1)

~

T (72)

a. Diffusion-Controlled Bubble Growth. In circumstances when p,
< 1, Eq. (71) reduces to
P, =P, (73)
which states that the bubble is in mechanical equilibrium at all times. The
devolatilization efficiency is therefore given by

_w,—w_(l—lsaliz3
TTw TR 79
which results from the substitution of Eq. (73) into Eq. (69). Equation (70)
reduces to

. d 1—133 13 5 o 3 {
R— = (——:—3) (1-R), R=Ry, ati=0 (75

which has the solution

_1F+R+R1 1 4€é+ﬁ
gln O-R2 1A tan V3
[3(; : RO)ua N éln[l_(il'_?i);;;)_f_%}] - —\}~§ tan"(z—Rov-_;—l> (76)

where 8 = [(4n/3)2(pK/H. M)}~

Figure 21 is a plot of Eq. (74), whereas Figure 22 shows the variation of
bubble radius and extraction efficiency with time for specific values for
the dimensionless parameters, 8, Ry, and P,. Initially, the amount of
volatile component remaining in the solution decreases sharply with time,
but after about 80% of the material is extracted, further changes are
insignificant. Thus, efforts to increase the lifetime of the bubble beyond
this point wouid not be beneficial. The effect of pressure on extraction
efficiency is shown in Fig. 23.
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Fic. 21. Variation of the extraction efficiency with dimensionless bubble radius for
diffusion-controlled and hydro_dynamically controlled bubble growth when the bubble popu-
lation is constant P, = 0.10, Ry = 0.10, 8 = 5.87.
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Fi1G. 22. Variation of the dimensionless bubble radius and extraction efficiency with
dimensionless time for diffusion-controlled bubble growth when the bubble population is
constant. P, = 0.10, Ry = 0.10, 8 = 5.87.
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b. Hydrodynamic Control of Bubble Growth. When mp, < 1, bubble
growth is determined solely by the fluid mechanics and the rheological
behavior of the polymeric system of interest. In these circumstances, Eq.
(70) is more conveniently written as

. P - dR
2 E_ 4+ RP —_—
Y Ron o) T RO G
_ 5 1- ﬁa = = 53 ]
= w[(l - P - <_f)a——R(3)>(PgR ~ Ryp) (70a)
which reduces to
. Pl — RY)

B R RO-F) an

in the limit as mp, — 0.

Substitution of Eq. (77) into Eq. (69) results in an expression for the
extraction efficiency in terms of the bubble radius:

(1 - BP)R?

ETB)-RY+ (- B)R 78
and Eq. (71) reduces to
S B B
1 dR _ Pl — R)(1 - Py (79)

R d(mpyl)  (Po — R + (1 — PYR
which has the solution
1 - 3

R - ..
= = 3P,(1 — Pt 80
) =0 - PP 60

(P, — R} m(}%)3 - -R)) ln(

Equation (78) is plotted in Fig. 21 and Eq. (80) is plotted in Fig. 24.

A number of important conclusions can be drawn from the simplified
analysis of bubble growth just presented. First, the dimensionless group
mp, can be used as a means to assess whether the rheological properties of
the polymer system control the devolatilization process or whether mo-
lecular diffusion controls the process. Thus, attempts to correlate, or
analyze, performance in terms of the diffusional characteristics of the
polymer system when the process is controlled by the fluid mechanics of
the system would be fruitless. Second, the qualitative behavior of the
extraction efficiency—time curves for diffusion control and hydrodynamic
control (Figs. 22 and 24) is remarkably similar. This means that assessing
the validity of a proposed model using qualitative agreement between
experiment and theory may be on unsafe ground.
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F1G. 23. Predictions of the diffusion-control model [Eq. (76)] for the influence of the
extraction pressure on extraction efficiency at a fixed time. = 0.05, R, = 0.10, 8 = 5.87.

2. Newman-Simon Model

Some aspects of the theoretical development which have been pre-
sented here follow along the lines of an important paper by Newman and
Simon (1980). Their analysis differs from the simplified analysis presented
here in two respects. First, the idea that mp, is a measure of the type of
bubble growth which occurs was not incorporated in the Newman-Simon
analysis. Second, Newman and Simon used a more realistic expression
for the molar flux N;.

In place of Eq. (62), Newman and Simon used an expression based on

w06t i
& 0.4F .

0.2

F1G. 24. Variation of the dimensionless bubble radius and extraction efficiency with
dimensionless time for hydrodynamically controlled bubble growth: P, = 0.10, R, = 0.10.
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the classical penetration theory result corrected for the convective effects
due to bubble expansion:

12
No = [(2)° + B v - wp £ Q)
Equation (81), when combined with the ideal gas law, the momentum
equation (corrected for surface tension), and the material balance equa-
tion, results in a system of differential equations that Newman and Simon
solved numerically.

We have replotted one set of the Newman—Simon results in dimension-
less terms in Fig. 25 for a specific set of operating conditions and physical
property values (R, = 0.5 mm, T = 230°C, P, = 5 Torr). The dimension-
less group p, was determined to be =10, whereas the characteristic
diffusion time was found to be fp = 400 sec (N, = 3860 cm™3, D = 10~5
cm?¥sec, n = 10* poise, H, = 33 atm, wy = 2.6 X 1073). The large value for
py suggests that bubble growth is diffusion controlled, which means that
Eq. (76) should be appropriate. As seen in Fig. 25 the difference between
a plot of Eq. (76) and the Newman—Simon results is substantial, the latter
predicting much higher devolatization rates. The fact that the Newman-
Simon model predicts higher rates is not surprising, given the form for N,
that they used. What is surprising, however, is that such a large discrep-
ancy exists, which suggests that devolatilization models can be sensitive
to the type of expression chosen for the molar flux.

B. FictiTious MAss TRANSFER COEFFICIENTS

In circumstances when entrained bubbles are present during devolatili-
zation, considerable ambiguity can exist with regard to the physical signifi-
cance of the mass transfer coefficients. If the mass transfer coefficient is
defined, or measured, in the usual way [Eq. (43)], the rate at which mass
is transferred is not in any way related to diffusional processes but instead
is a measure of the rate at which bubbles are rupturing or being released
from solution. Thus,

47MVr 1 (#
L(W] —_— w2) = —g-i';—’—r F fo "DRSPE dt = kLAT(Aw)LMp (82)

and the resulting mass transfer coefficient is a fictitious one in the sense
that it may have little, or nothing, to do with diffusional processes. In fact,
even for the ideal case when the bubble population is constant, a fictitious
mass transfer coefficient can result. For example, if bubble growth is
hydrodynamically controlled, the concentration profile of the volatile
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Fic. 25. Predictions of the Newman—Simon model (—) and the diffusion-control
model (~—-) [Eq. (76)] for the bubble radius as a function of time: P, = 0.08, R, = 0.20 for
Newman-Simon model and B, = 0.10, R, = 0.20 for the approximate model. 8 = 5, 87.

component in the liquid surrounding the bubble is uniform and no driving
force for mass transfer by diffusion exists. In this case the rate at which
mass is transferred to the bubble is determined by the hydrodynamic
resistance and the hydrodynamic driving force. Mass transfer has nothing
at all to do with diffusional processes.

On the other hand, if bubble growth is diffusion controlled, then the
mass transfer coefficient may be meaningful. However, in this case, the
surface area for mass transfer is the surface area of the bubbles entrained
in the solution and this depends on the volume of liquid in the extraction
zone and not on the surface area of the extraction zone. Clearly, attempts
to correlate experimental data for the extraction of a volatile component
from a polymeric solution containing entrained bubbles using mass trans-
fer coefficients can be misleading or totally erroneous.

V. The Length of a Transfer Unit

A well-established concept in the design of stripping operations in the
chemical processing industries is the use of equations in which the height
of the unit required is expressed as the product of two terms: the number
of transfer units (NTU), a measure of the difficulty of the operation to be
carried out, and the height of a transfer unit (HTU), a measure of the
height required in order to carry out an operation of unit difficulty. The
advantage of this procedure is that the effectiveness of a particular unit is
directly reflected in the value of the HTU. On the other hand, the advan-
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tages of one mode of operation over another (such as countercurrent
versus cocurrent) are reflected in the value of the NTU, which, for a given
overall result of the process, depends on the mode of operation.

Collins et al. (1983) have suggested that this same concept can be
applied to polymer devolatilization processes, except that the HTU might
be more appropriately termed the LTU when screw extruders are used
since these need not be vertical. By analogy, the following expressions
can be written:

A = (LTU)XNTU) (83)
where ) is the axial length of the extraction zone required, and
LTU = L/K apS (84)
w1 dw
g (®5)

The subscripts 1 and 2 refer to liquid inlet and outlet conditions, respec-
tively. If the mode of operation is known and the value of ¢ is measured,
NTU can be calculated. If, in addition, A is known or measured, then the
LTU can be determined experimentally. In some cases, however, an
analytic expression for the LTU can be obtained. For a wiped film proces-
sor—such as a screw extruder—in which mass transfer occurs by diffu-
sion through a wiped film into a vapor phase that has negligible resistance,
Eq. (35) can be used and the LTU is given by

LTU = LIQu'"*(DpN)"a,pS) (86)

Equation (86) has been tested by Collins ez al. (1983), who measured
values for the LTU in an intermeshing, corotating twin screw extruder
using a poly(butene)-Freon system at atmospheric pressure and nitrogen
as the sweeping gas in countercurrent flow. In these experiments the
length of the extraction zone was known and the NTU could be deter-
mined from measured values of the extraction efficiency. Figure 26 is a
plot of these data which shows that the LTU does depend on N'2. Note,
however, that the LTU can be large at low screw speeds when the extrac-
tion operation is conducted at atmospheric pressure and at a relatively
low temperature,

As pointed out earlier, stripping operations are usually conducted un-
der conditions of reduced pressure and in these circumstances NTU is
given by

NTU = 1n(;ni_;+_—l) 87)

y = Hw\/P (88)
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F16. 26. The LTU as a function of L/\/N. The line through the data is the best fit and is
about 30% lower than the theoretical prediction.

Ymin = /(1 — €) (89
Equations (83) and (87)-(89) have been used to estimate values for the
LTU in the studies conducted by Coughlin and Canevari (1969) and by
Werner (1980). These results are summarized in Table II along with the
results from the study of Collins et al. (1983). The results in this table
provide support for the idea that the LTU can be used as a measure of
the effectiveness of the extraction unit.

TABLE II

EXPERIMENTAL VALUES FOR THE LTU FOR SCREW EXTRUDERS

Investigator System LTU (m) Comment
Coughlin Xylene—~polypropylene 0.3-0.6 Single-screw extruder
and Reduced pressure and elevated
Canevari Methanol-polypropylene 0.1 temperatures
(1969) Independent of screw speed
Werner Methylmethacrylate— <0.25  Twin-screw extruder
(1980) poly(methylmethacrylate) Reduced pressure and elevated
temperatures
Independent of screw speed
Collins et al.  Polybutene-Freon 0.6-4.5 Twin-screw extruder
(1983) Atmospheric pressure, T = 20°C

Varies inversely as N2
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Nomenclature

Arabic Symbols

Surface area for mass transfer
per unit volume of empty
processor

Surface area of processor per
unit volume of empty proc-
essor

Interfacial area of nip per unit
volume of empty processor

Interfacial area of film on wall
of processor per unit vol-
ume of empty processor

Interfacial area of film on
screw per unit volume of
empty processor

Total surface area for mass
transfer

Empirical constant in Eq. (39)

Local molar concentration of
volatile component

Constant in Eq. (58), 3.73 x
103 (/M)

Distance between screw cen-
ters in a twin-screw ex-
truder

Molecular diffusivity

Diameter of screw

Diameter of barrel

Eddy diffusivity

Flight width in a twin-screw
extruder

Deformation rate

Fraction of screw channel
filled with liquid

Drag flow shape factor

Channel depth in screw ex-
truder

Henry’s constant

Rate of formation of bubbles
per unit volume of solution

Rate of destruction of bubbles
per unit volume of solution

Individual liquid phase mass
transfer coefficient

Product of gas constant and
absolute temperature

~x

;G,:%

v

W

Power law factor

Liquid mass flow rate

Dimensionless axial length
/I\)

Coordinate in axial direction

Molecular weight of volatile
component

Mass of gas in bubble

Total molar flux of volatile
component

Molar flux of volatile compo-
nent in the nip

Molar flux of volatile compo-
nent in wiped film on barrel
wall

Molar flux of volatile compo-
nent in wiped film on screw
surface

Screw rotational speed

Number of bubbles per unit
volume of solution

Number of bubbles per unit
volume of solution initially

Molar flux of volatile compo-
nent at surface of gas bubble

Power law constant

Instantaneous molar flux of vol-
atile component from wiped
film

Instantaneous molar flux of vol-
atile component from nip

Pressure in extraction zone

Vapor pressure of stripping
agent or fugitive component

Initial gas pressure in bubble

Vapor pressure of volatile
component

Dimensionless extraction
pressure (Py/Hw,)

Dimensionless gas pressure in
bubble (P,/Hwy)

Gas pressure in bubble

Partial pressure of volatile
component

Number of screw starts or tips
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Qp Volumetric flow rate due to V.. Down channel component of
drag in screw extruder barrel velocity
R Bubble radius Vr Total volume of liquid in ex-
R, Screw radius traction section
R Dimensionless bubble radius W Width of channel perpendicu-
R, Dimensionless initial bubble far to screw flights in screw
radius, extruder
B » w Weight fraction of volatile
= — - - ] component
1 + (3/4m)[pVK+(1 — PI/MHR;] w; Weight fraction of volatile
R, Initial bubble radius component at interface
R. Equilibrium, bubble radius w* Equilibrium weight fraction of
S Cross-sectional area of empty volatile component
processor wi Welght fraction of volatile
t Time component at inlet to ex-
tp Characteristic diffusion time traction section
t, Characteristic hydrodynamic w; Weight fraction of volatile
time component at exit of extrac-
t Dimensionless time (#/p) tor
¢ Dimensionless time (t/t,) we Weight fraction of volatile
t* Bubble lifetime component when bubbles
T Temperature are imtially formed
t, Lead of screw x', x Cross-channel coordinate
u Average axial velocity xc  Generalized spatial coordinate
v, y; Velocity component %, Degree of polymerization
Vs Cross channel component of
barrel velocity
Greek Symbols
a Tip angle 7p, Dimensionless parameter de-
B Dimensionless parameter de- fined in Eq. (72)
fined in Eq. (76) p. Ratio of distance between
v Dimensionless parameter de- screw centers to radius of
fined in Eq. 87) barrel
¢ Extraction efficiency p Liquid density
n Viscosity o Surface tension
6 Exposure time 7; Stress
6; Exposure time of film ¢ Helix angle
9. Exposure time of nip és, ¢, Volume fraction of solvent,
A Axial length of wiped film polymer
processor X Interaction parameter
A1 Polymer relaxation time ¢ Dimensionless parameter de-
£y, £, & Coordinate variables fined in Eq. (72)
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In a number of industrial operations, there exists the possibility of
contacting two different liquids—one hot and relatively nonvolatile and
the other cold and more volatile. Should such an event occur, normally
the more volatile liquid vaporizes and, thereby, cools the hotter liquid. In
certain circumstances, however, the course of events changes dramati-
cally, and vaporization occurs in such a brief period of time as to resemble
an explosion. This explosive boiling may initiate shock waves that can
damage equipment and injure personnel in the vicinity of the blast.

Events of this nature have been described by various terms, e.g., rapid
phase transitions (RPTs), vapor explosions, explosive boiling, thermal
explosions, and fuel-coolant interactions (FCIs). They have been re-
ported in a number of industrial operations, e.g., when water contacts
molten metal, molten salts, or cryogenic liquids such as liquefied natural
gas (LNG). In the first two examples noted above, water is the more
volatile liquid and explosively boils whereas, in the last example, the
cryogenic liquid plays the role of the volatile boiling liquid and water is
then the hot fluid.

Because of the hazards caused by such explosive boiling incidents,
industry has supported research programs seeking answers to several
basic questions:

(1) What is the mechanism of explosive boiling, i.e., in a liquid-liquid
accident, when might one expect simple boiling and when/how does sim-
ple boiling evolve to explosive boiling?

(2) Under what conditions would a small-scale incident escalate into a
coherent large-scale explosion?
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(3) What can be done to prevent RPTs from occurring in industrial
operations?

Definitive answers to these questions are not yet available. Only re-
cently has there been the opportunity to collect and compare explosive
boiling incidents from different industries. Also, most experiments that
have been conducted to explore RPT mechanisms have been limited to
relatively small-scale tests. Evidence now exists to suggest that the small-
scale results may only be indicative of a trigger or initiating step, and
other mechanisms need to be introduced to explain large-scale boiling
explosions.

In this article, RPT incidents in various industries are examined. In
each case, both laboratory-scale studies and industrial accidents are cov-
ered. In the former, usually only simple spills of one liquid upon another
were conducted. The effects of a few variables were tested to determine if
they were, or were not, important in achieving an RPT. The results of the
small-scale experiments have led to conceptual hypotheses to clarify the
initiation of an RPT—and such concepts have, in turn, provided a tenta-
tive set of criteria that must be met to achieve an RPT.

The analysis of industrial accidents provides an indication of the dam-
age potential in an RPT, but, in many instances, data are fragmentary and
definitive conclusions are difficult to draw. Whenever possible, the RPT
criteria, developed from laboratory tests, are compared to conditions
existing in industrial accidents.

For the RPT criteria noted above, we first require that the system
involve two liguids which contact one another. RPTs are very difficult to
achieve when a cold, volatile liquid contacts a hot, solid surface.

The second RPT criterion relates to the temperature of the hot liquid.
That is, this temperature must exceed a threshold value before an RPT is
possible. From one theory of RPTs, the superheated-liquid model (de-
scribed later), this criterion arises naturally, and the threshold hot-liquid
temperature is then equal to the homogeneous nucleation temperature of
the colder liquid T. This temperature is a characteristic value for any
pure liquid or liquid mixture and can be measured in independent experi-
ments or estimated from theory. From alternate RPT theories, the thresh-
old temperature may be equated, approximately, to the hot fluid tempera-
ture at the onset of stable film boiling.

A corollary, often appended to the second RPT criterion, is that RPTs
are more difficult to achieve as the temperature of the hot liquid increases
beyond the threshold temperature. For very high hot-liquid temperatures,
some external pressure pulse or shock becomes necessary to initiate an
RPT.
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These two criteria appear to suffice to achieve laboratory-sized RPTs.
For large-scale, coherent events, however, an additional criterion is of-
fered, i.e., the cold liquid must be prefragmented at the inception of the
RPT. The prefragmentation allows an escalation of small RPTs to a larger,
coherent explosion. In the time period when fragmentation is taking
place, the system is in stable film boiling with each cold-liquid mass
enveloped by a vapor film. The escalation phase then involves the (1)
collapse of the vapor film (from an initiating shock) and (2) boiling of the
cold liquid fragments in the same time scale as the initiating trigger event.

Extensive laboratory-scale studies have been conducted to investigate
the triggering mechanism for RPTs when LNG, liquefied petroleum gas
{LPG), and liquid refrigerants contact a hot liquid (usually water). These
studies are covered in Sections III and VII. The evidence seems over-
whelming that RPTs in these cases result from superheating of the cold,
volatile liquid to its superheat-limit temperature where prompt homoge-
neous nucleation occurs in a time period of a few microseconds. (The
properties of a superheated liquid and the concept of homogeneous nucle-
ation are reviewed briefly in Section IX.)

Using the LNG studies as an example, many of the basic tenets of the
superheated-liquid model may be readily tested. For example, if the hot
liquid (water) temperature were below the expected homogeneous nuclea-
tion temperature of the LNG, then no explosive boiling incident would be
expected (Criterion 2 above). Test results agree completely with this sup-
position. Also, for a given water temperature, the homogeneous nuclea-
tion temperature of the LNG may be varied by changing composition.
Again, predicted results agree with experimental results. Thus, the theory
can predict when explosive boiling is possible, but it is less useful in
predicting the probability of an actual event. Experimental facts indicate
that if the water temperature significantly exceeds the homogeneous nu-
cleation temperature of the LNG, there is a low probability of an explo-
sive boiling event. The rationale for this fact seems to be in the ease by
which film boiling may be initiated between the LNG and water when the
water temperature is high. With an intervening vapor film between the
LNG and water, no superheating of the cryogen is then possible.

The laboratory-scale test results lead naturally to the conclusion that
methane-rich LNG, as transported in commerce today, would not un-
dergo an RPT if spills were to occur in a marine accident. Normal sea-
water temperatures are much higher than the superheat-limit temperature
of this LNG. However, recent LNG spill tests involving up to 40 m? of
methane-rich liquids have, on occasion, produced strong RPTs (see Sec-
tion I11,J). In some of these incidents, the RPTs may have occurred after
preferential evaporation of the methane to leave an LNG ‘‘heel’”’ much
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richer in ethane and propane. That is, the LNG composition changed such
that its superheat-limit temperature rose and became equal to the ambient
water temperature. In the more severe RPTs, however, this explanation
seems incomplete. Referring to the third RPT criterion stated earlier, it is
probable that the large-scale, coherent RPTs occurred as a result of signifi-
cant prefragmentation of the LNG and, at some point, a frigger shock
developed within the LNG-water masses. The trigger could have resulted
from small masses of LNG preferentially losing methane to form ethane—
propane-rich liquids which, as noted above, can explosively boil by the
homogeneous nucleation mechanism. The sharp pressure wave emanat-
ing from the local trigger shocks would then propagate through the entire
LNG-water system, and, if conditions were appropriate, result in an
escalation to a coherent explosion.

Experimental data and theoretical considerations suggest that water
pressures developed in LNG~water RPTs are significantly less than criti-
cal pressure of the LNG. Measured values have not exceeded 10-20 bar.
Average overpressures in the air show a rapid decay with distance and are
approximately equivalent to values expected from the detonation of a few
tenths of a kilogram of TNT (see Section III,K).

Whereas one might classify the LNG-water studies as a response to a
concern that industrially sized operations might result in a large-scale spill
on water with subsequent RPTs, studies of molten salt—water explosions
were carried out because industrial accidents had taken place. Emphasis
has been placed on events occurring in the paper industry where molten
smelt is produced in recovery boilers. This smelt is primarily a mixture of
sodium chloride, sodium carbonate, and sodium sulfide. In normal opera-
tions, the molten smelt is tapped from the furnace, quenched, treated, and
recycled to the wood digestors. Accidents have taken place, however,
when water inadvertently contacted molten smelt with severe explosions
resulting. The smelt temperature is much higher than the critical point of
water: ~1100 K compared to 647 K (see Section IV).

Laboratory investigations into the mechanism of smelt—-water explo-
sive boiling events have been primarily of value in delineating the effect of
smelt composition on the sensitivity of the salt in producing RPTs. For
example, pure molten sodium carbonate has never led to explosive boil-
ing. Addition of either (or both) sodium chloride or sodium sulfide lead to
smelts which are more prone to explosive boiling. Investigators experi-
mented with many additives both to the smelt and to the water in an
attempt to obtain less sensitivity. Most had little or no effect.

The superheated-liquid model introduced earlier to explain LNG-water
RPT's was not considered applicable for smelt—water explosions since the
very large temperature difference between the smelt and water would, it
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was predicted, lead to prompt film boiling and a very low probability of
subsequent liquid-liquid contact. Only very recently has a modified su-
perheat theory model been proposed to overcome the original objections.
In this development, it was suggested that, upon initial contact between
smelt and water, there is both mass and heat transfer at the interface. The
movement of salt into the water phase then provides a ‘‘bridge” which
can be heated well above the normal homogeneous nucleation tempera-
ture for pure water (~577 K). It was then proposed that the concentrated
salt bridge is the zone where homogeneous nucleation could occur.

In Section 1V, the available data for smelt—water explosions are sum-
marized. Also, Table XII is presented, listing many industrial boiling
incidents involving smelt and water. The energetics of these accidents are
hard to quantify, but descriptions are provided for several well-docu-
mented events to indicate the damage potential. It would appear that an
RPT is highly localized and rarely is there significant damage reported at
distances exceeding about 10 m from the blast. Within the localized zone,
however, there are numerous reports of damage to structural beams,
walls, and furnace tubes.

The metals-processing industries, particularly those producing alumi-
num, have also been plagued by explosive-boiling incidents. Alcoa has
carried out several test programs directed primarily at effecting means to
prevent such accidents in casting plants. In most tests, molten aluminum
was dropped into water and the subsequent events recorded. Many vari-
ables were studied such as water temperature, drop height, and nozzle
diameter. The principal result of these investigations was to show that
water containers, suitably coated with an organic-based paint, would nor-
mally not lead to explosions when molten aluminum was spilled into the
container. Use of such paints in aluminum plants has indeed reduced the
frequency of explosions, but many still occur.

Experimental test results for molten aluminum-water RPTs are de-
scribed in Section V. Also shown is a tabulation of most documented
aluminum-water explosive boiling incidents (see Table XIV). In many
accidents, the quantity of water was quite small, e.g., some resulted when
wet aluminum ingots were loaded into melting furnaces containing molten
aluminum. In contrast, one notes that few, if any, serious events have
ever been obtained when small quantities of aluminum were contacted
with a large mass of water. Since laboratory tests were often carried out in
the latter fashion, most of these have produced negative results.

As with the smelt-water case, if an RPT did take place, the event was
localized and rarely was damage severe far from the site of contact.
Modeling molten aluminum-water incidents (and, in fact, other molten
metal-water explosions such as in the steel industry) has not been partic-
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ularly successful. The aluminum temperature was sufficiently high to lead
to immediate film boiling upon contact with water so that superheated-
liquid models did not appear particularly plausible. With the new concept
of a salt bridge as suggested by investigators of smelt-water accidents,
one may hypothesize that a similar type of event may be occurring in the
aluminum-water cases. Here, however, the bridge might be an aluminum
oxide~hydrate which would form at the interface between water and
metal. Evidence for this idea is, at present, slim. It is known that alumi-
num-saltwater incidents are more easily achieved than when pure water
is used. Also, coatings of lime on the vessel walls can lead to violent
explosive boiling. In this case it is possible that some reaction product
between the lime, aluminum, and water may provide the necessary
bridge.

In Section VI, a brief summary is given for RPT incidents in industries
handling molten reactive metals such as titanium and zirconium. Only a
few serious explosive boiling events have been documented. In most of
these, a significant quantity of molten metal contacted water and, simulta-
neously, there was an external shock such as an electrode falling into the
metal-water mixture. In the few known incidents, damage was extensive
but quite localized. Due to the reactive nature of the metal, however,
subsequent hydrogen fires often compounded the problem and led to
extensive damage.

A common theme developed in this article is that many RPTs can be
explained by stipulating that the colder, more volatile liquid is heated,
without boiling, to its homogeneous nucleation temperature where
prompt vaporization occurs. This sequence then leads to a sharp, but
localized, shock. Laboratory-scale studies are concerned primarily with
conditions affecting this initial event. Yet there are undoubtedly other
mechanisms which could produce similar end results, and some of these
alternatives are described.

Assuming, however, that the superheated liquid idea is correct, it is of
interest to investigate the subsequent vapor-bubble growth processes that
occur after homogeneous nucleation of liquid to vapor. This problem is
treated in Section VIII and follows the developments of Henry and
Fauske. The interesting conclusion reached is that the strength of a super-
heated-liquid explosion should be strongly correlated with the system
pressure. That is, at high pressures, vapor bubble growth rates are rela-
tively low and dominated by the rate of heat transfer into the growing
bubble. At low pressures, however, the bubble growth rates are high and
inertially controlled. While few data exist to indicate the effect of system
pressure, those that are available seem to indicate that at high system
pressures, RPTs are difficult to initiate and, instead, only rapid (nonexplo-
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sive) boiling ensues. These results provide further evidence that homoge-
neous nucleation mechanisms play a key role in triggering an RPT.

Following a trigger shock, subsequent events seem to be controlled by
other phenomena. (In most small-scale tests, only the trigger step was
studied.) We noted in the third RPT criterion that, to produce large-scale,
coherent explosions, the local trigger event may lead to an escalation if
the cold liquid is sufficiently prefragmented and located in close proximity
to the trigger region. Little is known about this escalation mechanism.

At the present time, there is a fair understanding about the initiation of
RPTs in various systems, but in some instances, particularly for metal-
water accidents, the theory is poorly developed and untested in controlled
laboratory experiments. The area of escalation of a small-scale RPT to a
large, coherent explosion has been developed into a logical picture, but
again proof tests on a large scale are not available.

This article does not cover the extensive research carried out to deline-
ate the cause and severity of RPTs possible in nuclear reactor accidents.
Although there is not universal agreement, the general consensus is that
the superheated liquid concept can explain many of these events and,
more importantly, can indicate when RPTs are unlikely to occur in hypo-
thetical reactor accidents.

ii. Introduction

Rapid-phase transitions are events in which there is a very fast transfor-
mation from an initial phase to another, more stable phase. Of primary
interest here are transitions from liquid to vapor, but the definition would
still be applicable for other transformations such as those from vapor to
liquid and liquid to solid.

In the liquid-to-vapor phase change, the key element is time. If signifi-
cant vaporization occurs in a short time period, the process can, and
usually does, resemble an explosion. If the liquid quantities are not small,
concomitant shock waves emanating from the site of vapor formation may
result in personnel injury or equipment damage.

“Explosive’’ boiling is certainly not the normal event to occur when
liquids are heated. Thus, the very rapid vaporization process must be
explained by theories other than standard equilibrium models. For exam-
ple, if two liquids are brought into contact, and one is relatively nonvola-
tile but at a temperature significantly above the boiling point of the second
liquid, an explosive rapid-phase transition sometimes results. Various
models have been proposed to describe such transitions. None has been
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completely successful in light of the many experimental results known for
rapid-phase transitions in different liquid-liquid systems.

In the sections which follow, we have summarized the available facts
for rapid-phase transitions in several systems of industrial interest:

(1) LNG-water;

(2) water-smelt (molten inorganic salts);

(3) water—aluminum (molten);

(4) water—reactive metals (e.g., molten titanium);
(5) liquefied refrigerants—water (or oil).

In these examples, the first-named component is the one which boils
explosively.

For small-scale experiments, the LNG and liquid refrigerant cases are
analyzed using a model which assumes that the volatile liquid (or some
part of it) is superheated to a temperature at which homogeneous nuclea-
tion occurs. Such nucleation is very rapid and the event resembles an
explosion. An attempt is made to employ this same model to explain
RPTs in the water~smelt, water-aluminum, and water-reactive metal
cases, but data to make definitive conclusions are lacking.

The superheated liquid concept, in any case, may only supply a local
trigger to initiate the RPT. Other ways to trigger such events are possible,
e.g., detonation of small explosive charges can sometimes be employed.
To produce large-scale, coherent RPTs, the trigger may cause collapse of
vapor films in adjacent masses of volatile liquid and lead to the escalation
of the small triggering event.

Since most experiments designed to study RPTs have been on a very
small scale, it is possible that the importance of the triggering step has
been overemphasized. Few data exist, however, to formulate reliable
models for large-scale RPTs.

lli. Rapid Phase Transitions between Liquefied Natural Gas
and Water

A. SUMMARY

In certain instances, when LNG contacts ambient water, explosive
vaporization occurs with concomitant shock waves both in the air and
water. While isolated instances of such events were recorded as early as
1956, it was during the 1968—1969 Bureau of Mines tests that the phenom-
ena first attracted wide interest. In these experiments, three explosive
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events were recorded; one destroyed a laboratory test tank and two were
noted when spilling LNG on an open pond.

These results stimulated a number of studies, both in industry (Conoco,
Esso, Shell Pipeline) and in academia (University of Maryland, M.LT.).
The objective was, primarily, to delineate the mechanism that led to these
explosive events. The results of many small-scale experiments, primarily
conducted by Shell Pipeline Corporation and M.1.T., led to the hypothe-
sis that the apparent explosion was, in fact, a very rapid vaporization of
superheated LNG. Contact of LNG, of an appropriate composition, with
water led to the heating of a thin film of the LNG well above its expected
boiling temperature. If the temperature reached a value where homoge-
neous nucleation was possible, then prompt, essentially explosive vapor-
ization resulted. This sequence of events has been termed a rapid phase
transition (RPT), although in the earlier literature it was often described
by the less appropriate title of vapor explosion.

A better understanding of the RPT phenomena led to definitive rules to
indicate when an RPT was or was not possible in an actual spill. To
employ these rules, one had to estimate the so-called superheat-limit
temperature T of the LNG, i.e., the temperature to which the LNG could
be heated before undergoing an RPT. Thermodynamic stability theory as
well as many laboratory measurements made it possible to estimate T
values for LNG of known composition. In fact, to a high degree of accu-
racy, the T, could be approximated as 0.89 times the mole-fraction-aver-
age critical temperature of the LNG-—when the external pressure was 1
bar. Then, it was postulated, and proved experimentally, that the water
temperature had to exceed T, for an RPT to occur. However, it was also
shown from numerous tests that if the water temperature were signifi-
cantly higher than T (about 10-15% on an absolute temperature basis),
the probability of an RPT then diminished essentially to zero for simple
spills carried out in the laboratory. Apparently, high water temperatures
led to the rapid establishment of film boiling with the vapor layer shielding
the bulk LNG from direct contact with the water. Methane-rich LNG fits
into this category and no RPTs would be expected from small-scale spills
upon ambient water.

Pure liquefied propane has a value of T, around 326 K (53°C). Thus, one
must heat water to at least this temperature before an RPT results. When,
however, one does use water of this temperature, the probability of at-
taining an RPT is essentially 100%.

Some effort has been expended in obtaining RPTs from methane-rich
LLNG by impacting water on a cryogen surface. The rationale for such
tests is to eliminate the vapor film and cause direct liquid-liquid contact.
Little success has, however, been achieved for any LNG, but one can
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modify dramatically the behavior of pure liquefied ethane. This cryogen
with a Ty ~ 269 K (—4°C) has never been known to undergo an RPT in
simple spills on ambient water, but will most definitely do so when water
is impacted on it.

Also, methane-rich LNG can undergo a delayed RPT following a spill.
That is, since methane is preferentially vaporized, the residual liquid will
enrich and may attain such a composition that it will then undergo an
RPT. In all cases where this delayed event has been reported, the spill
size has been much larger than normally used in laboratory experiments.

The late 1970s produced little new research. The mechanism was
thought to be well understood and, since LNG transported in tankers
would be methane-rich, there was little concern from industry. It came
somewhat as a shock to discover that, in large spill tests such as those
carried out at China Lake, RPTs of a rather violent nature could occur
even with methane-rich LNG. One is prone to forget that in essentially all
previous tests, the maximum spill size would be measured in liters rather
than cubic meters.

For large spills which undergo an RPT, one must reconsider the initial
assumption that only with LNG of an appropriate composition would one
achieve an RPT. Thus, the concept of a ‘‘large-scale, coherent”” RPT was
developed. In these cases, the superheat concept may still play an impor-
tant role, i.e., to trigger the RPT. Other triggering sources are, however,
also possible. Current concepts of large-scale RPTs require the following
set of circumstances:

(1) Significant prefragmentation of the LNG must occur before the
onset of an RPT. In the prefragmentation state, the LNG would exist in
stable film boiling.

(2) The water-LLNG interface temperature, computed by assuming inti-
mate contact, must exceed the value of T, for the LNG.

(3) A trigger must exist to produce a significant pressure pulse. The
trigger may result from a portion of the LNG superheating and attaining
T, or it may be caused by other means.

The pressure wave propagating through the premixed LNG and wa-
ter collapses the vapor film surrounding the LNG. Intimate liquid—
liquid contact occurs and, since the interface temperature is above Ty,
rapid heat transfer and vaporization occur. The time scale of the vaporiza-
tion is comparable to that of the trigger step. Propagation and escalation
then result.

Concerning the projected energetics from LNG RPTs, Shell Pipeline
measured overpressures from small-size (0.1 m® = 30 gallons) spills both
in the air and under water. From calibration tests in their spill apparatus,
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they estimated that a strong RPT had the energy equivalent of some 0.4
MJ or about 0.1 kg TNT. With this assumption, one can project the
expected air overpressure versus distance. Except for a few spills which
generated somewhat higher values, the vast majority of Shell Pipeline’s
overpressures fall below the predicted values. The results show that be-
yond about 10 m, overpressures are less than about 7 kPa or 1.0 psi. With
scatter, most overpressures measured at China Lake and at Maplin Sands
range between 0.1 and 1.0 kg TNT equivalent. Overpressures in the water
are larger and may reach tens of bars near the source of the RPT. No data
exist, however, that show that pressures exceed those comparable to the
vapor pressure of the LNG at T,.

B. BACKGROUND

The earliest reported observations of RPTs between LLNG and water
were made by Constock Liquid Methane Corporation at Bayou Long,
Louisiana in 1956. LNG was intermittently pumped through 300 m of
10-cm uninsulated aluminum tubing supported on a floating stanchion 1 m
above the water surface. Flow rates of 0.2 m*/min were maintained for
periods of several days and on occasions exceeded one m*min for a
period of several hours. It is estimated that about 3700 m? of LNG were
spilled in a period of about 3 months during which 3 or 4 very audible
eruptions—Iloud enough to be heard 0.5 km away—occurred. Since none
of these events damaged standard window glass panes erected less than
15 m from the spill area, it was concluded that this phenomenon was
unlikely to constitute a hazard.

The same type of event may have been observed at Amarillo, Texas
during tests associated with transportation hazards of LNG for the API
6A6 (LPG/LNG) subcommittee of the API Tanker Committee. A 0.03-m’
quantity of LNG was being pumped into a cooling pond. It was ‘‘heaved
into the air’’ and was reported to have reacted ‘‘explosively’’ on contact
with the water.

The Wisconsin Gas Co., while draining NG from a storage tank, noted
explosions as the liquid flowed into a nearby pond. Ice chunks were
ejected and carried some 30-40 m from the spill site.

A similar occurrence was noted by the Memphis Light, Gas and Water
Division. They had built an earthen reservoir 1.5 m in diameter by 30 cm
deep into which LNG was periodically poured and ignited to provide
experience to operators in extinguishing fires. On one occasion, there was
about 2-3 cm of water in the bottom of the reservoir when some 0.2 m? of
LNG was poured into it. The LNG was successively ignited and extin-
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guished several times, and there was perhaps 3 cm of LNG remaining on
top of the ice. The LNG residue was left to evaporate when there oc-
curred what appeared to be an ‘‘explosion.”’ Dirt and ice were thrown
some 10-15 m from the reservoir.

Similar events were also observed in 1965 when LNG came in contact
with water during the cool-down of the Transco frozen in-ground storage
cavern at Hackensack, New Jersey (Enger and Hartman, 1972a-d). At
the completion of construction, there was a water leak of about 0.2 m?/
min through the lower part of the cavern surface which had been grouted
rather than frozen. A small electrically driven pump had been left in the
bottom to remove water. It was assumed that ice, formed after LNG
addition, would prevent further leakage of water. Cool-down was begun
by spraying LNG into the upper part of the cavern. However, tempera-
tures did not drop as rapidly as anticipated and LNG fell to the bottom of
the cavern.

Six and one half hours later, an RPT “‘explosion” occurred and the
water pump stopped. Although the pump was subsequently restarted, it
was disconnected after a second event. In the next 3 days, 10 similar
events were recorded. During a typical one, the cavern roof and truss
shook and the safety vents were forced open. The gauge pressure in the
cavern (nearly 5.6 X 10 m? in volume) increased from about 500 to 3700
Pa within a few seconds.

A series of experiments were run to find the probable cause of these
explosive events. A 20-liter bucket was placed on the ground and a sec-
ond bucket placed on a stand above it with a remotely actuated tipping
device. In alternate experiments, water was poured on LNG and LNG on
water. ‘‘Foamed ice’” was formed, but no ‘‘explosions’’ occurred. The
tests were extended by adding either additional LNG or water after the
initial mixing of LNG and water had taken place. The further addition of
LNG had no effect. However, when water was added to an already mixed
quantity of LNG and water, an explosive event occurred which threw the
contents of the bucket upward about 5 m.

C. BUREAU OF MINES STUDIES

The first well-publicized incident wherein an LNG spill on water pro-
duced an explosive vaporization took place during the 1968-1969 tests
carried out by the U.S. Bureau of Mines Safety Research Center in Pitts-
burgh (Burgess et al., 1970, 1972). Under contract to the U.S. Coast
Guard, they were studying the spreading and vaporization rates of LNG
on water.
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While carrying out the spill tests, three unexplained ‘‘explosions’’ oc-
curred in isolated incidents while pouring the LNG onto water. In the first
incident, a 0.6-m-long X 0.3-m-wide X 0.3-m-deep aquarium was being
used in small-scale experiments. The LNG was poured via a remotely
actuated dumping apparatus from an open-mouth Dewar above the aquar-
ium. An aluminum ramp had been placed just below the surface of the
water in the aquarium to minimize mixing of the LNG with the water
during pouring. Fifty-five spills were made without any indication of a
violent reaction between the LNG and water. Then, during the 56th spill
test, approximately 3 sec after the first LNG-water contact, an explosive
event destroyed the apparatus. There was no ignition of the vapor.

The second incident occurred during a large-scale spill test on an artifi-
cial pond, approximately 60 m in diameter and 7 m deep. In one spill,
when 0.26 m® of LNG were being poured from a height of about 0.6 m out
of an open-mouth insulated container, an ‘“‘explosion’’ occurred which
immediately dispersed most of the spilled LNG. A frame-by-frame study
of the motion picture taken of the spill indicated the event was triggered
no more than } sec after LNG-water contact and that the first was fol-
lowed by two others in rapid succession as the container emptied. One
observer reported that ‘‘this explosion might have been equivalent to a
stick of dynamite.”” No damage was done to the exterior of the metal
container. An interior plastic liner which projected a few centimeters from
the container was cracked in an exposed portion. This explosive event
was a single occurrence in a total of 12 large-scale spills.

The third incident occurred during a vapor dispersion test on the same
artificial pond. LNG was being discharged at a steady rate of 0.045 m*/min
through a 3.8-cm-diameter pipe into an inverted 0.56-m-diameter steel
drum. The drum was suspended with its open end about 0.5 m above the
water and contained internal diffuser plates to distribute the LNG flow
evenly. What was described as a **‘moderate explosion’” occurred approx-
imately 5 min after commencing the LNG spillage from the drum. The
drum was rocked slightly but remained undamaged.

To understand better the nature of these explosive events, the Bureau
of Mines (Burgess ef al., 1972) carried out the following additional exper-
iments:

(1) Liquid propane spills into 341 K water. Explosive vaporization al-
ways occurred and the delay between the start of the spill and the event
was typically 0.2 sec. Strain-gauge pressure transducers were located 7.6
cm under the water interface and also in the air, 1.38 m from the spill
container. The overpressure data are shown in Table I. The highest over-
pressure measured in the water was 410 kPa (60 psi) and the highest
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TABLE I

OVERPRESSURE OF SPILLS OF LIQUID PROPANE INTO 341-K WATER®

Air Water
Diameter of
Propane water surface Pressure Impulse Pressure Impulse
(liters) (cm) (kPa?) (kPa msec) (kPa) (kPa msec)
6 25 4.3 2.1 28 46
6 25 43 2.1 28 46
6 25 1.7 3.6 140 750
6 25 24 4.2 250 800
4.5 46 1.7 5.8 200 125
5 46 1.7 2.4 310 225
6 46 2.2 12.2 110 530
6 60 2.8 —_ 410 480
6 60 1.1 1.1 40 20
6 60 5.5 14.0 300 1400

% From Burgess et al. (1972).
51 kPa = 0.145 psia.

impulse 1400 kPa msec (0.2 psi sec). Burgess pointed out that such an
impulse should accelerate 6 liters of liquid propane to a velocity of about
100 m/sec, and this is close to what was observed.

(2) LNG spills on hydrocarbons. Explosive boiling was obtained with
spills of LNG on pentane or hexane (pure or layered on water). No
pressure measurements were given.

(3) Weathered LNG on water. Erratic results were reported. The high-
est probability of an ‘‘explosion’’ resulted when the most weathered LNG
was used.

The 1970 Bureau of Mines report stimulated research in several indus-
trial and academic laboratories.

D. UNIVERSITY OF MARYLAND TESTS

Garland and Atkinson (1971) at the University of Maryland reported on
many small tests in which a methane-rich LNG (95.1% CH,, 3.0% C,H,
0.8% C;Hg, 0.3% C4Hyy, 0.1% CsH,,, 0.7% CO,, 0.01% N,) was spilled
upon water, water—organic mixtures, and pure organic liquids. No “‘ex-
plosions” were noted with spills upon water, although they did occur
when the water was coated with n-hexane or toluene films. The principal
conclusion reached in the study was that the concentrations of the heavier
constituents of LNG were very important in determining whether or not
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*‘explosions’’ occurred when LLNG spilled on water. One interesting result
reported by these authors relates to overpressure measurements made
when LNG was spilled on n-hexane. (The transducer was positioned
above the surface of the liquid.) In a glass vessel, the first spill generated a
AP of about 4 bar. Without replacing the hexane, another spill was made
and, in this case, the AP rose to about 9 bar. A third spill onto the same
hexane gave AP > 10 bar and the vessel broke. Carrying out the same test
in a polypropylene container, the AP values for four sequential spills were
3, 8, 19, 28 bar! No explanation was given for the variation in AP, but the
hexane composition (and temperature) would have varied from spill to
spill.

E. ConNnoco EXPERIMENTS

A few LNG! spill tests on organic liquids carried out at Conoco by
Yang (1973) led to reproducible ‘‘explosions.’” When saturated hydrocar-
bons from Cs through Cg (including many isomers) were used, immediate
**explosions’” were noted. Delays of 5 sec or longer were recorded before
they occurred on methanol, acetone, or methyl ethyl ketone. Few or none
were recorded for higher alcohols or for hydrocarbons above Cg (or ben-
zene).

F. EarLY M.I.T. WoRkK

Nakanishi and Reid (1971) at M.1.T. reported on pour tests with a liquid
mixture of methane (92.7%) and nitrogen (7.3%). ‘‘Explosions’ were
reported for spills upon n-pentane, n-hexane, methylcyclohexane, and
toluene. None were found for spills on n-butanol, benzene, p-xylene,
solid n-hexane, mercury, or water (fresh or saline). It might be noted that
the freezing points of benzene, toluene, and p-xylene are 5.5, ~95, and
13°C, respectively. The fact that an ‘‘explosion’ could be obtained with
toluene but not with the other two organic liquids suggested that the ease
of freezing the hot liquid surface was an important factor in determining
whether an “‘explosion’ could occur.

G. Esso PROGRAM

Holt and Muenker (1972) at Esso carried out small-scale spills of LNG
on ambient water and developed ‘‘compositional maps’’ delineating areas

190.19% CH,, 5.4% C,Hg, 2.1% C;Hjg, 0.6% i- and n-butane with the residual primarily N,
and CQO,.
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where ‘‘explosions’’ would result. They normally occurred only in low-
methane-content LNG. A few tests were made with R12(CCl,F,) in 333-K
water and only a mild eruption was noted. With R22 (CHCIF,), however,
in 333-K water, the refrigerant sank and then underwent a violent and
rapid vaporization that shattered the vessel. LNG was also found to un-
dergo explosive boiling when spilled on gasoline layered over water.

H. M.LT. LNG ResearRcH CENTER

The experiments described previously led to the hypothesis that the
explosive boiling was due to local superheating of the LNG in contact
with water (Enger and Hartman, 1972a-d; Nakanishi and Reid, 1971;
Katz and Sliepcevich, 1971; Katz, 1972). The event was then renamed-as
a rapid phase transition (RPT) rather than as a vapor ‘‘explosion.”” To
test this hypothesis, Porteous and Reid (1976) at the M.L.T. LNG Re-
search Center undertook a series of experiments using both pure cryogens
and mixtures. The spills were carried out by tripping a Dewar flask con-
taining the liquid hydrocarbon onto the surface of a liquid, usually water.
Normally 500 cm® of hydrocarbon were used. The water area contacted
was about 200 cm?. RPTs were monitored with a high frequency quartz
pressure transducer located in the bottom of a polycarbonate hot-liquid
container. The pressure signal was fed to an oscilloscope equipped with a
camera and to a high-speed magnetic tape recorder triggered automati-
cally by a signal greater than the initial baseline.

Spills were made with six pure hydrocarbons on water and other sub-
stances, over a wide range of temperatures, as shown in Table II. Given
an appropriate substrate and temperature, all of the cryogens would un-
dergo an RPT when spilled.

The reproducibility of the RPT [(100)(number of spills that ended in an
RPT)/(total number of spills)] varied from 100 to 12%. At temperatures
less than those necessary for an RPT, there was generally nucleate boiling
and sometimes the substrate froze. The temperature of the transition from
nucleate boiling to an RPT was quite sharp. At temperatures above the
RPT region, film boiling took place. However, the temperature of this
transition was not definite. The transition would often take the form of
decreased reproducibility and RPT intensity at higher temperatures.

Five binary-hydrocarbon mixtures of ethane or ethylene with heavier
hydrocarbons were studied (Table III). The only substrate used in these
studies was water. If an RPT did not occur, ice always formed rapidly.
When n-butane or n-pentane was the heavier component, RPTs were
100% reproducible over a particular composition range. This was not,
however, true if the heavier component were propane.
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TABLE 11

SpiLLs OF PURE ALKANES AND ALKENES

Substrate Result
Cryogen Substrate temperature (K) (reproducibility)
Ethane Water 278-313 Boiling, ice forms
Ammonia—water 271-297 Boiling, no ice forms
264-305 Eruptions
Methanol {306—331 Weak RPTs (100%)
276295 Boiling, foamy slush
Methanol-water {296-304 RPTs (100%)
303-319 Popping
319-325 Boiling, ice forms
Propane Water [326—334 RPTs (85%)
335-356 Popping, occasional RPT
Ethylene glycol 317-358 Boiling
Boiling
Isobutane Water 358-372 Occasional popping
RPTs (12%)
298-348 Nucleate boiling
Ethylene glycol 352-377 Violent boiling
379-393 Film boiling, popping
370-373 Violent boiling
Ethylene glycol- 374-379 RPTs (100%)
water 381-388 Film boiling
n-Butane Water 363-372 Boiling, popping
303-312 Boiling, ice forms
313-316 Popping
Propylene Water 317-346 RPTs (100%)
347-363 Film boiling
376-378 Eruptions
Isobutylene Ethylene glycol { 379_408 RPTs (100%)

In addition to binary mixtures, the ethane—propane—-n-butane ternary
system was studied (see Fig. 1). Spills were also made with mixtures
containing methane. The addition of as little as 10 mole % methane inhib-
ited RPTs and none were ever obtained with methane concentrations in
excess of 19 mole %.

Attempts were made to record both the delay time before an explosion
and the overpressure of each RPT. Peak pressures were generally found
to be about 6-8 bar and occurred within 4 msec from the start of an RPT.

One variation to the usual experimental procedure was tried. In this
test, liquid ethane was impacted on a 293-K water surface. This was
accomplished by evacuating the air space between the water container
and an ethane reservoir above. When the ethane reservoir was broken by
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TABLE III

COMPOSITIONS OF BINARY MIXTURES SPILLED ON WATER WITH AN RPT

RPT range,
Water mole percent Percent
Mixture temperature (K) heavy component reproducibility

Ethane:propane 293 15-30 75

278 4,5-8 100

Ethane:n-butane 283 4.5-8 100

293 2.5-9 100

303 4.5-16 100

Ethane:n-pentane 293 2-9 100
Ethylene:n-

butane 293 9-23 100
Ethylene:n-

pentane 293 5-18 100

driving a rod through the bottom, a very violent, immediate RPT resulted.
No pressure transducer was in place for this test. Note that this impact
test gave quite different results from those obtained by simply pouring
liquid ethane onto a water surface, in which case no RPT ever resulted.
The ethane—water impaction results were later verified by Jazayeri (1977).
A similar, but much less violent, RPT resulted when liquid methane was
used rather than ethane. Other impact studies at the LNG Research Cen-
ter are described later.

The data reported in the Porteous—Reid study coupled with those of
other investigators strengthened the hypothesis that hydrocarbon-water
RPTs could originate from the rapid nucleation of vapor when a liquid was
heated well above its expected boiling point.

O
Tw / Tg) = 105 /{
w ' is| de 01

3

P ROPANE

ETHANE BUTANE

& b-oco-0 EXPLOSIVE REGION
ETHANE

EXPLOSIVE CORNER ENLARGED

Fic. 1. RPT compositions for an ethane—propane-n-butane system on 293-K water: (@)
explosion; (8) pop; (O) boil.
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In all laboratory-scale RPTs, the following salient facts stand out:

(1) Liquid-liquid contact is necessary, i.e., no coherent solid interface
can be present. (Ice fragments on the surface of water will not prevent an
RPT; the surface must be covered by ice.)

(2) There exists a sensitive lower limit of temperature for the hot liquid;
below this limit, RPTs do not occur.

(3) Although, after contact, there may be a delay of a few milliseconds
to a few hundred milliseconds, the time scale of the RPT is very short and
is usually less than 5 msec. In large spills such as those at China Lake,?
delay times are more difficult to quantify, but the RPT time scales still
appear to be very small.

(4) The probability of an RPT depends upon the composition of the
more volatile, cold liquid (e.g., ethane poured on water simply boils
whereas ethane with a few percent n-butane undergoes a violent RPT),

(5) Impacting the cold, volatile liquid upon the hot liquid may lead to
destructive RPTs or to RPTs that would not have occurred if the liquids
were contacted in a gentler fashion.

(6) The probability of an RPT decreases when the hot liquid is initially
at a much higher temperature than the critical lower limit temperature.

(7) If the temperature of the hot liquid interface is low enough to cause
freezing of the surface, or even to form a viscous slush, RPTs are then
rare.

These facts indicate that the hot liquid temperature should be equal to,
or greater than, the homogeneous nucleation temperature of the cold,
volatile liquid. The homogeneous nucleation temperature or the limit-of-
superheat temperature T has been measured for many hydrocarbons and
hydrocarbon mixtures (Blander and Katz, 1975; Porteous and Blander,
1975; Porteous, 1975).

For an external pressure of one atmosphere, T is about 0.89-0.90
times the critical temperature of a pure hydrocarbon. For hydrocarbon
mixtures, the superheat-limit temperature may be closely approximated
by a mole fraction average of the homogeneous nucleation temperature of
the pure components.

This theory then indicates that the ratio Ty iquia/Ts(hydrocarbon)
should exceed 1.00 for an RPT to occur. In fact, we might expect that the
lower limit ratio of 1.00 might be somewhat higher since, in theory, when
the hot liquid contacts the cold liquid, the interfacial temperature would
be the more important value.

This interfacial temperature is less than the bulk temperature of the hot

2 See Section I1L,J.
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liquid. Commonly it is estimated to be that value which would result if
two ‘‘slabs’’ at different, but uniform, temperatures are suddenly brought
into contact. In this case, approximately

Tinterface = Thot,bulk — AT (1)
AT = (Thotpuk ~ Tcolgpund[P/(1 + )] )]
g = [(kfpfcf)/(khPhCh)]”2 €)]

The subscripts f and h refer to the cold and hot fluids, & is the thermat
conductivity, p is the density, and C is the heat capacity. If the hot fiuid is
water and the cold fluid is a typical hydrocarbon, AT ~ 10-20°C. Then, to
achieve a Tipterface ~ Ts15 SINCE Thorbuik = Tintertace » ONE might expect the
lower limit T, pu/ T to be slightly larger than unity before an RPT would
result.

The upper-limit temperature of the hot liquid where RPTs are not prob-
able and film boiling occurs is less definite. Data from laboratory-scale
experiments shown below indicate that a value equal to 1.107y is not a
bad approximation.

To summarize, this very simple theory indicates that, for small-scale
hydrocarbon spills on water, RPTs may occur if

1.00 < [T,/Ty(hydrocarbon)] < 1.10

As the superheat-limit temperature of light hydrocarbons can be closely
approximated as 0.89 times the critical temperature, an equivalent state-
ment would be

0.89 < [T, /T (hydrocarbon)] < 0.98

For mixtures, a pseudocritical temperature would be used and esti-
mated as the mole fraction average of the critical temperatures of the pure
components.

Table 1V presents a summary of the explosive range for the experi-
ments reported by Porteous and Reid. Although there is a spread of Ty/Ty;
somewhat beyond the 1.00-1.10 range noted above, in most cases there is
excellent agreement.

Only in the case of methanol is there a substantially different result.
This is readily explained since the thermal conductivity of methanol is
less than that for water and AT [in Eq. (1)] would be larger, so that the bulk
methanol temperature must be higher to attain the necessary interfacial
temperature to achieve an RPT.

The few examples shown when T,/T,; < 1.00 may indicate nucleation
occurred heterogeneously at the interface before the bulk homogeneous
nucleation temperature was achieved.
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TABLE IV

EXPLOSIVE RANGES FOR HYDROCARBON SPILLS

Temperature of

hot liquid RPT range
Hydrocarbon Hot liquid Ty (K) Ty/T,; (hydrocarbon)
Ethane Methanol 306-331 1.14-1.23
Methanol-water 296-304 1.10-1.13
Propane Water 326-334 1.00-1.02
Isobutane Ethylene gly-

col-water 374-379 1.04-1.05

n-Butane Water kY| 0.98-7

Ethylene gly-
col-water 387-398 1.03-1.06
Propylene Water 317-346 0.97-1.06
Isobutylene Ethylene glycol 379-408 1.03-1.19
Ethane-propane Water 293 1.02-1.06
Ethane—n-butane Water 278 1.00-1.01
283 1.02-1.04
293 1.05-1.08
303 1.06-1.11
Ethane-n-pentane Water 293 1.04-1.08
Ethylene—n-butane Water 293 1.05-1.08
Ethylene—-n-pentane Water 293 1.05-1.14
Ethane—propane— Water 293 1.02-1.08
n-butane

Methane--ethane— Water 323 1.08-1.13

propane—n-butane

While it appears that the bulk water (or hot fluid) temperature must be
above T {(hydrocarbon), the upper limit is impossible to define. [The (T, /
T,) value of 1.10 used previously is only approximate.] As an example, in
small-scale tests, liquid methane will not undergo an RPT when poured on
water at any temperature. If the water were at 293 K, 7,,/T, = 293/166 =
1.76; i.e., the ratio is far above unity.

Yet methane could have an RPT with water if there were some way to
collapse the protective vapor film, perhaps by impaction upon the water
surface at high velocity. Liquid nitrogen will even show an RPT if so
impacted on water (Anderson and Armstrong, 1972). Extremely violent
and immediate RPTs are also obtained when liquid ethane is impacted on
water. In all these cases, good liquid-liquid contact is assured and, if the
hot fluid temperature is greater than T, RPTs are possible.

But, even if the criterion shown above indicates an explosion can oc-
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cur, it may not. Water may freeze or some other event may occur to cause
vapor to form and prevent the liquid from superheating.

The simple criteria noted above are shown in Figs. 2 and 3. The water
was assumed to be 298 K. Lines representing a constant value of the T,/
T,(mixture) are shown for 1.0, 1.05, and 1.10. No RPTs would be ex-
pected where T,,/Ty is less than about 1.00. Most RPTs occur when this
ratio lies between 1.00 and 1.05.

In some cases, the initial LNG composition may lie in a region where
RPTs are improbable (e.g., LNG with a high methane concentration), but
boiling removes methane preferentially and the residual liquid composi-
tion would be enriched in ethane and higher hydrocarbons. In this case
the LNG may reach the RPT region. These events would be referred to as
delayed RPTs, and they are possible unless surface ice has formed. Spills
on open water do not lead to extensive ice formation and just such a
delayed RPT was noted in one of the ESSO tests sponsored by the Ameri-
can Petroleum Institute (Feldbauer et al., 1972). Seven cubic meters of
LNG (with a methane content of about 85%) were spilled in Matagorda
Bay, Texas, in about 25 sec. A strong RPT occurred about 17 sec after the
termination of the spill. In the next 15 sec, other, smaller RPTs resulted.

PROPANE

ETHANE METHANE

Fic. 2. RPT regions for a methane—ethane-propane system on 298-K water.
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PROPANE

RPT
Possible

ETHANE n-BUTANI

FiG. 3. RPT regions for an ethane—propane-n-butane system on 298-K water.

It is reemphasized that the M.I1.T. tests and conclusions were based on
small-scale laboratory spills of LNG. As will be seen later, the superheat
theory requires modification when large LNG spills are considered.

I. SHELL PIPELINE CORPORATION PROGRAM

Enger and Hartman (1972a-d) carried out extensive studies at the Shell
Pipeline Corporation. The work was divided into two phases. In the first,
or exploratory part, a few small-scale LNG spills were made on water
ranging from 273 to 356 K; no RPTs were noted. Also in the same phase,
several pure liquefied gases were spilled on water. A brief summary of
their results is shown in Table V.

These results are in excellent agreement with the data in Table I1 and
IV. As noted earlier, the hot liquid temperature divided by the critical
temperature of the liquefied gas would be expected to be in the range of
0.89--0.90 for an RPT to occur.

In the second phase of their studies, Enger and Hartman concentrated
primarily on hydrocarbon mixtures. They made 255 spills, normally with
2-liter quantities on a water surface 900 cm? in area.
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TABLE V

RESULTS OF SPILLS OF LIQUEFIED GASES ON WATER®

Water temperature
Liquefied range where RPTs

Temperature/
critical temperature

gas were recorded (K) of liquefied gas
R-22 319-355 0.87-0.96
Isobutane 366-372 0.90-0.91
Propane 326343 0.88-0.93
Propylene 315-348 0.86-0.95
Ethane No RPTs —_
Nitrogen No RPTs —_

4 From Enger and Hartman (1972a-d).
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A number of tests were also carried out with liquefied ethane containing
various amounts of heavier hydrocarbons. The compositions where RPTs
were reported are given in Table VI. Also shown is the ratio T,/T which,
from previous tests, would be expected to be slightly greater than unity
for an RPT to occur. The agreement is excellent. Note also that, for pure
ethane, T,/Ty ~ 1.09, yet no RPT results if this liquefied gas is simply
poured into water. The value 7,,/T,; ~ 1.09 is close to the upper cutoff of
the ethane binaries in Table VI. While theory would still indicate that
RPTs are possible, they do not often occur when the water temperature is

much above the superheat limit temperature of the liquefied gas.

The rule that, for an RPT to occur,

1=T,/Ty=1.1

TABLE VI

BINARY MIXTURES CONTAINING ETHANE SPILLS ON
297 + 12 K WATER?

Mole percent

of second

Second Boiling component for T,/Ty
component temperature (K) an RPT range®
Propane 231 42-19 1.01-1.06
Isobutane 261 4 1.09
n-Butane 273 23-2 1.01-1.09
Isopentane 301 11-2 1.04-1.09
n-Pentane 309 12-2 1.03-1.09

% From Enger and Hartman (1972a-d).
bT, =297 K.
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appears to fit most of the other spill experiments reported by Enger and
Hartman. The rule also is applicable for dilute salt solutions, but for
saturated salt solutions, they report that RPTs were rare. Again one
should note that all spills were with relatively small amounts of LNG.

Enger and Hartman also reported overpressures measured from RPTs.
These are discussed later when the energetics of LNG RPTs are consid-
ered.

J. LLNL/NWC TEsTs

Since 1978, large-scale I.NG spill tests have been conducted by a joint
team from Lawrence Livermore National Laboratory (LLLNL) and the
Naval Weapons Center (NWC) (Koopman et al., 1981). The test site was
located at NWC, China Lake, California. The program, sponsored pri-
marily by the Department of Energy, had as its principal objective the
acquisition of data to aid in modeling both vapor dispersion and thermal
radiation effects (from LNG vapor cloud fires).

LNG was stored on site in a large insulated tank (see Fig. 4). Priorto a
test the tank was either self-pressurized or pressurized with nitrogen gas,
and some liquid is forced into 53 m of 25-cm-diameter pipe before the
control valve. A small by-pass line around the control valve permitted
LNG to enter the final 41 m of transfer piping in order to lower its temper-
ature. Following the cool-down, the control valve was opened to allow
liquid to flow and spill onto the surface of a small pond. The horizontal

Spill pipe
vent valve

Pipe expands to 30 cm diam.
Bypass

| ;C:I,:e-\ Spil!ival\7 .
\ 'Y
N

GN2 high-pressure
tube trailer

- lZO-cm-dian
;s;gxr: 5 dip tube
Insulated LNG storage tank
25-cm-diam pipe
\—Spill piate
and supports

Fi1G. 4. The 40-m? LNG spill facility at the NWC.
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transfer pipe had a bend just prior to the exit to direct the liquid flow
downward into the water, but penetration was diminished by the employ-
ment of a flat spill plate normally located at or slightly below the water
surface.

Small RPTs were observed several times during the early tests in 1978.
These occurred at the beginning of the spill, i.e., soon after full liquid flow
was initiated. The early tests (the AVOCET series) spilled some 4.5 m? of
LNG at rates of about 3.5 m*min. Impact velocities were estimated to be
on the order of 1.5 m/sec, and LNG storage tank analyses (prior to a test)
indicated that total hydrocarbons higher than methane were less than 9%.
The AVOCET RPTs were attributed to the presence of a highly enriched
LNG “‘heel” left in the transfer pipe after the cool-down period. In these
tests the transfer pipe was slightly lower at the storage tank than at the
spill point. Enrichment of the cool-down LNG would take place with the
enriched heel being flushed out of the line when full liquid flow was
started.

In 1980 the BURRO test series was conducted. These were much
larger, with spills up to 40 m? at injection rates of 12—18 m¥/min. In all
cases, the LNG tank liquid had a composition of over 83 mole % methane.
The first five tests were conducted with no indication of an RPT. In
BURRO-6, motion pictures clearly showed several strong RPT events
late in the spill and at a location near the outer edge of the ice which
formed on the pond around. the spill pipe. Three RPTs were particularly
sharp and water and LNG were violently ejected into the air; no instru-
mentation was operating to indicate overpressures either in the water or
air, and no structural damage was done to the test facility.

In BURRO-9, the last test in the 1980 series, rather severe RPTs were
noted throughout the test. Mud, water, ice, and LNG were thrown from
the pond and loud noises were heard. The splash plate (ca. 23 kg) was
blown from its supports and later found some 57 m from the pool. The
transfer pipe, positioned by vertical steel supports anchored in heavy
cast-concrete blocks, was moved and tipped. A postaccident analysis
indicated that, in the cool-down period, enrichment of some LNG may
well have occurred in the transfer line. Thus, at the start of the test, some
RPTs might have been expected—and were, indeed, observed. The un-
usual result of the BURRO-9 test was the continuation of the RPTs during
the entire test, i.e., when the high-methane content storage liquid was
being spilled. :

A summary of the BURRO test series parameters is given in Table VII.
The column entitled spill-plate location needs some comment. In
BURRO-2 through -8, the location of the spill plate relative to the water
level changed due to normal pond evaporation. That is, the pond depth



TABLE V11

BURRO SERIES SUMMARY

LLNG composition

Ambient Spill Average Spill- (mole percent)
Time of temp. volume spill rate plate

Test RPT occurrence °C) (m*) (m*/min) location CH, CHy CiHg
Below

2 36.8 34.3 11.9 water 91.3 7.2 1.5
(~5 cm)
Below

3 34.0 34.0 12.2 water 92.5 6.2 1.3
(~5 cm)

4 35.4 35.3 12.1 Below 938 51 L1
water

5 412 35.6 1.3 At water 3.6 53 Ll
level

6 Several Late in 19.5 2.5 12.8 ? 928 58 1.4

large spill

7 33.8 39.4 13.6 Above 870 104 2.6
water

8 33.2 284 16.0 Above 874 103 23
water
Numerous, Throughout Below

9 very entire 35.4 24.2 18.4 water 83.1 13.9 3.0
large spill (~5 cm)
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was greatest at the start of the series and it is believed that for BURRO-2,
the depth was about 5 cm below the water surface. As the runs pro-
gressed, the height of the plate relative to the receding liquid level
changed so that in BURRO-7 and -8, it was above the water surface. It is
again not clear if these facts are important in explaining the severity of the
BURRO-9 RPTs. One might, however, conjecture that the RPT events
during BURRO-9 began with a few early RPTs from the enriched transfer
line heel. These events led to the failure of one or more of the holding
bolts on the spill plate. LNG could then penetrate deeper into the water.

It was fortunate that, for the BURRO-9 test, RPTs were anticipated and
a pressure transducer was located in the air about 30 m from the LNG
injection point. The reflected overpressures at various times are shown in
Table VIII. Also given on the same table are the TNT equivalents assum-
ing a free-air, point-source explosion. Some equivalents were significantly
higher than noted in the smaller Shell Pipeline tests.

The test data for the 1982 test series (COYOTE) are shown in Table IX.
As indicated, RPT's were noted in only a few spills. Test 9 in the COY-
OTE series was made with liquid nitrogen. No RPTs were reported. (In
some of the preliminary tests carried out early in the program with this
cryogen, incidents were seen that resembled an RPT.)

No overpressures were measured in the COYOTE series.

In Tables VII and IX, the initial LNG compositions are shown. In all
cases, these compositions were well within the range of values wherein
one would have predicted that the LNG would not undergo an RPT with
simple, small spills on water. Of course, after injection into the water, the
LNG composition will vary as boiling proceeds. As an example of this

TABLE VIII
TIME OF OCCURRENCE AND MAGNITUDES OF THE MAJorR BURRO-9 RPTs

Time®  Static pressure? TNT equiv.c | Time?  Static pressure® TNT equiv.
(sec) (Pa) ® (sec) (Pa) )

6.5 1700 65 46.0 1700 65

74 2100 115 54.1 1700 65

9.2 3700 530 54.9 1800 80
21.4 7900 3400 66.9 2600 215
351 10,000 6300 72.7 700 65
43.2 1400 41

¢ ¢t = 0 indicates the start of spill valve opening.

b Measured at distance of 30 m, multiply by 1.45 x 10~* to obtain psi; pressures are
reflected values.

¢ Equivalent free-air point source explosion of TNT.



TABLE IX

CoYOoTE SERIES SUMMARY

LNG composition

Ambient Spill Average Spill plate (mole percent)
Time of temp. volume spill rate depth

Test RPT occurrence (§®) (m3) (m*min) (cm) CH, C,H, C3Hg

1 Small Early 30 14 6 30 81.7 14.5 3.8
Large Late

2 Small Early 27.6 8 16 2.5 70.0 23.4 6.6
3 —_ —_ 22.8 14.6 13.5 2.5 79.4 16.4 4.2
4a Small Early 22.4 3.8 6.8 25 78.8 17.3 39
4b _— —_ 20.6 6.0 12.1 25 78.8 17.3 3.9
4¢ Large Early 20.2 52 18.5 25 78.8 17.3 3.9
5 Large Delayed 17.2 28 17.1 6 74.9 20.5 4.6
6 — —_ 15 22.8 16.6 5 81.8 14.6 3.6
7 —_ —_— 13.6 26 14.0 33 9.5 0.5 —
8a — — 12.8 3.7 7.5 33 99.7 0.3 —
8b _— —_ 12.7 5.4 14.2 33 99.7 0.3 —
8¢ — _ 12.3 9.7 19.4 33 99.7 0.3 —
90

10a — _— 10.6 4.6 13.8 36 70.2 17.2 12.6

10b _— —_— 10.6 4.5 19.3 36 70.2 17.2 12.6

10c Small Early 11.6 5.0 18.8 Removed 70.2 17.2 12.6

“ Test 9 made with liquid nitrogen; no RPTs were noted.
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variation, Figs. 5 and 6 have been drawn. The initial LNG composition
was chosen to be 85% methane, 10% ethane, and 5% propane. As illus-
trated by the initial linear line in Fig. 5, during most of the boiling process,
the vapor is essentially pure methane. Only after the methane content is
nearly zero does the ethane begin to vaporize. During this period, as seen
from Fig. 6, the ethane and propane compositions increase. Ethane shows
a maximum value of 65 mole % before it too begins to decrease. Eventu-
ally the liquid consists of pure propane.

Also shown in Fig. 5 are the loci of compositions of LNG where the
criterion

T./Ty = 1.0

applies. Three water temperatures are noted. For example, starting with
the 85-10-5 LNG in Fig. 5, during evaporation the LNG composition will
intersect the T,/T; = 1.0 lines where an RPT is probable. If the water
temperature were 288 K, this intersection is given at a methane content of
about 3 mole %. From Fig. 6, this corresponds to a condition where 85%
of the LNG has evaporated. Thus, if the China Lake RPTs are to be
interpreted as being the result of the homogeneous nucleation of the LNG
(as a trigger or as the main event), then most of the LNG would have been

PROPANE

INITIAL LNG

EVAPORATION
TRAJECTORY

ETHANE METHANE

F1G. 5. Variation in LNG composition during evaporation.
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Fi16. 6. LNG composition as a function of fraction evaporated of initial LNG: 85%
methane, 10% ethane, 5% propane.

lost in any individual LNG mass before conditions were favorable for
homogeneous nucleation.

K. OVERPRESSURES FROM LNG RPTs

Few investigators have reported overpressures from LNG spills. In
Table 1, the Bureau of Mines data for propane RPTs on water were
shown, and in Table VIII, the LLNL/NWC results from one large LNG
spill are given. In other sections, isolated overpressures are noted, but the
data are sparce and the accuracy uncertain.

The most complete set of overpressure measurements was obtained by
Enger and Hartman in the Shell Pipeline study. The data were collected
using a spill tank 1.5 m deep and 2.1 m in diameter. The tank was made of
6.3-mm mild steel plate with 12-mm-diameter circumferential reinforcing
rods spot-welded to the exterior. The capacity was 5.3 m?, but during the
tests the water depth was held constant at 1 m (3.8 m?). The LNG was
contained in a 0.13-m?* Dewar made from 6.3-mm mild steel with a stain-
less steel inner liner. The annulus was evacuated. When spilling, the
Dewar lip was about 0.75 m above the water surface.

Pressures were determined from piezoelectric transducers. One was
located in the middle of the spill tank, 70.1 cm below the water surface.
The maximum peak pressure which could be measured was about 70 bar.?

Two air transducers were located on poles, 11 and 31 m from the tank
center, slant range, and 7 and 27 m, horizontal range, respectively. Two
other air transducers were set at various locations but always in a line-of-

370 bar = 7 MPa ~ 1000 psi; 0.7 bar = 7 x 10* Pa ~ 10 psi
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sight to the tank center water surface. All air transducers had a range of
0-0.7 bar.

Additional information resulted from an array of burst discs set 70 cm
below the water surface in the central area of the tank.

For calibration purposes, data were obtained in tests where small
charges of RDX explosive were detonated either 2.5 or 30 cm below the
water surface, i.e., either 67.6 or 39.6 cm above the pressure transducer
and burst discs: The measured overpressures were compared to those
expected from such explosives assuming an ‘‘ideal’’ case of a spherical
source and negligible effects of the tank and air-water interface (West et
al., 1972). These data allowed Enger and Hartman to estimate calibration
factors to be applied to the measured output voltages from the transduc-
ers to allow the readings to be converted directly into pressure units.
These factors have been employed to convert the original data; the results
are given in Table X.

The most energetic RPT is listed first in this table. It is interesting to
note the detailed description of this event. Observers about 0.3 km distant
compared the noise to a strong sonic boom and remarked that windows
rattled. The experimental team outside the instrumentation shack some 15
m from the spill noted a loud sound but no physical discomfort was
experienced nor was there residual ringing of the ears. The spill Dewar
and forklift were rocked back about 2 m but the Dewar was undamaged.
The spill tank, weighing ~4 tons, was moved along the asphalt pavement
some 10 cm but no other damage was done. The hollow wooden door of
the instrument shack was slightly split around the hasp; two glass win-
dows facing the spill tank were undamaged.

Enger and Hartman give other overpressure data, particularly from
spills of liquefied propane on hot water. These overpressures were of the
same order of magnitude as those noted for LNG.

In interpreting their RPT data, Enger and Hartman estimate that during
the short period of liquid-liquid contact prior to an RPT, some 4 J/cm?
was stored in the liquefied gas. About half of this was assumed to be
available for mechanical work. An adiabatic expansion model was devel-
oped and, with the estimated heat transfer and measured overpressures,
the source overpressures ranged from about 25 to 100 bar. Also, the
overpressure data for RPTs for spills of about 0.1 m? (~30 gallons) LNG
indicated a source energy of about 0.4 MJ (~0.1 kg TNT). They caution,
however, about comparing RPT events to chemical explosions because
the energy release—and gas production—rates are quite different in the
two cases.

An overpressure—distance graph has been drawn in Fig. 7. Plotted as
the ordinate is the reflected pressure in pascals. The Shell Pipeline results
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TABLE X

PEAK OVERPRESSURE DATA FROM LNG SpPiLLS ON WATER?

Spill Volume Water Shock
LNG Air transducer data transducer data velocity
(m?) (gallons) temp. (K) (Pa/m) (kPa) (m/sec)
1.2 x 107! 32 124 3.1 x 10Y3.4 2.6 x 10411 2.5 x 10%31
3.8 x 1073 1 180 2.9 x 10%6.4 1.2 x 10%23
3.8 x 1073 1 179 8.3 x 10%/6.4 6.2 x 10%23
3.8 x 1073 1 131 1.2 x 10%6.4 2.0 x 10423
7.6 x 1072 20 131 5.0 x 10473 1.1 x 10%11 1.9 x 10331
1.9 x 1072 5 147 1.2 x 10%7.3 2.1 x 10¥%11 0/31
1.9 x 102 5 180 8.3 x 10¥7.3 4.1 x 10%11 0/31
3.8 x 1072 10 148 1.7 x 10%7.3 7.0 x 10311 4.1 x 10%31
4.7 x 1072 12.5 146 2.5 x 10¥7.3 6.2 X 10¥11 0/31
1.1 x 102 3 127 5.4 x 10%5.0 4.1 x 10¥11 0/31 440
1.9 x 1072 S 131 1.2 x 10%/5.8 1.2 x 1011 0/31 240
2.3 x 1072 6 144 1.7 x 10°/5.8 2.1 x 10%11 4.0 x 10%/31 <700
1.9 x 102 5 125 2.1 x 10%5.8 1.5 x 10%11 4.0 x 10%/31 1860 420
6.6 X 102 17.5 — 2.7 x 10%5.8 3.1 x 10511 8.3 x 10%31 1380 3%
2.8 x 1072 7.5% 155 1.7 x 10°/5.8 1.5 x 10%11 0/31 410
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1.1 x 107! 30
1.1 x 10-! 30
1.9 x 102 5
6.8 x 1072 18
3.8 x 1073 1
2.7 x 1072 7
3.8 x 1073 1
1.9 x 1072 5

3.8 x 1072 10
7.6 x 1072 20
5.7 x 1072 15
9.5 x 1072 25
1.1 x 107! 30
7.6 X 1073 2

137
133
125
134
141
125
139
152
152
152
150
150
154
123

2.5 X 10%5.8
2.8 x 10¥5.8
2.1 x 10%5.8
3.7 x 10°/5.8
4.6 x 10%5.8
2.1 x 10%5.5
1.5 x 10°/5.5
4.0 x 10%5.5
1.7 X 10°%/5.5
8.3 x 10%/5.5
7.5 x 10%/5.5
3.7 X 10%5.5
6.8 x 10°/5.5

1.5 X
8.3 x
7.5 %
2.9 X
2.9 x
1.2 X
1.2 x
6.0 X
2.5 %
1.2 X
3.3 %
7.0 x
3.5 x
23 X

10511
1011
1011
10%/11
1011
10%/5.7
10%/5.7
10%/5.7
10%/5.7
10°%/5.7
10%/5.7
10°/5.7
10%/5.7
10%/5.7

2.0 x 10%31
0/31
0/31

4.0 x 10%31
0/31

4.0 x 10¥11

8.3 x 10%11

4.0 x 10¥11

3.3 x 10711

6.0 x 10%11

2.7 x 1011

4.1 x 10°%/11

3.3 x 10%11

1.6 x 10%11

270 < P < 3450

2800 < P < 7000
800 < P < 1600
< 830
830 < P < 1600
< 830
1600 < P < 3600
2700 < P < 3600
< 830
1600 < P < 2800
< 7000
> 1200

370

360
370
380
380
380

¢ From Enger and Hartman (1972a—d).

b C, + C, mixture.
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FiG. 7. Overpressures from LNG RPTs. Note: All pressures are reflected values: (@)
Shell Pipeline, 1972 tests; (X} LLNL/NWC China Lake tests, 1980; (V) Shell Research
Maplin Sands tests, 1980, outside visible cloud; (A) Shell Research Maplin Sands tests,
1980, inside visible cloud.

scatter over a wide range with the three highest overpressures between 2
X 10* and 3 x 10* Pa (2.9-4.3 psi). Most values were, however, less than
10* Pa even when the distance was less than 10 m. The highest Shell
Pipeline overpressures would be approximately equivalent to a free-air
1.0 kg TNT explosion. To show this, a curve is drawn to illustrate ex-
pected reflected overpressures from this size charge of explosive. Also
shown is a similar curve for 0.1 kg TNT. The vast majority of the Shell
Pipeline data fall below this latter curve. Recent Shell Research studies at
Maplin Sands also yielded overpressures (Nguyen, 1982). Some of their
data are shown in Fig. 7. Expressed in terms of TNT equivalent, their
results indicate values of 0.1-0.4 kg.

Also noted in Fig. 7 are the overpressures measured in the large China
Lake spills (Table VIII). The overpressures cover a wide range, with the
maximum pressure (10* Pa) corresponding to about 6.3 kg TNT.

The Bureau of Mines overpressure data for propane spills on hot water
fall well below the solid curve; Shell Pipeline data for this system are also
low.
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Thus, it would appear that overpressures experienced in the air from
LNG RPTs for spills less than about 30 m? are not particularly large unless
one is very close to the spill site. Overpressures in the water are much
larger, as shown in Table X from transducer measurements about 0.7 m
from the surface. In fact, in one instance, the overpressure in the water
exceeded the critical pressure of the LNG; this would not have been
expected from the superheated liquid model.

IV. Smelt-Water Explosions

A. SUMMARY

Smelt, a molten salt mixture containing primarily Na,CO;, is a product
of chemical recovery furnaces in the paper-pulp industry. Due to an acci-
dent, either in an operational sense or from a failure of some furnace
equipment, boiler water may contact the smelt within the furnace con-
fines. Experience has shown that contacts can lead to an explosion* with
concomitant shock waves that may cause significant damage. Also, smelt
quenching outside the furnace to form ‘‘green liquor’’ has, on occasion,
resulted in similar explosions. The Institute of Paper Chemistry and vari-
ous technical societies affiliated with the paper industry have conducted
or monitored a number of research programs to delineate the mechanism
of these smelt—water explosions and to recommend techniques to elimi-
nate them through simple, yet viable, process modifications.

Research into the smelt-water explosion phenomenon began in 1955
with studies on the quenching of soda smelt. It was discovered that if the
smelt were pure Na,COs, no explosions resulted, but the addition of NaCl
or NaOH in concentrations of about 10% led to explosive smelts. Explo-
sions were more severe when green liquor (a salt solution) was used
instead of water. Further dissolver tank experiments were made in 1956
with Kkraft smelt. This smelt differs from a soda smelt in that the concen-
tration of Na,S is significantly higher. Kraft smelts were shown to be
more prone to explosions and the sensitizing action of Na,S was cited as
the cause. As in the earlier soda smelt studies, it was found that NaCl and/
or NaOH greatly sensitized the smelt and increased the probability of an
explosion after contact with water.

Various theories were suggested to explain the explosions (e.g., free
metallic sodium, hydrogen generation), but all were later proved to be

4 The term “‘explosion’’ is used in most instances in this section rather than rapid phase
transition in accordance with the literature in this area.



142 ROBERT C. REID

inadequate. The dissolver-tank explosion problem was, in effect, elimi-
nated by the use of steam shatter jets to disperse the entering smelt into
small globules which would rapidly solidify. No recent literature pertains
to dissolver-tank explosions.

Laboratory investigations of smelt—water incidents within the recovery
boilers were carried out from 1960 to 1980. These added to the basic store
of data, but few new results were obtained. It was confirmed that molten
sodium carbonate would not explode when contacted with water, but
many other salts added to the Na,CO; led to explosive smelts. As in the
earlier programs, studies concentrated on NaCl, NaOH, and/or Na,S as
additives. A few compounds were also identified as desensitizers, e.g.,
CaCO;, NaAlO,, and Fe,0;, aithough these were not sufficiently effec-
tive to be used to prevent explosions in plant operations. Suggestions
were tendered that their efficacy was related to the greater ease of gas
formation (CO,) at the smelt—water boundary. Similarly, some chemicals
were found which, when dissolved in the water, inhibited explosions,
e.g., ammonium salts or polyethylene glycols. On the other hand, many
dissolved salts exacerbated the explosion; green liquor was also placed in
this class.

Chemical reactions were shown to play a minor role in a smelt-water
explosion, although gas samples from kraft smelt—water incidents showed
that hydrogen evolution could be correlated with Na,S content. There
was general agreement that the explosion mechanism was physical in
nature.

A few attempts were made to measure the overpressures from explo-
sions. Pressures were not high, but the rise time to the pressure maximum
was short (ca. 1-2 msec) and the shock quite localized. The highest
quoted overpressure was about 20 bar a few centimeters from an explosion
(Nelson, 1973).

Apart from the laboratory studies, statistical surveys of actual recovery
boiler explosions have shown that such incidents are relatively rare and,
in the United States occur, on the average, about once every 100 years of
boiler operation. All explosions have been traced to events which allowed
water to enter the furnace and contact the smelt, e.g., broken water tubes
or dilute liquor feed. A listing of the presumed causes of all known smelt—
water explosions is given in Table XII.

Few in-depth studies have been made of actual furnace smelt-water
explosions and, therefore, it is difficult to delineate expected overpres-
sures and impulses. One case history is presented to indicate in a qualita-
tive fashion the type of damage in a large explosion.

As noted earlier, no viable theories of the smelt—water explosion had
been widely accepted during the early period of investigation. Nelson in
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1973 proposed that when the molten smelt contacted liquid water, the
latter was heated to its superheat-limit temperature where homogeneous
nucleation occurred. From other studies, primarily on the LNG-water
interactions, it was known that such a homogeneous nucleation process
would proceed with explosive violence (see Section III). The model of
Nelson further hypothesizes that the initial superheat-limit explosion(s)
would Iead to rapid mixing of the smeit and water and would enhance the
steam yield. Nelson’s theory was questioned since smelt temperatures
were much higher than the superheat-limit temperature of water, and, in
addition, the theory could not differentiate between various smelts. The
superheat theory was modified by Shick (1980), wherein he suggested that
the contact of smelt and water led to both heat and mass transfer fluxes.
On the water side, a strong salt solution would be formed, and it is
expected that such solutions have significantly higher superheat-limit
temperatures than pure water. Thus, higher water solution temperatures
could be achieved and the thin film of saltwater heated to the superheat
limit. This modified theory also indicated why fused Na,CO; was nonex-
plosive, i.e., Na,CO; has an inverse temperature-solubility curve with
essentially zero solubility at temperatures below the critical point of wa-
ter. NaCl, NaOH, Na,S, and other sensitizers, on the other hand, show
continuous solubility and vapor pressure curves with maximum values of
pressure well in excess of the critical point of water.

This salt-gradient theory deserves further attention. It is possible that
the concepts may be applicable to vapor explosions in different indus-
tries.

B. BACKGROUND

To prepare a wood pulp, there is usually a digestion step to hydrolyze
the ligins and to separate the cellulose fibers. The kraft and soda pro-
cesses are the topics of this section. In both, an alkaline solution of NaOH
and Na,CO; (with Na,S in the kraft process) is fed with wood chips to the
digestor, which operates at an elevated pressure and temperature. The
waste stream, after pulp separation, must then be treated to recover and
recycle the feed chemicals. This product stream is known as black liquor.
It is concentrated in an evaporator, and the organic portion is then burned
in a recovery boiler, where the inorganic chemicals are melted. The mol-
ten salt product is referred to as smelt. It is dissolved to form green liquor
and, after subsequent causticizing steps, is recycled to the digestors.

The smelt-water explosion problem is of primary interest in kraft re-
covery furnaces where, from operational error or an equipment failure,
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water contacts smelt on the furnace floor. However, some research has
been carried out to study explosions in the dissolving operation where
smelt is converted to green liquor.

Research studies conducted in both areas are reviewed in this section.

C. DissoLVER TANK EXPLOSIONS

Molten salt (smelt) tapped from black liquor boilers is quenched and
dissolved to form green liquor in tanks near the boiler. On occasion,
explosions have resulted which severely damaged the dissolver tank.
(These events are different from the smelt—water boiler explosions de-
scribed later.)

Sallack (1955) was the first to publish a study of dissolver-tank explo-
sions. He was motivated by incidents which occurred in a soda pulp
operation with a dissolver tank 4.3 m in diameter and 3.7 m tall. Molten
smelt entered the tank at the top and was to be broken up with a jet of
recirculating green liquor. Agitation of the bulk liquid was also accom-
plished by air jets. Operation was normally smooth, but if a boiler upset
led to a sharp increase in smelt flow, then the smelt—green liquor breakup
operation was inefficient and unbroken slugs of smelt could enter the bulk
green liquor in the tank. Explosions could then occur.

To understand the phenomenon better, Sallack carried out a number of
laboratory tests wherein he poured about 170 g of smelt into water or
green liquor. He also varied the composition and temperature of the
smelt. His principal findings were as follows:

(1) No explosions could be achieved with pure molten Na,CO,.

(2) The probability of an explosion was 100% if the sodium carbonate
were mixed with more than 7 wt. % NaCl or 10 wt. % NaOH.

(3) Explosions with green liquor were more violent than those with
water, and, for both, an increase in temperature reduced the severity and
probability of an explosion.

Whereas Sallack was concerned with soda smelts, Nelson and Ken-
nedy (1956a,b) were interested in kraft smelts in which sodium sulfide was
present in significant amounts. In Table XI, typical analyses are shown
for both types of smelts.

The experimental procedure followed by Nelson and Kennedy was
very similar to that used by Sallack, and their results agreed with Sal-
lack’s conclusions in regions of overlap. With kraft smelts an explosion
was easier to achieve and the presence of Na,S was cited as a possible
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TABLE XI
TYPICAL ANALYSIS OF SODA AND KRAFT SMELTS?
Soda Kraft } Soda Kraft
(wt. %) (wt. %) (wt. %) (wt. %)

Na,CO, 92.5 69.0 NaOH 1.6 —
Na,SO, 0.8 3.5 Na(l 1.3 2.0
Na,SO, 0.2 1.6 K (as K,CO;) 1.5 5.3
Na,S,0, 1.0 0.7 Insoluble 0.1 0.6
Na,S 1.0 17.3

% From Nelson and Kennedy (1956a,b).

reason. Kraft smelts could be sensitized (i.e., from a nonexplosive do-
main to an explosive one) with small quantities of NaCl or NaOH. Three
types of dissolver-tank incidents were cited: an instantaneous one which
occurred as soon as the smelt contacted with water, a short-delay type
wherein the smelt had to fall to the bottom of the test vessel, and a
delayed explosion that took place several seconds after the smelt had
reached the vessel bottom and had coalesced to a larger mass. Normally,
the more violent incidents took place in delayed cases.

In agreement with Sallack, if the water or green liquor temperature
were high, the explosion probability decreased, but he cites one anoma-
lous case: ‘‘a composition which gave an immediate violent surface explo-
sion in cold water produced a terrifically violent deep explosion in hot
quenching water. The blast was heard more than 1 mile away’’ (100 g of
smelt was used).

There had been some suggestions that explosions were due to free
metallic sodium in the smelt. This hypothesis was disproved by adding
oxidizers (KNO; or Na,0,) to the smelt with no significant changes noted
in the explosion pattern.

Explosions could not be obtained with smelt poured into transformer
oil.

Whereas these early experiments provided interesting data, no mecha-
nism was developed to explain the explosion phenomenon. In fact, since
the 1950s there has been little interest in conducting further studies in
dissolver tanks because the addition of efficient steam-shatter jets at the
smelt entrance has effectively eliminated explosions in this section of the
process. Further studies were directed to the explosions which took place
within the recovery boiler as a result of water contacting the smelt on the
furnace floor.
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D. LABORATORY INVESTIGATIONS

1. Rogers et al. Study

Rogers et al. (1961) melted mixtures of Na,CO;, Na,SO,, and Na,Sina
closed 23-cm-diameter, 1.8-m-long pipe. Smelt quantities ranged around 9
kg and about 3.7 kg of water or green liquor was injected under the
surface of the smelt. A manometer in the side of the pipe yielded a quanti-
tative assessment of the pressure pulse in an explosion. The water-injec-
tion pressure was high (31 bar). Gas samples could be taken after an
explosion.

Rogers et al. confirmed that the presence of Na,S in Na,CO; could lead
to an explosive smelt; they also showed that the concentration of hydro-
gen in the vapor increased with the quantity of sodium sulfide originally
present. It was suggested that Na,S reacted with water as follows:

Nazs + 4H20 m— 4H2 + Nast4

and the hydrogen played a key role in the explosion. [Later work (Com-
bustion Engineering, 1966) has shown, however, that the explosion se-
quence is unchanged even if air is replaced by nitrogen, so any H,-0,
reaction is normally neglected.]

To indicate the magnitude of the pressure pulse, their most violent
explosion occurred with a smelt consisting of 20% Na,S, 75% Na,CO;,
and 5% Na,SO,. Green liquor was injected. The pressure rose 27 kN/m?
(4 psi) and the exit gas contained about 8% hydrogen.

2. Research by Combustion Engineering

Combustion Engineering (1966) carried out a laboratory program that
produced additional information on the smelt-water explosion. As with
the Rogers et al. study, water was injected under smelt. Beginning with a
base of nonexplosive, fused Na,CO;, they showed that the molten salt
could be sensitized by addition of Na,S, NaCl, NaOH, other halide salts,
aluminum borate, etc. However, with explosive smelts, the sensitivity
could be reduced with CaCO, or sodium aluminate. Also, ammonium
sulfate or polyethylene glycol solutions usually quenched smelt with no or
less violent explosions. This finding led to two patents (Nelson and Nor-
ton, 1969; Nelson, 1971).

The research results clearly indicated that the smelt—water explosion
yielded a localized, high-energy shock wave which moved at velocities of
over 700 m/sec. The maximum pressure rise was achieved in about 1
msec. These facts were related to the results found in real boiler explo-
sions in descriptive terms as ‘‘there were 3—4 inch depressions 3 to 6 feet
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across the strongly supported furnace floor tubes and localized deforma-
tion of heavy wide-flange beams below.’” (A similar case history descrip-
tion is given later in Section IV,F.)

They also proved that explosions could occur in nitrogen-rich atmo-
spheres and no flame was seen (even when viewed in a darkened room). A
few experiments showed that explosions could often be eliminated if
‘‘enough’’ dissolved material such as methyl or ethyl aicohol, acetone, or
ammonia were used in the quench water. Conversely, dissolved ‘‘stable””
salts such as NaCl increased the violence of an explosion. (Green liquor
would also be included in this list.)

3. Lougher et al. Study

Lougher er al. (1968) reviewed the situation, presented some additional
data, and developed recommendations for further work. They examined
existing theories to explain smelt—water explosions and rejected all. They
too noted that sodium aluminate in the smelt reduced the probability of an
incident and also stated that CaCO; and Fe,O; were effective. Most other
additives (and over 90 were studied) either led to more violent explosions
or were ineffective. No correlation of the smelt additive results was given,
Also, water with various additives such as surfactants, starch, sucrose,
glycerine, and hydroxymethyl cellulose still exploded when contacted
with a sensitized smelt.

One of the more interesting aspects of the Lougher ef al. study was the
discussion section dealing with the vapor pressure of water in salt solu-
tions. Using the data of Keevil (1942), they pointed out that hot pressur-
ized water could dissolve significant amounts of some salts and attain
vapor pressures well in excess of the critical point of water (647 K). This
led them to suggest that heats of solution may play a role in the explosive
mechanism, especially if such enthalpy changes are highly exothermic.
No definitive mechanism was, however, developed. We will return to the
general idea of smelt-water solutions later when the recent theory of
Shick is described.

4. Krause et al. Study

Krause et al. (1973) carried out the last detailed U.S. experimental
investigation of the smelt-water explosion phenomenon. A large number
of experiments were conducted with variations in the smelt composition.
The scale was quite small with 0.03-1 g quantities of water injected at
high velocity (20-30 m/sec) onto the surface of the smelt. A few tests were
also made with small drops (0.8-0.3 g) of water on the end of a ceramic
tube that was dropped into the smelt. Some information concerning pres-



148 ROBERT C. REID

sure pulses was obtained from a transducer on the end of an alumina rod
that penetrated the smelt. Peak pressures were near 280 kN/m? (40 psi)
within 1-2 msec after injection. (It is also stated in the report that Com-
bustion Engineering, in earlier tests, found pressure rises from 690-1200
kN/m? a few centimeters above the melt during an explosion.)

The general conclusions from this study are quite similar to those re-
ported earlier, i.e., pure fused Na,CO; is nonexplosive, but this melt can
readily be sensitized with NaCl, NaOH, or Na,S. Even K,CO;, Na,S0O,,
and Na,SO; were mild sensitizers.

A detailed study of the physical properties of various smelts (viscosity,
surface tension, density, and sonic velocity) led to the conclusion that
there were no significant differences in these properties with explosive or
nonexplosive smelts.

Other studies showed that those smelts which could release CO,; at a
high rate after contact with water were less explosive. This finding was
related to the known fact that gas-evolving chemicals (CaCO;, NaAlO,)
were effective inhibitors.

A model based on inertial restraints was developed, but it has not been
widely accepted since it does not explain many of the experimental facts
for smelt-water explosions.

A final laboratory study was described by Shick and Grace (1982) as
being carried out in Sweden (Bergman and Laufke, 1981). From 10 to 100
g of water were injected into 10-30 g of smelt. In some tests subsurface
injection was used at pressures of 10 bar, whereas in others a ceramic
capsule with water was burst under smelt with electric fuses. Smelts of a
wide range of compositions could be exploded with the subsurface injec-
tion. Comparison of explosion intensities to those produced by TNT or
black powder (as judged from pressure—time traces) suggested that 1 kg of
water was equivalent to 0.03-0.2 kg TNT or 0.3-2 kg black powder.

E. STATISTICAL SURVEY OF SMELT-WATER
BoiLErR EXPLOSIONS

Taylor and Gardner (1974) and, more recently, Grace and Taylor (1979)
have made detailed statistical analyses of the reported smelt—water explo-
sions in modern recovery boilers operating in the United States and Can-
ada. There have been 77 incidents in the period from January 1958
through July 1979. Of these 77 explosions, 55 occurred in the United
States and 22 in Canada. The time period covered 5120 boiler-years of
operation in the United States and 1070 boiler-years in Canada.

Over 80% of all operating boilers have never experienced an explosion;
thus, the phenomenon should be viewed as a relatively infrequent event.
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In the operation of a recovery boiler, the inorganic fraction of the fuel
(black liquor) ends up as a molten mixture of inorganic salts (smelt) with
some unburned carbon. The presence of this molten salt in the boiler
results in a hazardous situation if it were to be contacted with water or a
dilute black liquor. Essentially all boiler explosions have, therefore, re-
sulted from an accident wherein water did contact the smelt. About one-
third of the explosions can be traced to an operational situation where the
fuel (black) liquor was very dilute (or even pure water) and this fluid fell to
the furnace floor to contact smelt. In another one-third of the cases, a
water tube failed and allowed direct ingress of water into the boiler. The
remaining third were assigned to miscellaneous events—all of which al-
lowed water to enter.

Explosions oceurred more frequently during start-up operations and in
new, or relatively new, boilers. Somewhat surprisingly, the frequency of
incidents was also significantly higher in the larger boiler sizes. No corre-
lation was noted between explosion frequency and operating pressure.

Table XII presents the date, the qualitative estimate of damage, and the
cause of all reported explosions (112) from 1948 through 1979 (Grace and
Taylor, 1979).

F. DEeSCRIPTION OF SEVERE FURNACE ExXpPLOSION

The following was excerpted from a damage report of a smelt—water
explosion.

The recovery boiler in question was heavily damaged and all four water
walls and most of the furnace floor had to be replaced. The explosion
opened up all four corners of the furnace from the firing gun level (third
floor) to the roof (~30 m), and buck stays were sheared off at the corners.
Some openings were as wide as 1.2 m about halfway up the wall. The
water walls were displaced over 1 m and left a corrugated pattern in the
walls where they were constrained by buck stays.

The most severe damage was on the front wall. The displacement was
such to impact against the walkways and I-beam supports. Supporting I
beams, 15-20 cm flange to flange, were twisted and deformed. A concrete
walkway on the fifth floor was moved about 1 m and essentially demol-
ished.

The damage continued to the top of the furnace, but screen and super-
heater tubes were not damaged. One soot blower was blown onto the roof
of an adjoining building and another knocked loose.

The floor of the furnace underwent considerable deformation. The floor
beams were 52 cm from top to bottom with a 33-cm-wide flange. One such
beam had a 20-cm permanent deflection.



TABLE XII

BLack LiQUOR RECOVERY BOILER ExPLOSION LisT?

Amount of Water
Date damage source Cause of explosion
8/14/48 Major Wall tube Unknown
10/21/48 Negligible Unknown Unknown
2/2/51 Major Wall tube Failure of feedwater supply-—cause
unknown
3/4/51 Major Wall tube Stud pushed from wall tube by bar
and sledge hammer
11/30/51 Severe Floor tube Overheating—cause unknown
11/17/55 Extensive Wall tube Smelt pushed stud from wall tube
5/21/58 Moderate Water hose Water used to wash flame arrester
on vent gas system entered fur-
nace
9/21/58 Moderate Floor tube Unknown
6/19/59 Slight Floor tube Unknown
8/17/59 Major Gen. tubes External corrosion of generating
tubes under accumulated dust on
mud drum
9/14/60 Negligible Wall tube Unknown
11/25/60 Moderate Feedwater Superheater was filled with water to
or plant locate superheater leak for repair
water while smelt still molten in furnace
system (furnace down at time)
4/12/61 Moderate Soap Talloil soap was being fired sepa-
handling rately from black liquor when
weak black liquor beneath soap
entered pump suction
11/4/61 Moderate Black Firing weak black liquor
liquor
system
12/3/61 Very major Screen tube Overheating as a result of tube
blockage from unknown causes
8/25/62 Moderate Black Firing weak black liquor without
liquor burner tips in place
system
10/12/62 Slight Unknown Water from wash-up hose
10/6/63 Major Gen. tube Boiler was operated with a known
tube leak until an orderly shut-
down and repair could be ar-
ranged. Explosion occurred after
small leak became a big one when
wall of tube fell out
11/30/63 Slight Water- Refractory covering over cooling
cooled coil failed, exposing coil to either
door overheating or accelerated corro-

sion
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TABLE XII (Continued)

Amount of Water
Date damage source Cause of explosion
5/25/64 Major Talloil Spend acid from talloil operation
spent acid was added directly to furnace
system separately from black ligquor fuel
6/23/64 Major Screen A chunk of accumulated debris fell
tube from upper furnace onto screen
tube, breaking it off adjacent to a
tube support
8/13/64 None Floor tube Smelt leak through furnace fioor
eroded or corroded floor tubes
8/17/64 Slight Floor tube Use of air lances
1/11/65 Moderate Black Attempted to stop smelt leak in
liquor corner of furnace bottom by
system quenching with heavy black liquor
3/18/65 Moderate Black In course of shutdown for super-
liquor heater leak, char bed was flooded
system with heavy black liquor which
probably became dilute from lack
of evaporation in venturi scrubber
as shutdown proceeded
8/14/65 Slight Black Firing weak black liquor
liquor
system
12/28/65 Slight Black Firing weak black liquor
liquor
system
1/30/66 Moderate Screen Overheating when instrument lines
tube exposed to cold weather froze,
making feedwater controls and
drum level indicator inoperative
or unreliable.
4/13/66 Unknown Water Cooling water leak (cause of leak
jacketed unknown)
air nozzle
5/12/66 Moderate Black Firing weak black liquor
liquor
system
8/19/66 Moderate Black Firing weak black liquor
liquor
system
10/6/66 Moderate Water hose Cooling char bed with primitive
or piping ‘‘stream-water’’ spray at suppos-
edly safe interval after shutdown
10/25/66 Moderate Floor tube Use of air lances
4/27/67 Moderate Black Firing weak black liquor
liquor
system

151

(continued)



TABLE XII (Continued)

Amount of Water
Date damage source Cause of explosion
8/12/67 Moderate Black Firing weak black liquor
liquor
system
9/14/68 Negligible Wall tube Unknown
1/25/69 Major Cross- Dilution of black liquor to guns
connection through cross-connection to water
to plant lines to facilitate washing dual
water black liquor headers
system
5/4/69 Major Screen tube Unknown
7/8/69 Slight Steam Black liquor to guns became diluted
condensate by condensate through an auxil-
iary line in the liquor system
7/30/69 None Floor tube Smelt leak; 2 tubes blistered, smelt
eroded floor tubes
10/30/69 Moderate Superheater Superheater tube parted from vibra-
tube tion fatigue, causing carryover of
boiler water from steam drum and
into furnace through superheater
leak
5/1/70 Severe Screen Overheating following partial plug-
tubes ging of tubes from inadequate
feedwater treatment
6/14/70 Major Plant Foam produced in ACE cascade
water evaporator during water-washing
system carried out into furnace through
primary air system
2121171 None Floor tube Smelt leak through floor eroded or
corroded floor tubes
5/2/711 Major Wall tube Overheating from unknown causes
6/21/71 Major Screen tube Overheating caused by incomplete
removal of debris following acid
wash of boiler
7/4/71 None Wall tube Welded attachments to wall tubes
pulled out
7/25/71 Slight Screen tube Overheating caused by incomplete
removal of debris following acid
wash of boiler
10/11/71 Major Plant Cross-connection between soot-
water blowers and plant water lines
system admitted water through soot-
blowers
11/16/71 None Wall tube Overheating resulting from partial
blockage of wall tube from un-
known causes
11/23/71 Unknown Black Firing weak liquor on start-up
liquor
system
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TABLE XII (Continued)

Amount of Water
Date damage source Cause of explosion
12/5/71 Severe Water hose In attempting to clear plugged dust
hopper by water washing, hopper
filled with water and overflowed
into furnace
1/13/72 Minor Wall tube Faulty repair work
8/14/72 Minor Hose Falling debris washed down by fire
hose after furnace had been down
24 hr exposed molten smelt which
exploded with wash-up water
3/2/73 Severe Black Firing weak liquor
liquor
system
4/13/73 Slight Wall tube Rod driven through wall tube
4/25/73 Minor Screen tube Internal corrosion caused wall tube
to pull out of lower screen header
7/8/73 None Hose Using water lance to clear plugged
smelt spout
7/11/73 Very major Plant Water being used to water-wash
water cascade evaporator and black
system liquor header around furnace
entered furnace because (1) liquor
guns were left in firing position
when not firing liquor and (2) one
liquor gun valve was inadver-
tently left open
12/2/73 None Smelt Smelt spout leak sprayed fine
spout stream of water into furnace
12/16/73 Minor Wall tube Three #-inch holes 6 ft above floor,
(5 days) corrosion
1/7/74 Moderate Wall tube External corrosion of wall tube on
casing side. After initial failure,
tube broke in two, allowing steam
and water to enter furnace
7121/74 None Floor tube Overheating failure due to faulty
construction weld downstream of
failure, $-inch deep metal projec-
tion into tube
1/16/75 Moderate Spout Hole developed in smelt spout and
allowed water to enter into the
furnace
5/6/75 None External Water entered furnace through
liquor system from two possible
sources: (a) liquor meter wash
water; (b) liquor feed pump seal
water
12/30/75 Heavy Smelt Leaking smelt spout due to im-
(6 months) spout proper cooling system
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TABLE XII (Continued)

Amount of Water
Date damage source Cause of explosion
1/11/76 Moderate — Assumed to be weak liquor.
3/19/76 None Auxiliary fuel Water entered furnace through oil
tank guns
3/22/76 None Auxiliary fuel Water entered furnace through oil
tank guns
5/18/76 Slight Screen Plugged screen tube ruptured after
tube acid cleaning
6/14/76 Heavy Superheater Carryover from sheared S/H tube
(90 days) tube
72176 Heavy Black Firing weak liquor: liquor diluted
(11 weeks) liquor from pump sealing water
8/17/76 Slight Ruptured Water impingement from soot-
downcomer blower
tube
8/26/76 Heavy Floor tube Detachment of welded bracket
(41 days) between floor and wall tube
12/8/76 Heavy Ruptured Short term overheating resulting in
(4 months) side wall ductile failure
tube
8/18/77 Moderate Screen tube Screen tube separation caused by
(14 days) falling salt cake
819/77 Heavy Washwater The unit has 2 1.D. fans in parallel.
{6 months) from I.D. One down for repair was washed,
fan flowed allowing water to enter cascade
to cascade which diluted liquor
8/30/77 Moderate Erratic No pressure part failure. Explosion
(10 days) liquor believed due to erratic liquor flow
flow and temperature condition
11/18/77 Slight Washwater Boiler shut down to repair econo-
(5 days) ring header mizer leak. Wash water acciden-
tally admitted to furnace ring
header through a liquor gun into
residual smelt
17/78 Slight Front wall Welded windbox attachment pulled
tube loose from a vertical front wall
tube. Water entered windbox and
was carried to smelt bed
10/14/78 Moderate Pinhole Faulty weld on membrane bar
(3 weeks) leak floor between floor tubes, made 10-15
tube yr earlier
3/12/79 Major Floor tube Defective tube
5/16/79 — Wall tube Overheat
7123179 — Wall tube Overheat-blockage

2 From Grace and Taylor (1979).
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In a somewhat different type of furnace that suffered from a combus-
tion-gas explosion, the floor beams, which were similar in size, were
deflected at most 2—-3 cm. A structural analysis of this explosion led to the
conclusion that peak pressures were in the order of 30-40 kN/m? (5-6
psi). Comparing the two damage descriptions, it is obvious that the smelt—
water explosion generated pressures well in excess of 40 kN/m? on the
floor.

G. ARGONNE MOLTEN SALT STUDIES

Anderson and his co-workers at the Argonne National Laboratory (An-
derson and Armstrong, 1972, 1973; Anderson et al., 1975; Anderson and
Bova, 1975) described experiments in which water was mixed with molten
sodium chloride.

In the small-scale tests, water was jetted into the salt both from above
and below the interface. Explosions were erratic with many tests simply
producing water vapor which ejected the salt. In some tests, high-speed
photography was employed and, at the highest framing speeds (13,000
fps), the explosion, if it occurred, took place within the time of a single
frame, i.e., <77 usec. No definitive conclusions were drawn except that,
if an explosion did occur, it was very short in duration and rather destruc-
tive.

A few larger-scale tests were planned wherein a larger mass of water
would be driven into a mass of molten NaCl. All tests were negative and
photography showed that a few ‘‘leading’’ drops of water would always
contact the salt, explosively boil, and drive the descending water column
back so as to prevent it from contacting the salt!

H. THEORIES AND MECHANISMS

Whereas the wealth of small-scale test data indicated, generally, which
smelt compositions might be expected to undergo an explosion if con-
tacted with water, no reasonable mechanism had been developed to ex-
plain the phenomenon. It was agreed that the explosive event was of a
physical nature with a large quantity of steam being generated in a short
period of time. Chemical reactions between the smelt and water were
expected to occur, but their contribution to the event was shown to be
minimal. Nelson (1973) first proposed that the process might involve the
superheating of water in thin films near the smelt-water interface. His
concept was based to some degree on similar ‘‘vapor explosions’’ re-
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ported when LNG ‘“‘vapor exploded’ in contact with water (see Sec-
tion I1I).

For the smelt—water case, Nelson suggested the water in contact with
the very hot smelt was, initially, separated by a thin vapor film. Either
because the smelt cooled—or because of some outside disturbance—
there was a collapse of the vapor film to allow direct liquid-liquid contact.
The water was then heated to the superheat-limit temperature and under-
went homogeneous nucleation with an ‘‘explosive’” formation of vapor.
The localized shocks either led to other superheat-limit explosions else-
where in the smelt-water mass or caused intense local mixing of the smelt
and water to allow steam formation by normal heat transfer modes.

While the mechanism proposed by Nelson explained many of the char-
acteristics of a smelt-water explosion, it had one very serious drawback,
i.e., the smelt temperature was significantly higher than the expected
superheat-limit temperature of water (1100-1200 K compared to 577 K).
For LNG-water, it was shown earlier in Section 1II that if the water
temperature were much higher than the superheat-limit temperature of
the LNG, explosions were then rarely noted. For such cases, the film-
boiling mode was too stable and collapse of this vapor film was unlikely.

Another limitation to the simple superheat model was that it could not
explain why smelts of varying compositions behaved so differently, i.e.,
some were nonexplosive while others were very explosive.

Shick (1980) proposed a modified superheat theory to retain many of
the elements of the original Nelson concept, but he introduced the idea
that salt and water concentrations vary across the interface. In other
words, he suggested that, in addition to the very large temperature gradi-
ent across the smelt-water interface, there is a mass flux of salt into the
water and a water flux into the smelt. As a consequence of this mass
transfer, the hot water film then contains dissolved salts and may be
heated to a much higher temperature before homogeneous nucleation can
occur. Thus, film boiling would be delayed and a relatively thick saltwater
layer would have formed before any explosive vaporization occurred. He
also noted that the water flux into the smelt might lead to smelts with
significantly lower melting points so that crystallization would be delayed.

To buttress his arguments, Shick recalled the fact that all experimental
data show that molten sodium carbonate is nonexplosive in contact with
water. He notes ‘‘nor do its (Na,CO;) concentrated solutions have a
significantly higher boiling point than water.”” Another way to express
this reasoning is to consider the data of Waldeck er al. (1932). They
measured the solubility of Na,CO; in high-temperature water. Some of
their data are shown in Table XIII. For this material, the solubility de-
creases with temperature and becomes zero below the critical point of
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TABLE XIII
SoLUBILITY OF Na,CO; IN WATER®?
Weight percent Weight percent
T(K) Na,CO; T(K) Na,CO,
323 32.0 548 13.2
373 30.9 573 8.4
418 28.1 594 4.8
453 25.0 621 0.0
498 20.7

2 From Waldeck et al. (1932).
b The transition from monohydrate to anhydrous occurs at
385 K at 1.29 bar.

water (647 K). Waldeck et al. also measured the vapor pressure of satu-
rated Na,CO; solutions and showed that the vapor pressure lowering was
very small even in regions where the concentrations of Na,CO; were
large.

Based on data of this nature, Shick concluded that little, if any, Na,CO,
would move to the high-temperature water phase and, even if this were to
occur, the volatility (and superheat-limit temperature) of water would be
unaffected. '

Contrast the situation of Na,CQO; with that of pure NaCl which, when
molten, is known to explode violently with water. The NaCl-H,O phase
diagram has been developed by Keevil (1942), Morey and Chen (1956),
and Olander and Liander (1950), and reviewed by Morey (1957).

The pressure—temperature~composition diagram presented by Morey
is shown in Fig. 8. The vapor pressure of pure water (on the P-T projec-
tion) terminates at the critical point (647 K, 220 bar). The continuous
curve represents saturated solutions of Na(l in water, i.e., there is a
three-phase equilibrium of gas—solution—solid NaCl. The gas-phase pres-
sure maximizes over 400 bar at around 950 K. Olander and Liander’s data
for a 25 wt. % NaCl solution are shown, and T-X and P--X projections
given. At the pressure maximum, the solution phase contains almost 80%
NaCl.

Thus, these data clearly show that NaCl and water are miscible over a
wide temperature—composition range.

Returning to Shick’s argument, developed further by Shick and Grace
(1982), if the water film accumulates salt, the pressure is depressed but,
even more important, they suggest that the 1-bar superheat limit tempera-
ture may be significantly increased over the value for pure water (~577
K). The rationale for this assertion stems from considering the P-V iso-
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therms for water and NaCl solutions (Yayanos, 1970). Without going into
detail, the argument proceeds along the following line. Yayanos presented
an equation to correlate specific volumes of liquid water—or NaCl solu-
tions—with pressure. Using the approximate criterion that (0P/aV); = 0
at the superheat limit, then they show that NaCl solutions have a higher
tensile strength than pure water. That is, using their equations, one calcu-
lates the tensile strength of pure water to be ~2300 bar at 298 K and to
increase with NaCl concentration. Extrapolating this result to the com-
pressive region, Shick and Grace estimate the 1-bar superheat-limit tem-
perature of NaCl solutions can be several hundred degrees higher than
pure water.

Assuming the argument is valid, it would then be possible to contact
fused NaCl (or, presumably NaOH, Na,S, or smelts with these constitu-
ents) with water and to state that the resulting explosion stemmed from a
homogeneous nucleation of a solution of salt in water. Their hypothesis
therefore explains qualitatively the effect of variations in smelt composi-
tion on explosivity. It also clarifies the result that green liquor normally
explodes more violently than pure water since, in the former, there are
dissolved salts (of the NaCl type) to enhance the salt effect at the inter-
face.

The theory of Shick and Grace deserves careful attention. One practical
result has been a renewed interest in developing smelt desensitizers which
react with molten Na,CO; to liberate CO, since it is well known that the
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presence of gases (dissolved or free) greatly reduces the probability or
severity of a superheat-limit explosion.’

Finally, it has often been stated that the maximum pressure which
could exist at the source of a superheat explosion is that equivalent to the
vapor pressure of the cold liquid at its superheat-limit temperature. For
most organic liquids this value would be ~30 bar. For pure water, it rises
to ~90 bar. For concentrated salt solutions, much higher values are pos-
sible.

V. Molten Aluminum-~Water Explosions

A. SUMMARY

Inadvertent contact of molten aluminum and water may lead to an
event termed a thermal explosion.® These incidents may produce little
vapor, but they are accompanied by sharp, local shocks which are poten-
tially damaging to personnel and equipment. Although not a major prob-
lem to aluminum producers, they do occur in casting plants, and it is
important that preventative measures be enforced. The same general
comments apply to other metal processing industries such as steel and
copper.

The lead in studying both the cause and prevention of molten metal-
water thermal explosions has been taken by Alcoa. The Aluminum Asso-
ciation also sponsored several research programs both at Alcoa and at
Battelle-Columbus. The Argonne National Laboratory has carried out
experiments with molten aluminum and water.

The test programs which are summarized in detail in this section were
usually not planned to test a causative mechanism. Rather, they were
carried out to determine the effect of variables which were thought to be
important in initiating the event. The results were normally reported only
as explosions achieved or, conversely, not achieved.

In most tests, molten aluminum was poured into a vessel containing
water. In a few instances, however, water was injected onto or below a
pool of aluminum. The first type of experiment would model one of the
more familiar types of industrial accidents, i.e., one in which an ingot
break or a furnace leak allowed molten aluminum to contact a source of

5 A patent (Nelson, 1978) also advocates the use of a high-surface-area powder coated
with an antiwetting agent to promote nucleation of the water.

§ A thermal explosion is the metal industry’s term for ‘‘explosive boiling’” or ‘‘rapid-
phase transition.”’
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water. Neither test scheme appropriately models the more common type
of industrial accident, i.e., one in which damp—or even wet-—solid metal
is fed to a furnace holding molten aluminum (see Table XIV).

The aluminum spill tests in water led to effective plant preventative
schemes wherein organic coatings were placed on all solid surfaces
which, in the event of an accident, might be in contact with molten metal
and water. Use of such coatings has greatly diminished the frequency of
thermal explosions.

Experiments also indicated that under circumstances where a signifi-
cant quantity of molten aluminum could not contact a wetted surface,
explosions were rare. Thus, small spills, or spills which required the metal
to fragment or pass through considerable distances in air or water before
contacting a wet, solid surface, seldom led to explosions. On the other
hand, if molten aluminum were to contact wet, rusty steel (or steel with
inorganic salts on it), explosions were more likely.

Most small-scale aluminum spills produced negative results. To pro-
mote explosions, several investigators attempted to ‘‘trigger’’ the explo-
sion by the use of detonators or other such devices in the vicinity of the
aluminum—water mixture. Success was usually achieved if the trigger
shock wave were sufficiently strong. Explosions were obtained in these
cases even though the vessel walls and bottom were covered with an
organic coating.

Several studies attempted to determine whether chemical reactions
were occurring at the aluminum-water interface. The finding that there
was some light emission and local high temperatures led to the conclusion
that reactions do occur, and they may be of more importance in the more
violent explosions.

Few models have been advanced to explain the mechanism of the ther-
mal explosion, and of these, only one seems to fit most of the available
experimental data.

In this article, we suggest that a modified superheated-liquid model
could explain many facts, but the basic premise of the model has never
been established in clearly delineated experiments. The simple super-
heated-liquid model, developed for LNG and water explosions (see Sec-
tion III), assumes the cold liquid is prevented from boiling on the hot
liquid surface and may heat to its limit-of-superheat temperature. At this
temperature, homogeneous nucleation results with significant local vapor-
ization in a few microseconds. Such a mechanism has been rejected for
molten metal-water interactions since the temperatures of most molten
metals studied are above the critical point of water. In such cases, it
would be expected that a steam film would encapsulate the water to
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isolate it from the hot metal. Superheating of the liquid water could not
then occur.

A modified superheat theory was proposed by Shick to explain molten
salt (smelt)—water thermal explosions in the paper industry (see Section
IV). (Smelt temperatures are also above the critical point of water.) In
Shick’s concept, at the interface, salt diffuses into water and water into
the salt to form a continuous concentration gradient between the salt and
water phases. In addition, it was hypothesized that the salt solution on the
water side had a significantly higher superheat-limit temperature and pres-
sure than pure water. Thicker, hotter saltwater films could then be formed
before the layer underwent homogeneous nucleation to form vapor.

This model may possibly be adapted to metal-water thermal explosions
if one assumes that there are reactions between the molten metal and
water (and substrate) that form a soluble salt bridge across the interface
between the two liquids. This salt solution would then be the material
which could superheat and, when finally nucleated, would initiate the
thermal explosion. As noted, the model rests on the premise that there are
chemical reactions which occur very quickly between metal and water to
form soluble products. There is experimental evidence of some reactions
taking place, but the exact nature of these is not known. Perhaps, in the
case of aluminum, the hydroxide or hydrated oxides form. With sub-
strates covered by rust or an inorganic salt [e.g., Ca(OH),], these too
could play an important role in forming a salt solution.

To prove or disprove such a modified superheated-liquid model, experi-
ments are necessary to delineate the rates and products of reaction be-
tween molten metals and water in a high-temperature environment with
and without substrates which could participate in the reaction.

B. BACKGROUND

It is common knowledge in industries handling molten metal that con-
tact of the metal with water may lead to severe explosions, although,
fortunately, in most cases, only mild steam evolution is observed. Most
incidents to date have been reported in aluminum or steel plants, but
copper and nickel smelters as well as other less common metals have been
involved in isolated cases. One of the earliest recorded explosions in the
aluminum industry resulted when, in 1949, a company was experimenting
with the casting of a new high-strength alloy (S. G. Epstein, personal
communication, 1979). Expecting possible ‘‘bleed-outs’’ of molten alumi-
num from breaks in the skin of the incompletely solidified ingot, a steel
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collector pan holding about 0.14 m? (36 gallons) of water was placed in the
casting pit. A heavy bleed-out did occur and a violent explosion resulted.

This accident led to a concerted effort by the aluminum industry to
study the phenomenon and to find preventative measures. Basic studies
have been funded by the Aluminum Association for research at Battelle
Memorial Institute, ITT Research Institute, and the Alcoa Research Lab-
oratories.

Besides the aluminum industry, the nuclear power industry has been
interested in molten aluminum-water explosions due to the presence of
aluminum metal in some boiling water reactors. Certain accident sce-
narios lead to a meltdown of the reactor core with concomitant contact of
molten aluminum and water.

C. ALcOA EXPERIMENTAL PROGRAM

Results from extensive test programs on molten aluminum~water ex-
plosions have been reported by Long (1957), by Hess and Brondyke
(1969), and by Hess et al. (1980). In almost all experiments, molten alumi-
num, usually 23 kg, was dropped into water from a crucible with a bottom
tap (see Fig. 9). In only a few tests was there instrumentation to indicate
temperatures, pressures, delay times, etc. The test results were normally
reported as nonexplosive or explosive—and if the latter, qualitative com-
ments were provided on the severity of the event. A large number of
parameters were varied, and several preventative schemes were tested.
Over 1500 experiments were conducted. Some of the key results are
summarized below.’

1. Variation in the Molten Aluminum

All other conditions being held constant, there appeared to be a mini-
mum required mass of aluminum to cause an explosion, but an excess
over this critical quantity did not lead to more damaging events. The
critical mass was in the range of 4-5 kg for normal tests.

Higher aluminum temperatures usually increased the probability of an
explosion. This was especially true if the depth of water in the water tank
were also increased.

Certain aluminum alloys, notably 2011, were more prone to lead to
explosions and these were often quite violent. This alloy forms stable
oxides more rapidly than most other types. Also, alloys of aluminum with

7 To some degree, the test summary has been abstracted from findings compiled by Dr.
Walter E. Wahnsiedler of Alcoa.
8 Nominal composition: 5.5% Cu, 0.4% Pb, 0.4% Bi, 93.7% Al
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F16.9. Alcoa test site details: A, tap diameter; B, water depth; C, drop height; D, water
vessel.

5% lithium have been shown to be very sensitive and readily produce
explosions when poured into water. Explosion frequencies for commer-
cially pure aluminum with or without beryllium, silicon, or sodium, were
not statistically different.

2. Pour Variations

The tapping hole had to be large to lead to an explosion. Few resulted
when the diameter was less than about 6.4 cm. Diameters up to 10 cm
were studied.

For most tests, if the drop height were too high (=3 m), no explosions
resulted. Also, inhibition was obtained when a steel grid (spacing ~2.5
cm) was placed between the crucible and water surface.

3. Water Variations

No explosions resulted if the water depth were less than about S cm.
Splatter and steam formation were observed instead.
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No explosions resulted if the water depth exceeded about 70 cm (but
this depth could vary with the size of spill studied). For intermediate
depths, the probability of an explosion was related both to the depth and
to the initial aluminum temperature. For deeper pools, a higher tempera-
ture was necessary.

The explosion incidence decreased as the water temperature was
raised, particularly over 330 K.

Generally, soluble oils prevented explosions except in very cold water.
Some wetting agents increased the probability while others decreased the
probability of an explosion.

Water with dissolved salt was more likely to lead to explosions, and the
water temperature was less significant. (Related tests with molten KCI-
NaCl mixtures poured into water led to explosions even for deep water
pools or when soluble oils were present.)

4. Water Vessel

Unless some external shock source was employed, it was found that
molten aluminum had to reach the vessel bottom before an explosion
could occur. In these cases, organic coatings and paints (except silicones)
prevented explosions. Many coatings were studied (see, in particular,
Hess er al., 1980) and, when evaluated on many tests of applicability,
durability, and nonexplosive characteristics, it was recommended that
epoxy, coal-tar epoxy, and bituminous paints be used. Silicone, graphite,
and inorganic coatings, in general, did not prevent explosions.

The size of the square water vessel was varied from 16.5 cm to 61 cm on
a side with little variation in the probability of an explosion. A few tests
carried out in vessels 122 cm on a side led to explosions which appeared
to be milder. (The effect of water depth was noted earlier.)

With no externally imposed shocks, no explosions were ever found
(even with 1100-K aluminum) for vessels whose botroms were aluminum,
glass, glass-coated, oxide-coated glass, or rough glass. For the aluminum
bottoms, the roughness was varied up to 0.12 xm.

It was more difficult to achieve an explosion in a clean stainless steel
vessel compared to carbon steel.

Rough surfaces or those covered with inorganic coatings (aluminum
hydroxide, gypsum, silicones, etc.) or rust were much more prone to
explode. Ca(OH), coatings produced particularly violent events. Even
lime coated over an organic paint led to an explosion.

Concrete vessels were somewhat less prone to explosions; sand blast-
ing the surface reduced the incidence.

Preheated steel vessels, particularly if rough, were prone to have explo-
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sions. This may have been due to the formation of rust during the heat-
ing step.

Vessels with walls uncoated with an organic protective layer, but with
bottoms coated, did not undergo an explosion.

Bare spots in the organic coating on the vessel bottom allowed explo-
sions to occur. Spots were as small as 5 X 5 cm.

5. Initiating Event

In most tests, no external trigger was used. Explosions did or did not
occur depending on the variables discussed above. In some tests, how-
ever, external shocks were used in an attempt to turn normal ‘‘nonexplo-
sive’’ tests into ‘‘explosive’’ ones.

Explosions were obtained in glass vessels when small explosive
charges were detonated on the vessel wall. 1.6 g (or more) of Primacord or
5 g of Detacord were tried. Similar shocks led to violent explosions even
for systems which had organic coatings on the bottom.

Strong ‘‘hammer’’ blows on the outside of the vessel wall often initiated
explosions even in cases where organic coatings covered the bottom.
There was a threshold energy for an explosion to result; for the Alcoa test
scale, it was about 19 m - kg (137 ft - 1b) although only about one-half of
this energy probably reached the water. Such an impact would lead to
overpressures less than 0.5 bar.

6. Other Comments

If an explosion resulted, the peak pressure usually occurred within 1
msec after initiation,

Spills of molten magnesium yielded results similar to those of alumi-
num, but fires often followed the event.

In most instances, no light was visible. In a few of the more violent
tests, there were flashes of light and these were assumed to result from
chemical reactions.

Temperatures measured in the vessel bottom during an explosion some-
times exceeded the inlet molten metal temperature. Such findings were
most common for the more violent explosions.

The importance of ‘‘prefragmentation’’ to the probability or violence of
an explosion is not clear. Hess and Brondyke (1969) describe one incident
where motion pictures were taken for a transparent plastic water vessel
that had a steel bottom:

a layer of molten aluminum covered the bottom of the container to a depth of about 3
in. before the blast. The layer was fairly uniform. A careful look at the film indicated
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the top surface of the metal had crusted, except where the incoming stream of molten
metal entered the pool. {p. 96}

Briggs (1976), in studies at Winfrith in the United Kingdom, also de-
scribes the interaction in similar terms:

The metal stream enters the water and is surrounded by a thick vapour film. The metal
reaches the base of the vessel, spreads radially across the base and then up the walls of
the vessel. Interaction is triggered a few hundred milliseconds after the initial entry of
metal into the vessel. Typically, the metal/water zone will have spread about 100 mm
up the wall at the time of the interaction. The first visual indication of interaction is the
disappearance of detail in a small zone near the base of the vessel. [p. 80]

It is clear that the Alcoa research teams have provided a valuable data
base to examine the mechanism of aluminum-water explosions. How-
ever, before considering proposed theories, the research studies at
Argonne National Laboratory and elsewhere are summarized.

D. HiGGINS STUDY

In 1955, Aerojet-General Corporation issued a report (Higgins, 1955)
that described a few experiments in which molten aluminum (and other
metals) were poured into water. The water vessel was a vertical 30-cm-
diameter, 25-cm-long pipe with a steel bottom plate. The water depth was
23 cm. Metal was dropped from an overhead crucible, usually with a free
fall of 51 cm before contacting the water. A barium titanate crystal pres-
sure transducer was located in the side of the water vessel about 13 cm
below the water surface.

For the pure aluminum tests (99.0% minimum purity), two tests were
run in initial experiments using a glass-sided water tank. Each spill was
only 0.15 kg. Motion pictures indicated that most of the aluminum entered
as an irregular ‘‘blob.’’ Steam bubbles formed about the metal and col-
lapsed. No explosions were obtained. In other tests, with the steel-pipe
water vessel, No. 6 blasting caps were detonated after the aluminum
entered the water. (The caps were located in the center of the pipe at the
same level as the pressure transducer.) The cap detonation fragmented
the metal, but no explosions were obtained.

Higgins quotes unpublished work at both Aerojet and DuPont that alu-
minum-water explosions were difficult to obtain, but alloys of aluminum
with small amounts of lithium, sodium, or uranium were quite reactive.

Tests made by Higgins using 95% Al-5% Li were made both with and
without blasting caps. Drops varied from 0.025 to 0.15 kg. Without blast-
ing caps, there was only popping with an occasional flame. With blasting
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caps, the event was violent and ‘‘extensive chemical reaction [was] re-
ported.”

It is difficult to draw many conclusions from this study. Drop masses
were far below those considered minimal in the Alcoa tests; also the drop
height was large and the water deep. Judging from the Alcoa studies, one
would not have expected any thermal explosions to result with pure alu-
minum. The presence of lithium apparently could change even small sys-
tems from a nonexplosive to a potentially explosive one if a sufficiently
energetic external shock were also imposed.

It might also be noted that under similar conditions, molten nickel or
stainless steel spills into water were also nonreactive. Pure zirconium or
Zircaloy-2 (1.5% Sn, 0.1% Fe, 0.1% Cr, 0.05% Ni, 98.25% Zr) were,
however, explosive when 1-kg pours were made and blasting caps were
used to initiate the event.

E. WRIGHT AND HUMBERSTONE IMPACT STUDIES

Wright and Humberstone (1966) presented a brief description of water
impact studies on molten aluminum. The experiments were carried out in
vacuo with moving water columns striking a molten aluminum surface
with an impact pressure of 1.4 MPa (200 psi). The aluminum pool was
about 7 mm deep. The result was a violent disruption with the generation
of high pressures, the highest recorded being 20 MPa (2900 psi) when the
initial aluminum was at 1220 K.

For the highest-temperature explosion (1220 K, 20 MPa), the pressure
rise time was about 40 usec with a decay-time constant of 3 msec.

Chemical reactions between water and aluminum were considered but
no definite conclusions were reached.

F. ANDERSON AND ARMSTRONG EXPERIMENTS

In studies conducted at the Argonne National Laboratory, Anderson
and Armstrong (1981) describe various experiments where water and mol-
ten aluminum were brought into intimate contact. The object was to col-
lapse any steam film and monitor subsequent events.

In the initial test series, water was injected at low velocity onto the
surface of the aluminum or, as a variation, under the surface. Various
injection pressures were used, but only splashing resulted. Next, the
experiments were repeated with very high-velocity water jets (up to 400
m/sec) into a crucible containing 0.13 kg of aluminum. The impact pres-
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sure was about 80 MPa. Whereas the splashing was more violent (up to
60% of the aluminum was lost), no thermal explosions were noted.

The technique was then changed to entrap a small mass of water under
a molten aluminum surface and simultaneously to overpressure the sys-
tem. In this manner it was hoped to collapse steam films around the water.
The actual procedure employed a small glass sphere containing water.
The sphere was moved beneath the aluminum surface and broken by
impulsively loading the system from a falling steel cylinder which im-
pacted on a graphite toroid immediately above the molten aluminum.
About 0.7 g of water was released into 1 kg of aluminum at 1170 K and
pressurized to about 8 MPa. No explosions were detected.

By modifying the procedure described above to explode a wire in the
water sphere while the system was under compression, they did attain
explosions. Measuring the rebound of the cylinder and the loss of alumi-
num, they could estimate the work produced by the event. Assuming the
maximum energy transfer to the water would occur by constant volume
heating to the aluminum temperature, followed by an isothermal, revers-
ible expansion, they estimated an efficiency of about 25%. Clearly the
exploding wire led to an immediate and effective dispersal of the water.

Other tests were carried out in which aluminum was poured into water
while, at the same time, exploding a wire in the water. Early scoping tests
were carried out in Pyrex and stainless steel vessels with 0.9 kg of water
and 0.1 kg of aluminum. Quite violent explosions were obtained in both
Pyrex and stainless steel when the bottom was covered with a rusty steel
plate. In cases where no such plate was present, no or small explosions
resulted.

Further aluminum pour tests were made in a heavy-wall stainless steel
tank fitted with Lucite side windows. The tank was supported on a force
transducer and pressure transducers were located on either end. In a test,
after the spill, there was a predetermined delay and then the wire was
exploded. The aluminum usually had puddled on the tank bottom before
the wire explosion and steam bubbles could be seen. The shock from the
wire explosion usually collapsed the film and, following this, the alumi-
num expanded. If the shock were sufficiently energetic, the aluminum
soon fragmented and expelled the water from the tank in a thermal explo-
sion. In such cases, the force transducers on the bottom ranged from 5 to
10 N - sec. (The exploding wire alone led to impulses around 1 N - sec.)
Efficiencies of an explosion calculated as indicated above were low.

In a final set of experiments in which aluminum was dropped into
water, care was taken to determine if any light were emitted—i.e., if so,
this would be indicative of a chemical reaction. As before, exploding
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wires were used to supply the trigger shock. In a total of 25 tests, light was
seen in three and an analysis of the color spectrum indicated temperatures
of 2600-3000 K. The source was diffuse and not strong. It was conjec-
tured that the reaction

2Al + 3H,0(g) —— ALO; + 3Hy(g)

might have occurred. (Note no net volume change is involved.) As the
energy release from experiments in which light was seen was no different
from those with no light, it was concluded that chemical reactions, if they
did result, were not a major contributor to the explosion event.

G. BATTELLE STUDY

Lemmon (1980) summarized a study carried out at Battelle-Columbus
in which molten aluminum was dropped into water in a manner very
similar to that used in the Alcoa program. The aluminum crucible had an
8-cm-diameter tap hole, and the water vessel was square, 30 cm on a side,
and 25 cm deep. It was constructed of mild steel with one or more Plexi-
glas sides to allow observation. 5- to 20-kg drops of aluminum (1000-1330
K) were made. The height between the tap hole and vessel bottom varied
from 48 to 53 cm. The water depth was 15 cm, and the water temperature
ranged from 286 to 297 K. Fifty-four tests were run and, in many, high-
speed photography was used to record any events.

In the first set of experiments, the water vessels had rusted bottoms. Of
the 21 tests, 14 produced explosions, but no correlation of explosion
probability could be deduced. It was reported that, in all tests, molten
aluminum reached the bottom of the vessel. High-speed movies showed
that the entire explosion sequence ‘‘between the first visible disturbance
in the system to a full-scale chemical reaction was very rapid (on the order
of 600 usec).”” Note that the word ‘‘chemical’’ was used in the quote.
Lemmon suggests that chemical reactions play a key role in the explosion
phenomenon, particularly for violent incidents. The proof that chemical
reactions are important stems from the finding that strong explosions
produced light and, also, limited spectrographic data indicated local tem-
peratures in excess of 3000 K. The emphasis on chemical reactions was
not stressed in the work of other investigators.

The second series of experiments used vessels with bottoms made of
Pyrex glass (coated or uncoated) or aluminum. No explosions were pro-
duced with any combination even when coatings of Fe,0;, Fe;O,, and
Ca(OH), were applied to the glass vessels. (In one test there may have
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been a mild interaction with iron oxide scale on the bottom of a glass pan.)

The final set of experiments employed external sources to provide a
shock wave in the water during or immediately following a spill of molten
aluminum. Usually the shock was caused by the detonation of a small
charge of explosive in the water.

It was found that the stronger the shock (i.e., an increased amount of
explosive), the more violent the subsequent explosion. Below a certain
level, no explosion occurred.

In some tests, the shock was transmitted to the system through an
aluminum rod with an external detonation. This technique often led to
severe explosions.

In all shock-initiated tests, the probability of a violent incident in-
creased with an increase in the temperature of the aluminum. In many
instances, explosions could be obtained even in glass-bottomed vessels or
vessels with an organic coating. The aluminum on the bottom would
explode violently with completion in about 600 usec. (There may, how-
ever, have been a 1- to 2-msec delay after the detonation of the explosive
charge before the large explosion.)

Since the Battelle study places a strong focus on the importance of
chemical reactions, some discussion of their spectrographic results would
seem warranted. Spectra were obtained for explosions occurring in glass-
bottomed vessels:

(1) Doublets at 3944 and 3961 A were attributed to excited Al.

(2) An intense emission line at 5900 A was believed to be the unre-
solved sodium doublet (5890 and 5896 A). The appearance of sodium
emission spectra is probably related to the presence of this element in the
glass bottom.

{3) Four bands (4471 to 5079 A) were interpreted as AlO.

(4) All lines (bands) were superimposed on a continuum due to incan-
descent Al,O; and Al.

Lemmon indicated that the adiabatic temperature expected for the re-
action

2Al + 3H,0 —— products

was about 3500 K. (Most Al goes to Al,O; but about 1.7% AlO
was calculated to be formed.) No excited hydrogen was found in the spec-
tra or in other experiments when Al was burned in a hydrogen—oxygen
flame.

Based to some degree on the finding of the AlO lines and on the face
that light was seen, they concluded that reaction of aluminum and water
does occur.
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H. INDUSTRIAL ACCIDENTS

The aluminum industry has maintained careful records of most molten
metal-water accidents. Many of these are summarized in Table XIV to
indicate the general types of events. Also noted is the approximate dam-
age due to each incident.

Many explosions appear to have resulted from the accidental introduc-
tion of wet feed to a furnace holding molten aluminum. The damage from
such explosions varied widely. In some cases, there was only minor
splash. In others, there was extensive damage to the furnace. There did
not seem to be any correlation between the amount of water introduced
and the resulting damage—but in essentially all cases the water quantity
was believed to be small.

In other incidents, molten aluminum was accidentally spilled and con-
tacted water or wet substrates. The reported damage varied from very
minor to quite extensive. In all cases, the initial event was a sharp, local
shock. The actual conditions (and quantities of metal and water involved)
then seemed to dictate whether the overall incident was severe or mild.

In no case were there sufficient data to estimate reliable overpressures
and impulses from the explosion. From the description of some events, it
would appear that they might have been large. However, injury reports,
even from many of the more severe accidents, do not substantiate this
concept because workers in the area were either not injured or, if injured,
were usually burned or hit by shrapnel.

In Table XV, some data are given for molten metal-water explosions
not involving aluminum. In most of these cases, the quantity of metal was
large. Because only the more serious explosions are reported, these tend
to illustrate the most damaging type of event. Again, it is interesting to
note that usually only small quantities of water were involved.

Illustrative of one of these events, we quote below the summary of the
first accident in Table XV as given in a report by Health and Safety
Executive (1975, p. 31):

At about 1.25 am on the fourth of November 1975 the foreman at the Queen Victoria
Blast Furnace, Appleby-Frodingham Works started a cast that was intended to fill two
torpedo ladles. Conditions at the time were normal; the shift manager was in atten-
dance.

Shortly before 2.00 some 175 tonnes of metal had been run into the first torpedo and
the iron stream diverted to the second ladle. Some 10 to 15 minutes later the blow pipe
at the No. 3 tuyere position started to burn down on the side facing on to No. 2 tuyere
hearth cooler. The burning developed rapidly with intense flame and sparks despite
efforts by the furnace keeper to cool the pipe by spraying it with water.

Whilst the pipe was burning down, a substantial water leak from the furnace or fittings
was observed. The source of the leak could not be identified because the face of the



TABLE XIV

BRIEF DESCRIPTIONS OF SOME ACCIDENTS IN THE ALUMINUM INDUSTRY

Description and probable cause

Damage

Accidents While Loading Furnaces

Charge of aluminum metal being added to melting

furnace when explosion occurred. Cause be-
lieved to be due to water which had acciden-
tally entered charge bucket

While charging solid aluminum ‘‘sows’” to a
melting furnace containing molten aluminum,
an explosion occurred. Analysis of other
“‘sows’’ from this batch indicated a few had
cavities which were filled with water

Scrap was being charged into a large aluminum
melting furnace (~22,000 kg). During one

addition, an explosion resulted. Later examina-

tion indicated the scrap had not been ade-
quately preheated or dried and may have been
moist

As above. During charging of scrap aluminum
into a remelt furnace, an explosion resulted. A
careful analysis of the accident revealed that
there may have been some sludge-covered wet
pit scrap charged

As above. An explosion resulted when charging
aluminum scrap into a large melting furnace
containing 14,000 kg of metal. The explosion
was immediate after the scrap addition. An
extensive investigation failed to find any defi-
nite cause, but judging from similar accidents,
it was concluded that moisture had been
present in the scrap

As above. “‘Sows’ were being charged to an
aluminum melting furnace. One led to an im-
mediate explosion. (It was recovered intact
during cleanup.) Investigation showed that
some of the sows had moist ammonium nitrate
adhering to their surface. (The sows had been
shipped on a railroad car used previously to

carry fertilizer.) The water and not the salt was

cited as the accident cause

As above. 500-kg sows of aluminum were being
added to a holding furnace when an explosion
occurred. The explosion was immediate upon
contact of the sow with the molten metal. It

Minor. Spray of molten
aluminum started small fire

Extensive. Much of furnace
dome destroyed

Roof damaged but did not fail

Impressive. Noise heard 5
km away. Furnace roof
blown off and walls dam-
aged. But workers in the
area only received minor
injuries

Extensive. The furnace door
was blown off, the roof
was destroyed, and the
back wall buckled. Some
2000 kg of aluminum
spilted on the concrete
floor with significant spall-
ing. Personnel injuries
resulted primarily from
aluminum splash, not
shock waves

Impressive. Transite roof
blown off and corrugated
siding lost. Many windows
shattered. Workers in the
furnace area were burned,
but they did not receive
severe shocks. Some 1000
kg of molten metal lost

Impressive. Loud noise,
molten metal spray, un-
melted aluminum bars (ca.
15 kg) thrown out onto
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Description and probable cause

Damage

was determined later that the sows were con-
taminated with ammonium nitrate

A crane holding a bucket of scrap aluminum and
sows (10,000 kg) was loading into a holding
furnace which contained some 12,000 kg of
molten aluminum. Upon opening the clam
shells, an immediate explosion occurred. The
furnace was cooled and most sows were recov-
ered intact. There was no evidence of foreign
material in the charge. It was considered likely
that one sow had a shrinkage cavity which
contained some water

Two large blocks of aluminum, each weighing
about 600 kg, were being loaded into a furnace.
Later investigation ascertained that one block
had a small amount of water (about *‘a tea-
spoonful’’). When this block entered the mol-
ten aluminum, an explosion occurred

As above. While charging aluminum pig to a
remelting furnace, an explosion took place. An
investigation could find no definite cause, but
the pigs had been shipped in railroad cars
which had ammonium nitrate fertilizer. It is
also possible that water had become entrapped
in some pigs

About 15 min after loading a 900-kg aluminum
sow into a melting furnace, an explosion oc-
curred. Later investigation showed the sow had
a hidden internal cavity which could have held
0.015 m® of water

As above. Apparently the sow, although pre-
heated, still contained water

As above, except aluminum scrap was being
loaded. An explosion resulted. It was sus-
pected that there was water in the scrap

As above. Magnesium was being added to molten
aluminum. Moisture in the charge was sus-
pected.

300-kg aluminum ingots were being loaded into a
large melting furnace. An explosion resulted.
Moisture on the ingots was suspected even
though they had been preheated

Aluminum scrap (with moisture?) was being
loaded in a melting furnace when an explosion
resulted

roof. No strong shock
wave noted

Moderate. One sow was
ejected about 40 m; the
clam shells became un-
hooked and feli

Moderate. Significant splash-
ing within and without the
furnace

Moderate. A large hole was
blown in the furnace roof
and the molten metal
splashed in the vicinity of
the furnace

Moderate. The unmelted sow
was blown out and metal
splashed around furnace

Moderate. Some 3600 kg of
aluminum blown from
furnace

Mild. Some splash

Mild. Some splash

Moderate. 9000 kg of alumi-
num lost

Moderate. Severe splash
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Description and probable cause

Damage

A 900-kg aluminum ingot was loaded into a
remelt furnace. It may have had moisture (?);
an explosion occurred

A charge of copper and chrome hardener was
being added to an aluminum furnace. An explo-
sion occurred immediately after loading. No
cause was determined

Aluminum scrap was added to a remelt furnace.
An immediate explosion resulted. Later exami-
nation indicated there was foreign material in
the scrap. Water may have been in a bottle
whose pieces were recovered

As above. During aluminum scrap loading, two
explosions resulted

During scrap loading in an aluminum remelt
furnace, an explosion resulted. Moisture in
scrap suspected

Wet scrap fed to remelt furnace. An explosion
took place

As above. 1700 kg of aluminum scrap (wet?) was
being loaded when explosions occurred

Ingot Bleed-Out

Aluminum ingots being cast developed cracks.
Cooling water entered and contacted molten
aluminum

During casting of small ingots, one developed a
leak (bleed-out) and contacted water near an
unpainted (slightly rusty) steel plate. An explo-
sion resulted

An aluminum ingot which had just been cast was
submerged below water. The skin covering the
top apparently broke, thereby exposing molten
metal. An explosion resulted

A bleed-out occurred from aluminum molds and
contacted water. An explosion resulted

A vessel holding about 0.14 m® of water was
contacted with molten aluminum during a
bleed-out from an ingot. An explosion took
place

Mild. Light splash

Miid

Extensive. Severe splash.
Roof fell in. Wall of the
building had a hole blown
in it (shrapnel?)

Mild

Extensive. Furnace de-
stroyed, building heavily
damaged

Extensive. Furnace de-
stroyed.

Extensive. Furnace de-
stroyed. Building and
adjacent furnace severely
damaged

Minor. Shrapnel caused
injuries to some personnel

Moderate. 1000-1500 kg of
aluminum were blown from
the casting box and dam-
aged the unit

Extensive, particularly to
equipment

Extensive. The casting unit
and adjacent portions of
the building were destroyed

Extensive

Loss from Furnace or Holding Vessel

Leak in a reduction pot allowed molten aluminum
to flow into basement. Leak stopped, explosion
occurred about } hr later. Water of unknown
origin contacted pool?

Mild. 3 X 3 m section of
concrete floor lifted
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Description and probable cause

Damage

During casting of 37-cm ingots, due to a failure of

equipment, molten aluminum was allowed to
flow into water (depth unknown). An explosion
resulted. The equipment was coated with an
approved material, but some bare areas may
have been present. Also there were external
shocks from equipment falling against the
vessel with aluminum and water

Failure of a flow-metering rod in a casting opera-
tion led to the flow of aluminum into a pool of
water. Two separate explosions resulted

The spout on a holding furnace broke during
casting and molten aluminum fell into a pool of
water. An explosion resulted

An aluminum-manganese alloy was being melted
in a refractory crucible. Due to an accident to
the crucible, molten metal spilled into the
furnace pit which contained water. An explo-
sion resulted

During casting, a leak in the pouring trough
allowed molten aluminum to fall on a wet floor.
An explosion occurred

A bad leak occurred in a melting furnace while
casting. Significant quantities of aluminum may
have contacted wet surfaces both on the super-
structure of the casting machinery and in the
bottom of the casting pit. Several explosions
took place

Wet Mold

Aluminum poured into mold containing material
suspected to have some MgCl,. An explosion
occurred. It is believed that the salt was suffi-
ciently hydroscopic to have been damp at the
time of the event

Molten aluminum was poured into a mold. The
mold had not been preheated and may have
contained some moisture

Molten aluminum was cast into a damp mold
when an explosion took place

While tapping aluminum into a crucible, an ex-
plosion resulted. Analysis showed foreign
debris in the crucible bottom

Extensive damage both to
casting unit and auxiliary
equipment

Mild. Splash of aluminum to
roof (15 m) and some
minor damage to casting
unit

Mild. Some splashing of
aluminum

Extensive. The furnace was
destroyed, building siding
and roofing were torn off,
and a nearby furnace was
damaged. Personnel in the
area, however, were only
slightly injured

Mild. Splash

Very extensive. Several
fatalities, many injuries.
Two furnaces completely
destroyed; considerable
damage to casting building
and to nearby structures.
Primary shock damage in
60-m radius

Minor. Aluminum spray

Moderate

Moderate. Some splash

Mild. Some splash
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Description and probable cause

Damage

Moilten aluminum was cast into a moist mold and
an explosion resulted

An explosion took place when molten aluminum
ran into a damp mold

Explosion in damp mold during casting

As above. Crane was filling mold with molten
aluminum

Aluminum was being cast when an explosion
occurred. It was concluded that metal
contacted a salt deposit which was damp

Miscellaneous

At the start of a casting operation, an explosion
occwited when a metering rod was inserted
into the tap hole to control the flow. Such rods
are coated to prevent molten metal from stick-
ing; indications are that, in this case, the coat-
ing was not sufficiently dry before use

An aluminum scrap fire developed near a melting
furnace. Fire departments responded and
sprayed water on the flames. Suddenly the pot
furnace exploded. It is presumed that water
from the fire hoses entered the furnace which
contained about 900 kg of molten aluminum

Ingots 0.3 X 1 m in cross section were being cast
when one ingot stuck and water was trapped in
the hanging section. Molten aluminum flowed
into the cavity and an explosion resulted

In the casting of an aluminum alloy, one of the
molds did not seat properly. A workman began
to hammer it down when an explosion oc-
curred. Water had apparently entered the mold
by splashing up. The effect of ‘‘pounding’’ the
mold is not known

An explosion occurred when molten aluminum
ran through a trough that was wet

A dipping ladle (which may have been wet) was
inserted into molten aluminum. An explosion
resuited

A water leak allowed a spray to contact unsolidi-
fied aluminum ingots to cause an explosion

While cutting aluminum with a torch, a moisture
pocket was encountered. An explosion oc-
curred

Water (origin unknown) entered a remelt furnace
to cause an explosion

Mild. Some splash
Mild. Light splash

Mild
Mild

Mild

Very minor

Extensive. Severe damage to
furnace; roof blown off;
windows within 100 m
were broken. Firemen
injured but there were no
fatalities

Moderate. Molten aluminum
was thrown to the roof and
splashed some 20 m from
the casting pit. The molds
were damaged

Moderate. Significant splash-
ing within and without the
furnace

Mild. Some shrapnel

Mild

Mild. Some splash

Mild

Extensive both to furnace
and building
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TABLE XV

SoME TYPICAL ACCIDENTS IN THE STEEL AND COPPER INDUSTRIES

Description and probable cause

Damage

During steel casting, a fire resulted which dam-
aged the water cooling system. A water stream
joined the molten iron runner to result in an
explosion

A ladle with 27,000 kg of molten iron was being
transferred by a crane when the ladle slipped
and spilled the iron onto the wet floor. An
explosion resulted

A railroad car with a molten iron ladle (90,000
kg) derailed and spilled the iron onto damp
ground with snow and puddles. An explosion
resulted

During operation of a basic oxygen furnace,*
while tipping the furnace, a rumbling sound
was heard and soon after an explosion took
place. It was believed that foreign material was
introduced with scrap feed

Molten iron slag spilled onto wet sand to cause
an explosion

Water entered a reverberatory furnace containing
molten copper and and an explosion resulted

A stainless steel electric melting furnace devel-
oped a water leak in the water-cooled rings.
Water entered the furnace and an explosion
took place

Molten iron spilled on wet sand and an explosion
resulted

A ladle carrying molten steel slipped and allowed
about 45 kg of metal to fall into a trough of
water. An explosion resulted

Extensive. Severe shock
wave

Extensive. Shock waves and
significant splash

Very extensive. Noise heard
in 16-km radius with heavy
damage to buildings and to
windows

Extensive. 200,000 kg of steel
thrown out

Moderate. Roof and siding
blown off building

Extensive. Furnace de-
stroyed. Much shrapnel

Moderate. Much of furnace
damaged

Moderate. Building roof lifted
15 cm

Extensive. Severe shock
waves. Concrete floor
cracked. Major damage to
roof and walls

4 A number of water-molten steel explosions in basic oxygen furnaces were described in
three papers: McFarlane (1970), Brenner (1970), and Wolff (1970). In most incidents, the
water-cooled oxygen lance provided the source of water although other water sources,
including the water-cooled hood used to collect gases, occasionally leaked. In many in-
stances, leaking water simply collected as a pool on top of (solidified) slag and then boiled.
Explosions were more commonly noted when some further incident occurred such as slag
cracking or during movement of the furnace that then allowed water to contact molten steel

and slag.



178 ROBERT C. REID

furnace was obscured by flame. For the same reason men could not approach the leak
to take remedial action. The leak of water was under pressure and fell outwards from
the furnace towards the edge of the hob; from the hob the water ran down the slope of
the cast house floor joining eventually with the iron runner. Water entered the full
torpedo ladle.

Within a few minutes of the blow pipe starting to burn down progressive action was
being taken by the furnace crew to bring the furnace off blast so that a new pipe could
be fitted.

Shortly before 2.47 am instructions from the shift manager were passed via Traffic
Control to a loco driver and shunter to remove the full torpedo ladle from the vicinity
of the furnace. Traffic personnel were made aware that water was running into the
torpedo. As the loco was coupled to the ladle, water was seen to be coming from the
iron runner. An explosion occurred as the ladle was moved. An eye witness identified
the throat of the ladle as the seat of the explosion. The incident was timed at 2.47 am.

As a result of the explosion there were four immediate fatalities and 15 hospital
admissions. Subsequently a further seven employees died as a result of injuries re-
ceived.

At the time of the explosion 23 persons were working in the Queen Victoria furnace
area. This number included four extra helpers standing by to assist in changing No. 3
blast pipe.

Casting to the second torpedo was still proceeding at the time of the explosion.

1. DiscussioN

A number of experimental facts have been introduced in the preceding
sections. To discuss these results, let us first limit our attention to those
tests which used no external shock such as a charge of high explosive to
initiate an explosion. In these instances it seems clear that to have a high
probability of an explosion between molten metal (aluminum in most
instances) and water, one must have a situation where a reasonably large
quantity of molten metal contacts a wetted, solid surface. Thus, spills (1)
with small amounts of metal, (2) with long metal drop paths in air and/or
water, (3) with low rates of flow of metal into water, and (4) with metal
temperatures near the solidification point would not normally lead to a
large molten metal mass on a wet vessel bottom. Because most (labora-
tory) tests were conducted in a manner to spill molten metal into water,
this initial criterion would indicate that small-scale tests would be unpro-
ductive—as indeed they were. For essentially all industrial accidents, this
criterion was, however, easily met. Small metal spills in industrial plants
would not be expected to lead to an explosion and, therefore, they were
never reported. On the other hand, many industrial accidents occurred
when loading wet metal into a pool of molten metal. These situations do fit
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the criterion stated above of a wet surface in contact with a large mass of
molten metal.

Next, and apparently of critical importance, even if the first criterion is
met—the wet surface must have the appropriate chemical/physical char-
acteristics to allow the explosion sequence to continue. This step, often
noted as the ‘‘trigger,’’ is normally prevented if the wet surface is covered
with an organic coating or with materials such as oil or grease. Presum-
ably in such cases, steam forms via a film-boiling mechanism and there is
a concomitant disintegration of the coating. The trigger step also appears
to be blocked if the wet surface is made of glass or aluminum.® On the
other hand, coatings of rust and most inorganic salts or paints favor the
trigger step. Clean carbon steel, stainless steel, and concrete may or may
not allow the trigger step. In all cases where the trigger can take place, the
probability of its occurrence is increased if the physical state of the wet
surface is rough.

Higher water temperatures seem to reduce the ease of triggering. This
may be due to the simple fact that less water is trapped on the surface.
Inorganic salts dissolved in the water act in an opposite manner and
increase the explosion probability. The vessel cross section does not
appear to be a significant variable.

An explosion that results from the trigger occurs in a very short time
scale. High-speed photography clearly indicates significant fragmenta-
tion, but it is again not clear whether a certain degree of fragmentation is
necessary for a strong explosion or whether the fragmentation is the result
of the strong shock that forms the trigger. It would seem obvious that any
fragmentation could only increase the evolved vapor and exacerbate the
damage potential.

Viewed in the light of these findings, molten metal-water explosions
show strong similarities—and dissimilarities—to other types of explo-
sions (e.g., smelt—water, LNG-water). Current theories for these other
systems often invoke the concept of forming a superheated liquid in the
more volatile liquid which, if it can attain the homogeneous nucleation
temperature, will vaporize in a very short time period to form a strong
local shock, i.e., trigger the event. This concept appears to be well sub-
stantiated in the LNG-water case where laboratory-scale tests have been
conducted to test the effect of specific variables such as LNG composi-
tion and water temperature. The results (Section III) agree very well with
theoretical predictions. For the smelt-water case, only recently has there

9 Explosions with wet aluminum ingots in an aluminum melting furnace are clearly excep-
tions.
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been developed a viable theory to explain how smelt (a mixture of molten
salts such as NaCl, Na,CO,, and Na,S) could superheat water when the
initial smelt temperature greatly exceeds the homogeneous nucleation (or
superheat-limit) temperature of water (~577 K). This theory, described
in Section IV, suggests that at the interface between the smelt and wa-
ter, both mass and heat transfer processes occur. On the water side, a con-
centrated salt solution forms. Other data indicate that such solutions
may have significantly higher superheat-limit temperatures than pure
water. Thus, thicker, high-temperature superheated liquid layers may
form and, if these then subsequently nucleate, a strong local explosion
can result.

It is possible that this theory can be adapted to explain molten metal-
water thermal explosions although many needed data are still unavailable.
One might presume that, at the molten metal-wet surface interface, there
is some chemical reaction. Possibly that of the metal plus water or metal
plus surface to lead to localized formation of salt solutions. These may
then superheat until homogeneous nucleation occurs. The local tempera-
ture and pressure would then be predicted to be far in excess of the
critical point of pure water (220 bar, 647 K) and a sharp, local explosion
could then result. Fragmentation or subsequent other superheat explo-
sions would then lead to the full-scale event.

In favor of this general concept are the experimental facts that inor-
ganic compounds, present either in the water or as deposits on the wet
vessel wall, increase the probability of an explosion. Also, as noted by
Lemmon (1980) and by Anderson and Armstrong (1981), some ‘‘light”’
from surface chemical reactions has been observed, particularly in the
more violent incidents. Molten metal dropping through pure water—or in
contact with water on an organic (or aluminum or glass) substrate—is
notably unexplosive. However, one of the most destructive of all the
Alcoa tests occurred when metal was dropped into a vessel with Ca(OH),
coated over steel. Temperatures in the bottom rose above the tempera-
ture of the molten aluminum at the initiation of the explosion. The salt-
gradient theory as applied to this case would suggest that the Ca(OH), or
some reaction product dissolved in the water near the molten aluminum
and led to the formation of a superheated salt solution. [The solubility of
Ca(OH), in water decreases with increasing temperature.] Maischak and
Feige (1970) proposed that the Ca(OH), (or iron rust in other cases) may
have reacted with the aluminum in a thermite sense to provide sufficiently
high local temperatures to favor the highly exothermic aluminum-water
reaction.

One other interesting fact is given by Lipsett (1966) in discussing metal—
water thermal explosions. He quotes work by Elgert and Brown, who
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contacted molten aluminum with water and found very localized pres-
sures in excess of 1 kbar. An analysis of the gases evolved indicated about
0.2% of the aluminum had indeed reacted to form the oxide (hydroxide ?)
and hydrogen.

The salt-gradient theory may explain why Anderson and Armstrong
(1981) were unable to obtain explosions by injecting water into aluminum,
but the small scale of their tests may also have been a factor. Also, when
they attempted to collapse the steam film for a slug of water below a
molten aluminum surface, their negative results could have been due to
the fact that all surfaces were glass. Alcoa tests had proved that glass was
a very unreactive substrate. We also note that Anderson and Armstrong
(1981) obtained explosions much more readily when aluminum and water
were contacted on a ‘‘rusty steel plate.”

One experiment which does not seem to fit into the network of the salt-
gradient theory was that of Wright and Humberstone (1966), who im-
pacted water on molten aluminum and obtained explosions. These results
are at variance with those of Anderson and Armstrong, but the latter
worked at 1 bar whereas the former used a vacuum environment. It might
be possible that, under vacuum, it is much easier to achieve intimate
contact between the aluminum and water and, under these conditions,
there may be sufficient reaction between the aluminum and water to allow
soluble aluminum salts to form. This salt layer could then form the super-
heated liquid which is heated to the homogeneous nucleation temperature
and explodes.

Extending this concept, we now consider those experiments which led
to molten aluminum-water explosions without the presence of a wet,
solid surface. In all of these there was an external shock applied to the
system—usually in the form of an exploding wire or a detonator. As
presumed by the investigators, these artificial shocks could be very effec-
tive in collapsing steam films.

Other theories have been advanced to explain molten metal-water ex-
plosions. These are usually developed in terms of some change in the
mode of heat transfer. For example, Dewing (1980) proposed that transi-
tional boiling could occur on the container surface where both water and
molten aluminum are present. As illustrated in Fig. 10, heat flow from the
molten metal to the water occurs in the container wall. This unstable
boiling phenomenon may cause strong, local shocks and initiate a large-
scale explosion. This model places emphasis on both the heat transfer and
surface characteristics of the container wall. Organic paints would then be
effective in preventing explosions by hindering the necessary heat trans-
fer. The proposed model is interesting and deserves serious consider-
ation.
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Fic. 10. Transitional boiling model of Dewing.

V1. Reactive Metal-Water Explosions
A. BACKGROUND

In casting or processing reactive metals such as titanium, tungsten, and
molybdenum, incidents have occurred in which molten metal contacted
water. In some instances, explosions have resulted. There have been no
published papers describing such accidents.!?

Few in-depth studies have been made for any single accident; in no
case were the energetics developed to yield information on ““TNT equiva-
lents™ nor were overpressures determined. The accidents were at indus-
trial or government production plants and rarely was there an opportunity
for an immediate on-site inspection after an incident.

In all documented cases, the accidents took place during melting and
casting in an arc furnace (either vacuum or at a low argon pressure). The
metal to be cast was prepared as a consumable electrode by compressing
and welding sponge metal. The crucibles were constructed of copper and
cooled by water circulation. Melting was achieved by a high-amperage arc
between the electrode and the molten metal pool. The process was de-
scribed in a Bureau of Mines report (Anonymous, 1968).

When accidents are analyzed, the initial event is usually the failure of

10 Robert A. Beall, former Director of Research at the Bureau of Mines, Albany (OR)
Research Center, has, however, collected most of the available information, and he has
made his files available for inspection.
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some portion of the copper crucible wall because of inadequate cooling or
misalignment of the electric arc. This leads to water entering the crucible
since its pressure exceeds that in the crucible. Mild steam explosions
normally result, and, later, there may be a hydrogen fire from gas pro-
duced by the metal-water reaction. An explosion—with significant dam-
age potential—appears to require a second, sequential event that involves
some shock applied to the water-molten metal mix. As an example, in
one case described below, a crucible developed a water leak and, some-
what later, there was a failure of the electrode cables. This allowed the
heavy electrode to fall into the mix, and an explosion occurred.

In an accident report prepared by Robert Beall, he concludes:

Of important consideration is the fact that water leaks in arc furnaces of this type have
occurred occasionally in the various melting establishments without any serious explo-
sion resuilting therefrom. In a few reported instances, steam buildups have been noted
but not of serious consequence. It must be pointed out that the affair here reported
required the coincidental occurrence of a water injection, intimate mixing with molten
metal, and very possibly, tamping of the mixture by the falling electrode. Such a chain
of circumstances can lead to a powerful explosion rather than the customary quiet
extinguishing of the arc.

To indicate more details on several case studies, the accident reports
have been abstracted below.

B. TiTtaN1tuM MELTING-FURNACE EXPLOSIONS

1. Casel

Titanium sponge was being melted in a consumable-electrode arc fur-
nace. The furnace had an argon atmosphere slightly above atmospheric
pressure. The metal accumulated in a water-cooled copper crucible (41.9
cm i.d., 44.5 cm o.d. about 2 m long). The ingot weighed about 10° kg.
(The sponge metal was first formed into an electrode and melted in a
smaller arc furnace to form an ingot which then became the consumable
electrode noted above.)

No previous history of any malfunction in this furnace was noted. The
copper crucible had been used for 4 previous runs; the normal lifetime for
such crucibles was 40-50 billets. The run was almost completed when the
accident occurred.

Just prior to the incident, an adjustment was made on the cooling water
flow as the outlet temperature was rising.

The first explosion occurred without warning. One man 14 ft from the
furnace was knocked off his feet. No fire or smoke was reported. About
5 sec later a second and more violent explosion occurred. The entire area
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around the furnace was enveloped in flame for a brief period. Sheet metal
was blown off the building walls, but window damage was not extensive.
Cinder blocks in the intermediate area were cracked but not fragmented.!!
Injuries to personnel were apparently caused by burns (4 eventually died).
The crucible was blown from the furnace and fell on the floor, spilling
molten titanium. The main explosion also caused the crucible to bulge
[internal pressures of 40-55 bar (600-800 psi) were estimated], and the
steel water jacket was torn loose and wrapped back on itself. All water
cooling lines were severed.

Although no definite cause could be ascertained, it was generally
agreed that there was a burn-through of the crucible (possibly by misdi-
rection of the arc). This allowed water (under pressure) to enter the cruci-
ble and contact the molten titanium. A minor (steam) explosion resulted
and the burst disc blew. The heavy electrode was lifted up and then fell
back into the water~titanium mix. A later, final explosion resulted when
the crucible fell on the floor to allow a water—titanium contact.

Some hydrogen was probably generated when the water initially con-
tacted the titanium; it was estimated that only 150 g of water need have
reacted to create a pressure of 70 bar in the crucible. Thus, only a very
small quantity of water could have been involved.

Since crucible failures have occurred in numerous instances in the in-
dustry—with minor steam explosions, the violence of the event described
above is believed to be due to the electrode falling into the water—metal
mixture. Somehow, the steam-liquid water-molten titanium mixture
changed character from a relatively slow increase in pressure to a sharp
shock wave,

2. Casell

The furnace and remelting operation was similar to that described in
Case 1. The crucible diameter was, however, somewhat larger (~50 cm).

The incident began during a normal run when the operator noted an
electrical short not long after the start of the melt. Standard shutdown
procedures were initiated, and the titanium electrode was retracted at a
rate of about 30 cm/min using a chain hoist. During shutdown, what
proved later to be a water leak into the crucible occurred with a concomi-
tant pressure rise. Three rupture discs failed at about 4 bar. Some 2 min

! There is an inconsistency in the accident reports and one stated: ‘‘Window panes and
sash were broken and two sections of brick and cement block partition walls were demol-
ished.”” This same report estimated that blast pressures on the walls were less than 1 psi with
the wave highly directed.
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later, when the electrode was about 75 ¢cm above the molten titanium-
water mix, the chain-hoist retracting mechanism failed and the electrode
(and holder), weighing about 4500 kg, fell. Quoting from the accident
report: ‘‘Immediately thereafter a violent explosion occurred which
caused a considerable amount of structural damage to the enclosing vault
and adjacent portions of the melt-shop buildings.”’

Apparently a vault had been constructed around the superstructure of
the furnace. It was 4.5 X 6 m in cross section and 4 m high. It was
constructed of 20-cm-wide flange beams on 0.8 m (front) and 1 m (sides)
centers faced on both sides with 10-mm steel plates and filled with dry
sand. The explosion displaced the walls about 6 cm. The top of the vault
which was supported by a 30-cm beam on top of a 20-cm beam was
deflected about 8 cm. Steel doors mounted to slide in angle-iron tracks
were blown off. A number of 1.9-cm bolts holding the door tracks were
sheared ‘‘cleanly.”’ The furnace was driven down into the concrete floor
and a penetration of some 10 cm was measured.

One might note the striking similarity between Cases I and II. In both, a
crucible failure allowed water to enter and mix with molten titanium:
Steam (and hydrogen) formed and the pressure increased so as to bulge
the crucible and rupture the safety discs. Tamping the water-metal mix
by the fall of the electrode then caused a major explosion. No injuries
resulted in the Case II incident because the vault walls provided protec-
tion. No data were available to allow an estimation of blast pressures, but
as described, the vault construction maintained its integrity and the wave
was forced to exit from the bottom.

3. Case lll

For Cases I and II above, the furnaces were located in the United
States. In the 1960s, a severe explosion in Great Britain was partially
documented. Apparently the furnace was similar to the one noted in Case
1, but argon at about 0.25 bar was used. The bottom cooling plate in the
crucible failed and water was allowed to enter. No mention is made of a
second event in the accident report. The incident is described as follows:

About three tons of control gear together with a (ton) block of titanium were projected
upwards through several feet. Hundreds of square feet of glass and panelling were
removed from the roof and walls of the building. The water jacket, made of } inch steel,
was blown apart.

There was no containment, but blast shields prevented severe injuries to
personnel.
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C. TUNGSTEN CASTING EXPLOSION

In March 1961, a casting furnace was in operation melting a 98% W-2%
Mo alloy to be centrifugally cast. Melting was proceeding normally, and
the run was nearly completed. The casting furnace had been in operation
several minutes.

Near the termination of melting, the arc penetrated the bottom of the
skull and copper crucible, permitting molten tungsten alloy and water to
come into intimate contact. The pot contained approximately 137 kg of
molten tungsten with a pot water pressure of 2.8 bar. The intimate contact
between the metal and water resulted in a steam pressure surge that
caused the metal to be ejected from the crucible up the stinger stack and
out into the operating area. The pressure buildup lifted the floating stinger
lid sufficiently to permit particles of metal to be spewed out and deflected
downward onto the top of the furnace deck and general operating area.
The crucible had approximately a 5 X 8 cm oval hole in the bottom where
burnthrough occurred. Both view ports in the stinger housing were se-
verely cracked from contact with metal particles. Neither of the view
ports were detached from their mounts. The primary cause of injury to
operators was the rain of metal particles from the stinger stack.

D. DisCUSSION

Very few molten metal-water explosions are well documented; essen-
tially no data are available to estimate the overpressures or force-time
relationships. The few incidents which have been described in any detail
suggest that a two (or more)-step sequence is involved. First, contact is
made between water and molten metal. Second, the mix is tamped or a
shock wave occurs near the mix. The resulting explosion is sharp and has
an associated blast wave.

While the incidents described earlier are quite severe, it is difficuit to
describe them as major explosions. Even with the largest ingot diameter
and with an efficient tamp (by electrode cable failure), a rather simple
vault enclosure was sufficient to contain the blast wave and shrapnel.

No analysis has been carried out to clarify the mechanism of the ex-
plosion.

Vil. Explosions with Liquid Refrigerants

Several studies have been carried out in which liquid refrigerants were
contacted with either water or oils. In view of the similarity of such
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systems to those involving liquefied hydrocarbons, the test results are of
value to determine if they are in agreement or disagreement with the
superheat-liquid concept developed in Section II.

Five refrigerants have been studied. Some property values are shown in
Table XVI.

Fauske (1973) showed that drops of R-11 could be injected into warm
water (~343 K) with little boiling. The drops, being more dense than
water, fell to the bottom of the vessel. No explosions were noted. Also,
for R-11 and (R-21), Chukanov and Skripov (1971) measured the super-
heat-limit temperatures (see Table XVI).

Several investigators studied R-12. Holt and Muenker (1972) and
Rausch and Levine (1973) made simple spills of this cryogen into water.
The highest water temperature used by both teams was ~342 K and weak
explosions were noted. From Table XVI, it can be seen that this water
temperature was barely within the range of the superheat-limit tempera-
ture, so no or only minor explosions might have been expected. Henry et
al. (1974) spilled R-12 on top of a hot mineral oil. For oil temperatures less
than about 409 K, there was little interaction except rapid boiling. Above
409 K, explosions resulted. Henry et al. state that this oil temperature
would lead to an interface temperature [see Eq. (1)] close to the expected
homogeneous nucleation temperature (~345 K) so that the explosions
were to be expected.

Rausch and Levine (1973) spilled R-114 on hot ethylene glycol. Explo-
sions were reported if the glycol temperature exceeded about 386 K. They
estimated the interface temperature between the R-114 and glycol to be
about 354 K. Thus, explosions were noted when the bulk glycol tempera-
ture exceeded the expected homogeneous nucleation temperature, Ty,
even though the interface temperatures were less than 7.

Most experiments using liquid refrigerants have been made with R-22,

TABLE XVI

PROPERTIES OF LIQUID REFRIGERANTS

Refrigerant Structure Ty (K)? 7. (K) P, (bar) T4 (K)®

R-11 CCLF 297 471 44.1 422

R-12 CCLF, 243 385 41.2 345

R-21 CHCLF 282 452 51.7 406

R-22 CHCIF, 232 369 49.8 327

R-114 C,CLF, 277 419 32.6 375
4 Normal boiling temperature.

b Approximate superheat-limit (homogeneous nucleation) temperature at a
pressure of 1 bar.
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and the data have been thoroughly summarized by Anderson and Arm-
strong (1977).

Enger and Hartmann (1972a-d) observed explosions with R-22 poured
into water at temperatures from about 320 to 355 K. Rausch and Levine
(1973) found no explosions if the water temperature was below 322 K.
Holt and Muenker (1972) noted explosions for water temperatures
>333 K. Quoting the last authors:

[The experiments were] most impressive since R-22, being heavier than water, imme-
diately sinks beneath the water and in a split second a single explosion is observed.
Ip. 271

The results of Enger and Hartmann, Rausch and Levine, and Holt and
Muenker are in surprisingly good agreement, and their lower water tem-
perature threshold values are close to the expected superheat-limit tem-
perature of R-22 (~327 K).

Anderson and Armstrong (1977) summarize a number of other studies
carried out at the Argonne National Laboratory and elsewhere in which
there was contact between R-22 and water (or R-22 and mineral oil) (see
Henry ef al., 1974, 1976; Board et al., 1974). In these studies, pressure
transients were measured. Anderson and Armstrong have summarized
these data in Fig. 11. Note that for water temperatures below about 350 K,
the pressure rise upon contact is small. Above a water temperature of
about 350 K, which corresponds to a calculated interface temperature of

40

(%)
Q

20

PEAK PRESSURE (BARS)

a0 50 6 7 80 = 90 100
WATER TEMPERATURE (°C)

FiG. 11. Refrigerant-22 water contact experiments. Homogeneous nucleation tempera-
ture of R-22 ~ 54°C. Interface temperature is 54°C when bulk water temperature ~76°C. (O)
Armstrong; (0J) Board, saturated R-22; (0) Board, 116°C R-22; (A), Armstrong, 68°C R-22;
(&) Henry, saturated R-22. {From Anderson and Armstrong (1977).]
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327 K, there is a significant increase in pressure and values of 30 bar (or
higher) were recorded. Assuming that the water—R-22 interface tempera-
ture had to attain the superheat-limit value before an explosion occurred,
these data are in remarkable agreement with T, in Table XVI. Also shown
in Fig. 11 is the vapor pressure of R-22 calculated for the interface temper-
ature between the water and the saturated R-22 (232 K). Essentially all
measured pressures fall below this curve, and this suggests that the maxi-
mum pressure transient corresponds to the vapor pressure determined in
this manner. (Another limit could be chosen as the critical pressure of
R-22, ~50 bars, but this value significantly exceeds any measured pres-
sure.)

The data for Fig. 11 are at 1 bar initial pressure. The effect of the
absolute value of the system pressure is discussed in Section VIII.

The experimental data presented above are in good agreement with the
superheated liquid model described in Section III. The fact that similar
findings were reported by a number of experimentalists in different labo-
ratories, using various spill techniques and test geometries, argues
strongly that there is a definite threshold temperature for the hot liquid to
lead to a vapor explosion. Further, the general consensus is that this
threshold value (at the interface or in the bulk hot liquid) is close to the
expected superheat-limit or homogeneous nucleation temperature.

Vill. Effects of Absolute Pressure on RPTs

As will be described later in this section, for several types of small-scale
tests where RPTs would be expected, an increase in the absolute system
pressure had a profound effect in suppressing such incidents. As often
noted in previous sections, one current theory to explain RPTs invokes
the concept of the colder liquid attaining its superheat-limit temperature
and nucleating spontaneously. In an attempt to explain the pressure effect
on the superheating model, a brief analysis is presented on the dynamics
of bubble growth and how this process is affected by pressure. The analy-
sis is due largely to the work of Henry and Fauske, as attested to by the
literature citations.

A. DynaMics oF BUBBLE GROWTH

Let us consider a superheated liquid which has attained the limit of
superheat and a vapor embryo forms in equilibrium with the liquid. The
bubble radius is ry, the pressure in the bulk liquid is Py, and the tempera-
ture is 7. Assume the liquid is pure.
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The vapor embryo, or bubble, is in unstable equilibrium and will either
collapse or grow. We are only interested in those that follow the latter
path. The ‘‘chemical” criteria of equilibrium between the bubble and
liquid state that the temperature and chemical potential of the material in
the bubble are equal to those in the superheated liquid, i.e.,

To = T® (4)
po = pP &)

The latter equality can be related to the bubble pressure PP and the liquid
pressure by

P® = P(To) expl(VY/RT)(Py — Pyl (6)

where P,, is vapor pressure of the liquid at 7,. Since the liquid is super-
heated, T, > T,,, where T, is the normal boiling temperature of the liquid
at Py. In fact, Ty — T, is the superheat of the liquid phase.

The exponential term in Eq. (6) is normally only slightly less than unity
(Py < P,p) and is often neglected. For the discussion given below, we will
also follow this procedure.

The ‘““‘mechanical’ criterion of equilibrium states that

PB_P():ZO'/"Q (7)

Since the initial vapor bubble is very small at the homogeneous nucleation
temperature, PP greatly exceeds Py.

Most treatments of bubble growth dynamics assume that, as the bubble
expands, Eq. (7) is still valid although the pressure may drop due to the
expansion from both temperature variations in the bubble and the in-
crease in radius—to lessen the surface forces, i.e., at any time in the
growth,

P(r) = PB - 20/r 8)

Here, r is the bubble radius, PB is the pressure inside the bubble, P(7) is
the pressure in the liquid at the bubble boundary, and P(r) > P,.

As soon as the bubble expansion causes P(r) to exceed P,, one can
express the dynamics of the event as

rd*rldr®) + (3)(drids)? = [P(r) — Pyl/p" ©®

Equation (9) assumes the liquid is nonviscous and incompressible.

As one limiting case, let us assume no heat transfer limitations so that
the pressure inside the bubble is invariant at P,,(To). Then, using Eqgs. (8)
and (9), as shown by Plesset and Zwick (1954),
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(drldt? = (drldt)iir* + (do3plr[l — (r*)]
= Qaolp'nI1 - (¥ (10)

where (dr/d?), is the initial velocity of movement of the bubble wall when
growth just begins and r* = ry/r. We are interested in the growth velocity
drldt.

The value of dr/dt is relatively insensitive to the value of (dr/dr), as
shown by Prosperetti and Plesset (1978). Also, if we choose r > ry, then r*
is a small number. Equation (10) then simplifies to

dridt = {@p")[Py(To) — Pol}'? an
or
r ~ {@GpM[Py(To) — Pol}t (12)

Equation (11) or (12) is often termed the Raleigh solution for inertial
controlled bubble growth.

The actual motion of the bubble deviates markedly from that predicted
by Eq. (11) or (12) because the expansion allows vaporization to occur at
the bubble boundary and this cools the liquid near the bubble. The heat
transfer at the bubble boundary is found by solving the energy equation.
In the liquid phase, if R is measured from the bubble center,

aT/at + (r[R)9r/at)(3T/3R) = (a/RH(8/3R)[R¥T/3R)] (13)
(4nr*k)N3TIoR)R-, = AH(8/6t)[($)mrp"] (14)

where a is the thermal diffusivity and k is the thermal conductivity of the
liquid. AH, is the enthalpy of vaporization and is assumed to be tempera-
ture independent. p" is the vapor density inside the bubble and varies with
the temperature and pressure in the bubble.

In reality, Egs. (13) and (14) should be solved simultaneously with Eqs.
(8) and (9), but no analytical solution is available. However, we can
examine the asymptotic solutions to Eqgs. (13) and (14) to determine the
bubble growth rate when heat transfer limits the growth, i.e., when P(r) ~
Py and T® ~ T, so no inertial effects are present. For this extreme,

dridt ~ k(Ty — T,)/AH, p*(af)'? 15
Here, p' is evaluated at Py, T,,. Integrating,
r~ 2Aat)?? Ja (16)

where Ja is the Jacob number, and
Ja = k(Ty — Ty(p¥ AH,a) (17)
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In the thermally controlled regime, the radius increases with the square
root of time.

Thus the initial growth is largely controlled by inertial restraints and the
radius increases linearly with time [Eq. (12)], whereas at long times heat
transfer considerations become predominant and the growth is given by
Eq. (16). The actual variation of r with ¢ is less than either of these two
asymptotic extremes (see Theofanous, 1969).

In Fig. 12, we show the computed values of bubble radius for super-
heated liquid propane at two pressure levels: 1 and 5 atm. Consider the
inertial rate first. At 1 atm, liquid superheated propane attains the limit of
superheat at about 328 K, where the vapor pressure is ~18.9 atm. With
Eq. (12), Fineria ~ 52¢ m, where ¢ is in seconds. At 5 atm, the driving force
[P,x(Ty) — Polis less than that at 1 atm, but the difference is slight. Thus,
the 1 and 5 atm radii are shown as a single line in Fig. 12.

For the thermally controlled growth curve, Eq. (16) was used and the
properties of liquid propane were estimated at 7, [328 K at 1 atm and 322
K at 5 atm]. Over this small temperature range, the variation in most
properties was small. However, p¥, the density of the vapor in the grow-
ing bubble, is proportional to the pressure so that the Ja number [Eq. (17)]
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is approximately inversely proportional to pressure. This is the reason for
the large difference in the two thermally controlled growth curves in Fig.
12. In a physical sense, more mass must be evaporated at higher pressures
for the same bubble volume increase. This results in lower growth rates
since the thermal properties of the liquid and the temperature driving
force are not greatly different for the two cases.

From Fig. 12, the important conclusion is reached that pressure effects
can play an important role in establishing the controlling regime for bub-
ble growth. Higher pressures cause a more rapid transition from inertial to
thermal control and a lower growth rate after this transition. This is the
same argument developed by Henry and his colleagues (see, for example,
Henry and McUmber, 1977).

B. PRESSURE EFFECTS ON THERMAL EXPLOSIONS

In the preceding section, a simple analysis of the growth of a vapor
embryo in a superheated liquid showed that the level of the ambient
pressure could play an important role in controlling the rate of expansion
of the vapor bubble, i.e., high ambient pressures led to predictions that
heat transfer rates would limit the growth process soon after expansion
began. Inertial controlled expansion played a smaller role at high pres-
sures. To examine the effect of pressure, three experimental programs
have been conducted. These are described briefly below.

Henry and McUmber (1977) reported on the systems R-22"2-water and
R-22—o0il. They constructed an apparatus in which R-22 could be poured
into water or mineral oil at various ambient pressures controlled by the
pressure of argon gas in the system. Separate units were used for the
water and oil tests. They demonstrated that they could achieve thermal
explosions at 1 bar, in agreement with earlier tests (see Section VII).
However, no such events were observed at system pressures of 2.2 or 8§
bar even though the hot liquid temperature was varied over a wide range.

They argue that, at the higher pressures, the rate of bubble growth is
smaller and any prefragmentation would have to be into a very small drop
size to allow these drops to be disintegrated and thereby provide a means
to escalate any small events.

Henry (1978) and Henry et al. (1979) describe other experiments where
elevated pressures eliminated thermal explosions between water and mol-
ten sodium chloride. Two Kilograms of NaCl were heated to melt temper-
atures between 850 and 1200°C and dropped into a tank of water at 20, 50,

12 R-22 is refrigerant-22, CHCIF;.
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or 90°C. The system pressure was varied from 1 to 40 bar. The water-to-
melt ratio was 15: 1.

A typical test sequence is shown in Fig. 13 for a NaCl temperature of
850°C and water at 50°C. Pressure signatures are shown for overpressures
of 1, 5, and 10 bar. For the 1-bar case a rather violent explosion was noted
with deformation of the test vessel. At S and 10 bar, the pressure in-
creases are slower and indicate ‘‘long-term’” vaporization was occurring.
As with the R-22 tests, an increase in system pressure led to a significant
change in the behavior of a vapor explosion.

In the third study, Miyazaki and Henry (1978) carried out vapor bubble
growth experiments with water drops in hot silicone oil under various
pressures of argon gas. As conducted, the oil temperature was set so that
the interface temperature was below the homogeneous nucleation temper-
ature of water. When bubbles did appear, their growth was followed by
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high-speed photography. They found that bubble growth rates were sup-
pressed as the system pressure was increased, in agreement with the
concepts described above for bubble growth dynamics.

C. ESCALATION MODEL OF HENRY AND FAUSKE

Henry and Fauske (1975, 1976) have proposed a model to describe the
events leading to a large-scale vapor explosion in a free contact mode.
Their initial, necessary conditions are that the two liquids, one hot and the
other cold, must come into intimate contact, and the interfacial tempera-
ture [Eq. (1)] must be greater than the homogeneous nucleation tempera-
ture of the colder liquid. Assuming the properties of both liquids are not
strong functions of temperature, the interface temperature is then invari-
ant with time. Temperature profiles within the cold liquid may then be
computed (Eckert and Drake, 1972) as

[T(x) — T)/(Ti — To) = erf[x/2(at)'?] (18

where x is the distance into the cold liquid at time 7; « is the thermal
diffusivity of the cold liguid; T(x) is the temperature at x; T, is the bulk
cold liquid temperature; and T; is the interface temperature determined
from Eq. (1). In Fig. 14 (Henry and Fauske, 1975), three temperature
profiles are shown for the system R-22 (CHCIF,) and water, where the
water temperature is such as to give an interface temperature of 60°C. The
bulk R-22 is at its 1 bar boiling point: —41°C. In this case the interface is
slightly above the expected homogeneous nucleation temperature of R-
22: 54°C.
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FiG. 14. Thermal boundary-layer development. Freon-22, T; = 60°C. After Henry and
Fouske (1975).
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From nucleation theory (see Section I1X), one can estimate the expected
rate of formation of critical-sized vapor embryos in a liquid as a function
of temperature. This rate is a very strong function of temperature and
changes from a vanishingly low value a few degrees below the homoge-
neous nucleation temperature to a very large value at this temperature.

Theory also allows one to estimate the size of these unstable embryos
at the moment of inception. The critical size has been given by Eq. (7).
Assuming P, is 1 bar and PB is the vapor pressure of R-22, Fig. 15 shows
the value of D, (= 2r¢) as a function of temperature.

Considering Figs. 14 and 15 together, assume time t ~ 1077 sec. Ata
distance x ~ 5 nm from the interface, the temperature is slightly less than
60°C, but D, is greater than 5 nm as can be seen by superimposing both
figures (as in Fig. 16). The intersection of Dy and the ¢t = 10~7 sec curves
(point A) yields the location of the smallest vapor embryo which can be
formed. Note no intersections are possible when ¢ = 1078 or 107° sec, so
nucleation cannot occur. If the vapor embryo at A could grow infinitely
fast to the second intersection (point B), the embryo would then be too
large for the local temperature and it would collapse.

The Henry and Fauske model employs curves similar to Fig. 16. Imme-
diately upon initial contact, they assume that there is rapid pressurization
at the interface. Nucleation in this vicinity is then prevented [Py in Eq. (7)
is large and so is Dy} until the pressure is acoustically relieved by the wave
moving to a free surface and returning. During this period, the thermal
boundary layer in the cold liquid continues to develop. At relief, there still
may be no intersection of the r—Dy curve (in Fig. 16), so until such a time
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Fi1G. 15. Critical bubble diameter for Freon-22; 7, = 60°C. [After Henry and Fauske
(1975).]
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Fi16. 16. Thermal boundary-layer development and critical bubble size for Freon-22;
T; = 60°C. [After Henry and Fauske (1975).]

that this occurs, no nucleation is possible. Finally, when there is nuclea-
tion, there is assumed to be another delay period while a pressure gradient
is developed within the liquid. Growth then begins and is, initially, iner-
tially controlled, i.e., see Eq. (12), at least until point B is reached.

Their argument then proceeds along the following lines. During the
growth from A to B, there is a characteristic time. They estimate the
number of other vapor embryos which will develop during this time. They
state that if more than about 10° embryos form per square centimeter in
this period, they will result in interference at the maximum stable diame-
ter (point B) and vapor blanketing will result on that portion of the sur-
face. The energy transfer is then terminated and no escalation can occur.

With this model, it is predicted that there should be a liquid drop size
which, if too large, will result in long delay times and excessive numbers
of new embryos to vapor blanket the surface. Thus, small drops (or thin
layers) are more prone to escape termination by vapor blanketing. Also, if
experimental variables are modified so as to reduce the growth rate of
embryos from A to B, e.g., by increasing pressure, again one would
expect a lower probability of escalation. These two predictive conclu-
sions appear to be substantiated by experiment.

Escalation is, however, encouraged for cases where the initial coolant
liquid is sufficiently fragmented so that initial embryo growth is rapid and
without excessive interference due to other embryos (which would in-
crease the local pressure and, thereby, reduce the growth rate). If the
fragmentation is such that very small drop sizes are present, then during
the inertial growth of vapor embryos, the bubble radius will reach the
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interface and burst. This phenomenon will result in an increase of system
pressure, but, at the same time, smaller drops are formed which can then
nucleate and grow even at the higher system pressure.

Escalation has been achieved.

The model also predicts that if the interface temperature exceeds the
critical temperature of the colder liquid, vapor blanketing should always
result and no rapid phase transitions could occur.

While there are many aspects of the model which can be questioned,
the basic concepts are realistic and the predictive results are of value.
They can be summarized as follows:

(1) Two liquids in contact must yield an interface temperature which
exceeds the homogeneous nucleation temperature of the cold liquid. The
bulk temperature of the cold liquid may be saturated or subcooled.

(2) Sufficient prefragmentation must be achieved during the contact (or
in any subsequent boiling) to produce small drops. The critical drop size
can be estimated and may be shown to be smaller as the system tempera-
ture rises.

(3) Increases in system pressure lead to more rapid vapor blanketing of
small drops so, to obtain rapid phase transitions at elevated pressures,
more extensive prefragmentation is necessary.

(4) If the interface temperature exceeds the critical temperature of the
cool liquid, vapor blanketing prevents escalation.

These conclusions hold only for a free contact model. Contact in shock
tubes or with external triggers are excluded.

Other escalation models have been proposed (see Bankoff, 1978), but
most do not emphasize conditions (1) and (4) above which are, however,
supported by experimental evidence.

IX. Appendix: Superheated Liquids

Superheated liquids are liquids which exist at temperatures above their
equilibrium boiling point at the system pressure. These liquids are meta-
stable in a thermodynamic sense, i.e., they are stable with respect to
small perturbations on the system, but if the perturbation is sufficiently
large, superheated liquids will partially vaporize and form a final, more
stable state, usually consisting of vapor and residual liquid.

The basic reason why superheated liquids can exist is that the nuclea-
tion step requires that a vapor embryo bubble of a minimum size must be
achieved. Vapor embryos less than the critical size are unstable and tend
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to collapse. Only when examining the behavior of very large numbers of
embryos in their dynamic growth and decay processes is it possible to
show that there is a finite probability of forming embryos of the appropri-
ate (critical) size that can then grow to macroscopic size bubbles.

Increasing the temperature or lowering the pressure on a superheated
liquid will increase the probability of nucleation. Also, the presence of
solid surfaces enhances the probability because it is often easier to form a
critical-sized embryo at a solid-liquid interface than in the bulk of the
liquid. Nucleation in the bulk is referred to as homogeneous nucleation
whereas if the critical-sized embryo forms at a solid-liquid (or liquid-
liquid) interface, it is termed heterogeneous nucleation. Normal boiling
processes wherein heat transfer occurs through the container wall to the
liquid always occur by heterogeneous nucleation.

The key to attain the high superheats associated with homogeneous
nucleation is, therefore, to prevent spurious heterogeneous nucleation
from container walls or from suspended motes. To study superheated
liquids, experimental techniques usually involve the ‘‘encapsulation’’ of
the liquid by another, less volatile liquid (Trefethen, 1957). The latter
liquid is chosen so that it is immiscible but wetted by the superheated
liquid, i.e., there is a low or zero contact angle. The liquid-liquid inter-
face should then approach one that is microscopically smooth; heteroge-
neous nucleation is then prevented, and any vapor embryos which form
will do so in the bulk of the superheated liquid. The bubble column devel-
oped by Moore (1956, 1959) and by Wakeshima and Takata (1958) has
been widely used to study superheated liquids. One variation of this
column is shown in Fig. 17. The host or nonvolatile liquid is the continu-
ous phase in a vertical glass column. The column is wrapped with heating
wire in such a manner as to develop a stable vertical temperature gradi-
ent. A small drop (ca. 0.5 mm in radius) of the test liquid is injected into
the bottom of the column. As the host fluid has been chosen to be more
dense than the test liquid, the injected drop rises slowly. The temperature
of the host fluid at the point of injection is below the expected boiling
point of the test liquid. However, during the ascent of the drop into
warmer regions of the host liquid, the test liquid eventually becomes
superheated. Nucleation to vapor is, however, prevented by the lack of
heterogeneous sites. The main purpose of the bubble column is to deter-
mine just how far one can superheat a given liquid before homogeneous
nucleation occurs.

As will be seen later, there is a maximum superheat and at this point the
liquid attains the superheat-limit temperature or homogeneous nucleation
temperature and nucleation is prompt. Denoting this limit as T, we note
it is a function of pressure and material tested.
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FiG. 17. Bubble column.

T, may be estimated by two very different theoretical routes. From
thermodynamics, one can derive the necessary criteria (Beegle, 1973;
Beegle et al., 1974). To use these relations, an applicable equation of state
for the material is all that is required, i.e., one only needs a relationship
between P, V, T, and composition for the liquid. The results of applying
this technique can be generalized in a deceptively simple way, e.g., to a
reasonable approximation:

T, = T.[(0.11P,) + 0.89] 19

where T, is the critical temperature, P, is the critical pressure, and P, =
P/P_. For example, with propane, T, = 369.8 K, P, = 42.5 bar. When the
system pressure is, say, 1 bar, Ty = 330 K or 57°C. This value is only a
degree or so higher than measured values of T, for this material.

A second technique for estimating T, involves a detailed consideration
of the sequential rate processes to form vapor embryos in a superheated
liquid (see Volmer and Weber, 1926; Farkas, 1927; Becker and Doring,
1935; Zel’dovich, 1943; Moore, 1959). This method does not yield an abso-
lute value of Ty; rather it allows one to estimate the probable rate of
formation of critical-sized embryos in a superheated liquid at any given
temperature and pressure. If the rate is very low, within the time scale of
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an experiment one concludes no nucleation would occur. On the other
hand, if the rate is very high, then one assumes that T, has been exceeded.
One must make some judicious choice of a rate which would correspond
to Ty. This procedure is not as indefinite as it might appear since the
calculated rate of nucleation is a very strong function of temperature as
will be illustrated below.

The rate of nucleation is given, approximately, as

J = Nf exp(—AB/kT) 20)
AB = (3 )ma’ /(P — PL)? 2n

where J is the expected rate of formation of critical-sized vapor embryos
per unit volume; f is a ‘‘frequency’’ factor which, in general, is on the
order of 10" sec™!; N is the number density of molecules in the super-
heated liquid; AB is the availability change in forming a critical-sized
embryo (Modell and Reid, 1982); o is the surface tension of the liquid; PB
is the pressure inside the vapor embryo; Pt is the system pressure; and &
is Boltzmann’s constant.

N and fare not strong functions of temperature, but this is not true for o
and PB. As temperature increases, o decreases and P® increases. Both
effects tend to make the exponential term larger. In fact, near Ty, it is not
uncommon for J to vary 3 to 4 orders of magnitude per degree! As an
example, consider pure diethyl ether at a pressure of 1 bar. The normal
boiling temperature is 307.7 K. If this liquid were to be heated to about
410 K, J, as calculated from Eq. (20), is about 10~% nuclei/m? - sec. This
is a negligibly small number and one would conclude that homogeneous
nucleation would not occur. Another way to visualize this value is to
examine J !, i.e., 10® m? - sec. If one had 1 m? of superheated liquid ethyl
ether at 410 K, an average waiting time of 10%° sec (~10?! yr) would elapse
before one would note the formation of a bubble from homogeneous nu-
cleation! (This value is only valid for comparison purposes; ionizing radia-
tion and other very minor perturbations would initiate nucleation long
before this in a real situation.)

However, if the temperature were raised from 410 to 420 K, then J ~
10" nuclei/m? - sec. Now J is a very large number and nucleation is
prompt, with a ‘‘waiting period’’ of ~10~!4 sec for a cubic meter of super-
heated ether!

Clearly the ‘‘experimental’’ value of T lies between 410 and 420 K. A J
value of 10° nuclei/cm? - sec is often used to define T,;. With this as a
criterion, Ty ~ 418-419 K, which is in excellent agreement with experi-
mental results using bubble columns (Skripov, 1974).

T, is also a function of composition. For example, let us consider a
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superheated liquid mixture of ethane and n-butane at 270 K and 1 bar. For
reference, at this pressure, the boiling temperatures of ethane and n-
butane are 184.5 and 272.7 K, respectively. Using Eqgs. (20) and (21), one
can estimate the expected rate of bubble formation as a function of com-
position:

T=210K, P =1 bar

Expected rate of formation of

Mole fraction of critical-sized vapor embryos
ethane in liquid (number/m? - sec)

0.88 Ix 1078

0.90 2% 1077

0.92 5 x 10!

0.94 3 x 10°

0.96 1 x 10"

0.98 2 x 10%

1.0 9 x 107

Considering these resuits, it would be predicted that superheated liquid
mixtures of ethane and n-butane with less than about 92% ethane would
not have attained T,. Above this composition, prompt nucleation would
be expected. Experiments seem to substantiate the Jower limit prediction.
At about 95% ethane, violent rapid phase transitions occur when this
cryogen contacts water near its freezing temperature. Compositions close
to (and including) pure ethane would be predicted to have very prompt
nucleation, yet simple spills of such a cryogen on water do not lead to any
dramatic result, i.e., simple film boiling results. It is believed that, in such
cases, nucleation is so rapid that, at the interface, vapor forms to ‘‘insu-
late’’ the bulk ethane from the water. As indicated in Section I1I, one can
obtain explosive rapid phase transitions with pure liquid ethane by im-
pacting ethane with water. The presumption then is that the vapor blanket
at the interface collapses to allow liquid-ligquid contact. Superheating of
the liquid ethane can then occur and lead to bulk nucleation.

This brief commentary on superheated liquids has indicated that they
are readily formed if one prevents heterogeneous nucleation of vapor
embryos. Also, there is a limit to the degree of superheat for any given
liquid, pure or a mixture. This limit may be estimated either from thermo-
dynamic stability theory or from an analysis of the dynamics of the forma-
tion of critical-sized vapor embryos. Both approaches yield very similar
predictions although the physical interpretation of the results from both
differ considerably.
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For those wishing to learn more about superheated liquids, there are
several general reviews (Blander and Katz, 1975; Skripov, 1974; Reid,
1976, 1978a,b,c; Eberhart et al., 1975).

Nomenclature
AB Availability change to form embryo t Time
D, Initial bubble diameter T Temperature
f Frequency factor in nucleation T, Temperature in bulk liquid
AH, Enthalpy of vaporization T® Temperature in bubble
J Rate of formation of critical-sized T, Normal boiling point
embryos per unit volume T, Temperature of water
Ja Jacob number [Eq. (17)} Ty Superheat-limit temperature
k Boltzmann’s constant or thermal T. Critical temperature
conductivity V  Specific volume
N Number density of molecules x Distance
P Pressure
Py Pressure in bulk liquid GREEK LETTERS
PB  Pressure in bubble « Thermal diffusivity
Py, Vapor pressure u Chemical potential
P, Critical pressure po Chemical potential in bulk liquid
P, PIP, #B  Chemical potential in bubble
r Radius p Density
ro Radius of original embryo pb Density in liquid
r* nfr p" Density in bubble
R Gas constant or distance from cen-. o Surface tension
ter of embryo ¢ Parameter in Eq. (3)
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I. Introduction

A particularly serious environmental problem facing densely populated
areas of the world is that of air pollution. The problem is both pervasive
and difficult to control. An important element of a rational approach to
improve the situation is a reliable means for evaluating the air quality
impact of alternative control measures.

Whether the prediction scheme is a simple chart, a formula, or a com-
plex numerical procedure, there are three basic elements that must be
considered: meteorology, source emissions, and atmospheric chemical
interactions. Despite the diversity of methodologies available for relating
emissions to ambient air quality, there are two basic types of models.
Those based on a fundamental description of the physics and chemistry
occurring in the atmosphere are classified as a priori approaches. Such
methods normally incorporate a mathematical treatment of the meteoro-
logical and chemical processes and, in addition, utilize information about
the distribution of source emissions. Another class of methods involves
the use of a posteriori models in which empirical relationships are de-
duced from laboratory or atmospheric measurements. These models are
usually quite simple and typically bear a close relationship to the actual
data upon which they are based. The latter feature is a basic weakness.
Because the models do not explicitly quantify the causal phenomena, they
cannot be reliably extrapolated beyond the bounds of the data from which
they were derived. As a result, a posteriori models are not ideally suited
to the task of predicting the impacts of substantial changes in emissions.

The various elements that must be linked as part of an a priori method-
ology for relating emissions to air quality are shown in Fig. 1, where the
mathematical model provides a framework for integrating the following
basic components.

(1) A kinetic mechanism describing the rates of atmospheric chemical
reactions as a function of the concentrations of the various species
present.

(2) A source description giving the temporal and spatial distributions of
emissions from significant pollutant sources within the airshed.
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Fic. 1. Components of a mathematical model of air pollution.
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(3) A meteorological description, including wind speed and direction at
each location in the airshed as a function of time, vertical temperature
structure, and radiation intensity.

The fundamental basis for virtually all a priori mathematical models of
air pollution is the statement of conservation of mass for each pollutant
species. The formulation of a mathematical model of air pollution in-
volves a number of basic steps, the first of which is a detailed examination
of the basis of the description of the diffusion of material released into the
atmosphere. The second step requires that the form of interaction among
the various physical and chemical processes be specified and tested
against independent experiments. Once the appropriate mathematical de-
scriptions have been formulated, it is necessary to implement suitable
solution procedures. The final step is to assess the ability of the model to
predict actual ambient concentration distributions.

The expression for the concentration of an emitted species is often
referred to as an air quality model. Such an expression, or model, enables
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a calculation of the concentration expected to result from a given material
release under given meteorological conditions. Although there exists a
large number of air quality models in the literature, virtually all are based
on the few essential equations arising from atmospheric diffusion theory.

The theoretical foundation for understanding the diffusion of airborne
matter was first laid by Taylor (1921) in his historic paper ‘‘Diffusion by
Continuous Movements.”’ Within the last 30 years or so, concern for
environmental protection has heightened the interest in atmospheric dif-
fusion theory to the point where there now exist hundreds of publications
on the subject as well as several comprehensive treatises (Gifford, 1968;
Monin and Yaglom, 1971; Csanady, 1973; Pasquill, 1974).

The object of this article is to present a concise development of the key
elements of atmospheric diffusion theory leading to the formulas in com-
mon use for carrying out atmospheric diffusion calculations. The article is
intended to be a unified treatment of the subject that introduces the princi-
pal ideas and shows many of the important derivations of atmospheric
diffusion theory. An attempt has not been made to provide a comprehen-
sive, evaluative literature review of current work in atmospheric diffusion
theory, although we will have occasion to refer to much of the recent
literature. One purpose of this article is to present usable formulas for
performing atmospheric diffusion calculations. In doing so, we have not
endeavored to survey in a detailed way the experiences of others gained
in use of the formulas. A relatively thorough list of recent references is
provided for the reader who desires to pursue the subject further.

. Fundamentat Equations of Turbulent Diffusion

The basis of the description of turbulent diffusion is the species conser-
vation equation (Bird et al., 1960):

8c,~/6t +u- VC,' = D,’ Vzc,- + R,’ + s,‘ (2.1)

where c; is the molar concentration of species i in air, u is the fluid (air)
velocity vector (u = [u, v, w]), D; is the molecular diffusivity of species i
in air, R; = R{c,, ¢;, ..., €5, T) is the rate of formation of i by chemical
reactions, a function in general of all n species concentrations and the
temperature T, and S; = S{x, y, z, 1) is the rate of introduction of i from
sources in the fluid.! R; may also be a function of solar radiation intensity.

! Sources of material also enter the mathematical description as boundary conditions. It is
convenient to use §; to represent sources as occurring within the fluid, the most notable case
being point sources.



ATMOSPHERIC DIFFUSION THEORY 213

We will generally not be concerned here with chemical reactions, so the
R; term can be omitted, in which case the subscript i denoting species is
no longer required.? In addition, for the turbulent flows of interest the
molecular diffusion term in Eq. (2.1) may be neglected. [Although for the
spatial scales of interest to us the molecular diffusion term may be ne-
glected, molecular and turbulent diffusion are not independent, linearly
additive, physical processes (Saffman, 1960).] As a result of the above
two simplifications, Eq. (2.1) becomes

ac/or +au-Ve=8§ 2.2)

Equation (2.2) can be considered as the fundamental governing equa-
tion for the concentration of an inert constituent in a turbulent flow.
Because the flow in the atmosphere is turbulent, the velocity vector uis a
random function of location and time. Consequently, the concentration ¢
is also a random function of location and time. Thus, the dispersion of a
pollutant (or tracer) in the atmosphere essentially involves the propaga-
tion of the species molecules through a random medium. Even if the
strength and spatial distribution of the source § are assumed to be known
precisely, the concentration of tracer resulting from that source is a ran-
dom quantity. The instantaneous, random concentration, c(x, y, z, t), of
an inert tracer in a turbulent fluid with random velocity field u(x, y, z, 9
resulting from a source distribution S(x, y, z, ?) is described by Eq. (2.2).

The solution of Eq. (2.2) can be expressed as?

@ £ %0 t
e(x, ¥, 2, ) = f_w f_m f_m fo G(x,y, 2. tlt', ¥', 2, 1)
X S(',y', 2, t') dt' dx' dy' dz’ 2.3)

where G is termed a stochastic Green’s function (Adomian, 1963) because
it serves to convert a deterministic ‘‘input’’ S(x, y, z, t) into a stochastic
“output” c(x, y, z, £). G is, in fact, the concentration at (x, y, z) at time ¢
that results from an instantaneous point source of unit strength at (x’, y',
Z') at time ¢’ for one ‘‘experiment.’’* The stochastic nature of the turbu-
lent field is embodied in G, that is, given knowledge of the random veloc-
ity field, the equation governing G (Morse and Feshbach, 1953; Ozisik,
1980):

aG/ot + u - VG = 8(x — x")8(y — y")8(z — 2)8(¢t — t') 2.4

can be solved to give one realization of the tracer ‘‘experiment.”’

2 Although atmospheric chemical reactions are a subject of great interest and importance,
they are not discussed in this article.

3 This solution applies for zero initial concentration.

4 In order for Eq. (2.3) to be dimensionally consistent, G must have units of {length] 3.
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What is really desired, of course, is not the random concentration re-
sulting from one realization of the flow, but the expected (mean) value
resulting from an entire ensemble of flows with identical macroscopic
conditions. Letting (c(x, v, z, 1)) = E{c(x, y, z, t)} and then taking the
expected value of Eq. (2.3) leads to

@y o= [ [ [ [ By 2.y, 2, )
X S’ y', 2/, t')dt dx' dy' d7’ 2.5

(Specifying S as a deterministic function implies that the inevitable ran-
domness in § is negligible when compared to the mean emission rate and
to the effect of the randomness of the turbulent field on ¢.)

Equation (2.5) can be interpreted physically as follows. E{G} is just the
probability density p that a particle released at location (x', ¥, z') at time
t' will be at location (x, y, z) at time ¢, the transition probability density,

plx,y, 2,0, y', 2, t") = E{[G(x, y, z, t]x', y', 2', t')} (2.6)

so that Eq. (2.5) can be expressed in terms of p,

oo o o t
{ctx, ¥, 2, 1) = f_m J’_w f_m L plx, y, z, t', y', 2, t')
X S(x',y', ', ) dt' dx' dy' d7’ 2.7

Equation (2.7) is sometimes taken as the starting point for the so-called
Lagrangian description of turbulent diffusion. In the Lagrangian descrip-
tion the concentration is related not to the velocity at a fixed point, i.e.,
u(x, y, z, 1), but to the velocity of particles that move with the fluid. Thus,
the probability density function p expresses the probability that a particle
released at (x', y’, z’) at time ¢’ will arrive at (x, y, z) at time ¢. Equation
(2.1) is a Eulerian description because it gives ¢ at a fixed point in space as
a function of the local values of the velocity vector u. The interpretation
of p as the expected value of the stochastic Green’s function, E{G}, pro-
vides a connection between the Eulerian and Lagrangian descriptions. In
the Lagrangian approach Eq. (2.7) is usually taken as the starting point,
where p is to be specified.

Statistical properties of ¢ other than the mean can be obtained from Eq.
(2.3). For example, the cross-correlation between the concentrations at
two different locations and times,

R(xy, y1, 21, X2, Y2, 22, 1, 1) = Elc(xy, yy, 21, 1)c(xs, ¥2, 22, 1)} (2.8)
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can be determined from

R(xla Y1, 215 X25 Y25 22 ty, tz)
© © fh [
= —® o J._m J;, J;) E{G(xl9 Y15 21, tllx,’ }", Z,’ t’)

X G(xZ’ Y2, 22, t2'-x"’ y"’ zu, t")}
x S(xl’ y" Z', tr)s(xn, yn’ Z", tn) dr' dt' dx" - dzl (2.9)

The autocorrelation of the concentration at the same point at different
times is obtained from Eq. (2.9) by setting x; = x, y; = y3, and z; = 25,
and the mean square concentration is obtained from Eq. (2.9) by setting
4; = t, in addition to x; = x;, ¥; = ¥, and z; = z;. Thus, the mean square
concentration is given by

© w ft [t
E{c(x, y, z, %} = L” J; fo fo EGx,y, z, ', y', 2, 1)

X G(x’ y’ Z’ t'x"’ y"’ Z"s t")}
X S(x', yr’ zr’ t’)S(x", yn, zn’ tl!) dt” dtr dxn e dz,
(2.10

The variance of the concentration distribution is
Var{c(x, y, z, 0} = E{c(x, y, z, 0%} — E{c(x, y, z, D}  (2.11)

Of the various statistical properties of the concentration other than the
mean, the variance is of the most interest.

Let us return for the moment to Eq. (2.2). In atmospheric problems it is
impossible to solve the equations of motion analytically. Under these
conditions information about the instantaneous velocity field u is avail-
able only from direct measurements or from numerical simulations of the
fluid flow. In either case we are confronted with the problem of recon-
structing the complete, continuous velocity field from observations at
discrete points in space, namely the measuring sites or the grid points of
the numerical model. The sampling theorem tells us that from a set of
discrete values, only those features of the field with scales larger than the
discretization interval can be reproduced in their entirety (Papoulis,
1965). Therefore, we decompose the wind velocity in the form

u(x,y, z, ) =ux,y,z,) + wix,y,z1) (2.12)

where @ represents the large, explicitly resolvable portion of the flow and
u’ represents all of the remaining (unresolvable) components.
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Because the velocity u contains the random component u’, the concen-
tration c¢ is a stochastic function since, by virtue of Eq. (2.2), c is a
function of u’. The mean value of c, as expressed in Eq. (2.5), is an
ensemble mean formed by averaging ¢ over the entire ensemble of identi-
cal experiments. Temporal and spatial mean values, by contrast, are ob-
tained by averaging values from a single member of the ensemble over a
period or area, respectively. The ensemble mean, which we have denoted
by the angle brackets ( ), is the easiest to deal with mathematically.
Unfortunately, ensemble means are not measurable quantities, although
under the conditions of the ergodic theorem they can be related to observ-
able temporal or spatial averages. In Eq. (2.7) the mean concentration {c)
represents a true ensemble mean, whereas if we decompose c as

cx,y,z,)=¢x,y, 2,0+ c'(x,y,2, 1) (2.13)

to correspond with the velocity field decomposition (2.12), then ¢ is the
mean value that corresponds to the particular velocity field decomposi-
tion (2.12). If & is obtained, theoretically at least, from an ensemble aver-
age of u, then ¢ can be viewed as the ensemble average (c). Even though @
is, of course, not obtained from an ensemble-averaging procedure, we will
take this viewpoint since we want to compare Eq. (2.7) with the equation
for ¢ that results from Egs. (2.2), (2.12), and (2.13). Henceforth, there-
fore, we will use the overbar to denote the mean value.

If we substitute Eqs. (2.12) and (2.13) into Eq. (2.2) and perform the
averaging operation indicated by the overbar, using the equation of conti-
nuity for an incompressible fluid,

V-u=0 (2.14)

and u’ = ¢’ = 0, we obtain
gélot +u-Ve+Veuc =S (2.15)

Equation (2.15) governs the mean concentration when the decomposi-
tions (2.12) and (2.13) are used. If the variables w'c’ are known functions
of space and time, then Eq. (2.15) can, in principle, be solved to yield ¢.
Unfortunately, the u'c’ cannot be measured at all points in an atmo-
spheric flow and, in addition, cannot be exactly predicted because of the
classic closure problem of turbulent flow. A great deal of research effort
has been directed at attempts to resolve this problem. The most well-
known method of approximating the fluctuating transport term w'c’ is
the so-called mixing length, gradient transport, or K-theory hypothesis.
With this approach, the transport is based on an analogy to molecular
diffusion in which the flux is assumed to be proportional to the mean
gradients, that is,
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we = -K:*Vé (2.16)

where the so-called eddy diffusivity K is the following second-order
tensor:

K. K, K.
K=|K, K, K, 2.17)
K, K, K,
Upon using (2.16) in Eq. (2.15), we obtain
aclot +a+Vé=V-{K-Vé}+ § (2.18)

to so-called atmospheric diffusion equation. Or.dinarily only the diagonal
elements of K are retained, so that Eq. (2.18) becomes?®

o¢ _ac a¢ ac

§+ua+v5§+w5—z-
2 (k) 2 (i, )+ 2 (1, %)
= K‘“Gx +8y Kyyay +8z KZZaZ + S (2.19)

We delay a discussion of the nature and determination of the elements of
K until later.

Considering the almost universal use of Eq. (2.16) as a closure approxi-
mation, it is important to outline some of its limitations. Monin and
Yaglom (1971), Corrsin (1974), and Seinfeld (1975) have identified some
conditions which are necessary for the valid use of a gradient transport
hypothesis. In short, a basic requirement is that the transport mechanism
length scale must be much smaller than the distance over which the mean
transported field gradient changes appreciably. Similar conditions apply
to the temporal scales. A more fundamental difficulty occurs when the
flows are buoyancy driven. In this situation, particularly for free convec-
tion, the fluxes u’c’ are no longer described by the local gradient.

In an attempt to circumvent some of these problems, considerable ef-
fort has been expended to develop so-called second moment turbulent
closure models in which the governing equations are closed by including
terms parameterizing various turbulent correlations (see, for example,
Lewellen et al., 1974, Wyngaard and Cote, 1974; Lumley and Khajeh-
Nouri, 1974; Mellor and Yamada, 1974; Yamada and Mellor, 1975; Zeman
and Lumiey, 1976, 1979; Zeman and Tennekes, 1977; Freeman, 1977,
Yamada, 1977; Manton, 1979; Binkowski, 1979). While second-order clo-
sure models are conceptually very appealing, their use in atmospheric

5 For a discussion of the off-diagonal terms of K, see Corrsin (1974).
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diffusion calculations often requires very burdensome computations be-
cause of the additional equations that must be solved beyond those for the
mean quantities. In spite of the increased rigor of second-order closure
models, there remains a need for a computationally tractable approach
that produces results consistent with the known behavior of pollutants in
the planetary boundary layer. The approach adopted in this article is to
focus on the use of the eddy diffusion concept and to develop the compo-
nents of K using modern atmospheric boundary layer theory.

We have now derived two fundamentally different expressions for the
mean concentration of an inert tracer in a turbulent flow: Eqgs. (2.7) and
(2.19). To compute the mean concentration ¢ from Eq. (2.7) requires only
that p(x, v, z, t|x’, ¥', 2’, t'), the transition probability density, be speci-
fied, whereas the mean velocities and eddy diffusivities must be pre-
scribed to obtain ¢ from Eq. (2.19). In the next section we see how forms
of ¢ are obtained from Eqs. (2.7) and (2.19).

ll. Mean Concentration from an Instantaneous Source in
Stationary, Homogeneous Turbulence

A. LAGRANGIAN APPROACH

The Lagrangian approach to turbulent diffusion is embodied in Eq.
.7,

&x,y, 2,0 = f_w L L fo pix, y, 2, tlx', ¥y, 2/, 1)
X S&x',y', 2, t)ydt dx' dy' d7’ 3.1

The key problem in using Eq. (3.1) is the specification of p. We ask
whether we can derive an expression for p. The velocity components u, v,..
and w, although random, are related through conservation of mass and
momentum for the flow, that is, they are governed by the stochastic
Navier-Stokes and continuity equations. In general, as we have noted, an
exact solution for u, v, and w is unobtainable. We can, however, consider
an idealized situation in which the statistical properties of u, v, and w are
specified a priori. Then, in so doing, we wish to see if we can obatin an
exact solution of Eq. (2.4) from which p can be obtained through Eq.
2.6).

We seek therefore to evaluate p through its relationship as the expected
value of the stochastic Green’s function G. To do so requires that we
make appropriate assumptions that allows us to solve Eq. (2.2). Our basic
assumption is that the turbulence is stationary and homogeneous, and
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therefore that the statistical properties of , v, and w are independent of
time and position. The stationarity assumption implies that if the mean
velocities are changing, they do so on a temporal scale that is long com-
pared to that associated with the concentration dynamics.

In the terminology of stochastic processes, a process u(t) is stationary
in the strict sense if the marginal distributions of u(t,), u(z,), ... are identi-
cal, the joint distribution of u(¢;) and u(t,) depends only on ¢, — ¢;, and the
joint distribution of u(z), u(t;), u(t;) depends onlyont; — t,, 1, — 11, etc.
The process u(?) is stationary in the wide sense if E{u(?)} is constant and
E{u(t)u(t,)} depends only on #, — t;. Now, for a wide sense Markovian
process, the distribution of u(¢) given u(t;) does not depend on u(z,). Thus,
the partial correlation coefficient of u(f) and u(z,) given u(t,) is zero (Pa-
poulis, 1965). For a Gaussian process this correlation coefficient is given
by (Cramer, 1946, p. 306)

« _ Plu@), ut)] — plu(@), u(t)lplu(ty), u(t))]
{1 ~ plu(), u)}™1 = p*u(), u()]}"”

The numerator for a stationary process is p(t — t;) — p(t — t)p(t; — t,),
which is zero if and only if p(e; + ;) = p(ay)p(ey), that is, if and only if p -
is an exponential function. For a stationary process p(r) = p(—7) and thus
p(t; — 1) = exp(—B|t; — t)). In all cases of physical interest 8 > 0, so that
p <wfor |t = t| —> .

The mean velocity components are expressed as #, 0, and w. We as-
sume that the velocity components are stationary Gaussian random pro-
cesses, so that, based on the preceding discussion, the autocovariances of
u, v, and w can be written as (Papoulis, 1965, p. 397)

E{lu(ty) — allu(ey) — al} = o exp(~Blt; — 1))
E{[v(zy) - 0llu(tp — 0]} = o exp(—Blt — 1)) (3.2)
E{lw(r) — wllw(t) — w1} = o, exp(—Blt; — #))

Let us now consider the solution of Eq. (2.2) for a time-varying point
source located at the origin, that is, S(x, y, z, f) = S(1)d(x)8(»)8(z). The
solution is

o(x, v, 2, 1) = [ S@dlx — Bir, DIdly - Bt, Dslz — Bt, Dl dr (3.3)

where

B(.n=[u@do, Bu,7=[ve)ds, B =] we) do
G.4)
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The stochastic Green’s function G is identified from Eq. (3.3) as

G(x, y, z, 10,0, 0, ') = 8[x — B,(t, t')]
X 8[y — B,(t, tO}dlz — Bt, 1)] (3.5)
The mean of c is given by Eq. (2.5)

Ele(x, y. 2, 0} = [, E8lx = B/t DLy - B¢, 7]
x 8[z — B(t, DI}S(?) dr (3.6)

We define the joint probability density function (pdf) of B,, B,, and B,
as f(b,, by, b,; t, 7). Then Eq. (3.6) can be expressed as

Eetr,y. 2.0y = [ s [ [ [
X 8[x = by(t, Dly — by(t, DIdlz — b1, 7)]
X f(bx: byy bz; t, T) dbx dby dbz dT
= [ s @y, 1,7y ar 3.7)

The mean square concentration is given by Eq. (2.10), which can be
rewritten as

Elc(x, 3, 2, 07} = || [ E{olx = by(r, 1018y — bytt, 1)18lz — btt, 1]
X 8lx - bi(t, Ly = by(t, )Lz = bi(t, )]}
X S(t)S(")y dr' dr’ (3.8)

Let us define the joint pdf g(b,, b,, b,, b;, b,, b;; t, ', ¢') such that g db,
db, db, db; db, db, is the probability that b, = B,(t,t') < b, + db,, ..., b; <
B/1, ') = b, + db;. Then, Eq. (3.8) can be written as
Elc(x, y, 2, )7} = f; ﬂ gy, .. %y, 54,10, 1)
x S(t')S(¢") dt’ dr’ 3.9

Since u, v, and w are Gaussian random processes, it can be shown that
B,, B,, and B, are also Gaussian processes. If b, b,, and b, are indepen-
dent,

flby, by, b5 t,7) = filbes t, Dby t, ALy 1, 7)
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where for f,, for example,

. _ _(bx - Bx)z]
f:\'(bx’ t’ T) - (2‘”0_)2‘)]/2 €X [ 20_3 (3.10)
where B, and o, are the mean and standard deviation of B,(z, 7).
From the definition (3.4), we see that
B, = E{Bt, ")} =E {J: u(9) do} =Gt — 1) 3.11)

and similarly that B, = #(f — 7) and B, = w(t — 7).
The variance a(t, 7) of B.(t, 7) can be computed from its definition

odt, 7) = E{[Bt, 7) — B} = E{B,(t, %} — B; (3.12)
Consider the first term on the right-hand side of Eq. (3.12):

EB(, 3 =E { f’ u(6) do f u(6) do}

= E{ [ [ wene) a0 dx} = [ [/ Ew@uoy do arn 3.13)

Using Egs. (3.2), (3.11), (3.12), and (3.13), we obtain
oit, ) = ot — 1) = QoUBIBE — 7) + e B — 1] (3.14)

The mean value of c(x, y, z, 1) is given by Eq. (3.7) in conjunction with
Eqgs. (3.10), (3.11), and (3.14). For a pulse input of strength Q at the origin
att = 0, S(t) = Q&(r), and the mean concentration is given by

éx,y, 2,0 = —<
» Y 2 (277)3/20'x(t)0'y(t)(7z(t)

(x — ar)? - 0t)? N wi)?
x exp W) 20K | 20%0)

where o, 0y, and o, are given by Eq. (3.14) and its analogs for o, and o,.

Summarizing, we have demonstrated that the mean concentration of a
tracer released in a velocity field where the three components are Gaus-
sian random processes has a spatial distribution that is Gaussian with
variances that increase with time according to Eq. (3.14). This is an im-
portant result. The mean concentration distribution is completely speci-
fied from the mean velocities #, 0, and w, the variances of the velocities
a?, o2, and ¢, and the characteristic decay time 87!

Let us examine the limits of Eq. (3.14) for large and small ¢ for r = 0.
For t > 871, Eq. (3.14) reduces to

ol = 2028 (3.16)

] (3.15)
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Fort < B7%, exp(—B1) =1 — Bt + (B)*2 and

gl = ol (3.17)

Thus, we find that
) {12 for small ¢
o’ ~

t for large ¢

We point out that the variances of B, , B,, and B, are also the variances
of the concentration distribution in the three coordinate directions. This
result is physically plausible since B, represents the random distance that
a fluid particle travels in the x direction between times 7 and ¢, and this
distance is precisely that which a tracer molecule travels. Consequently,
the variance of B, is equivalent to the x-direction variance of the concen-
tration distribution.

B. EULERIAN APPROACH

The Eulerian approach to turbulent diffusion was shown to lead to the
atmospheric diffusion equation (2.19):

=2 (k%) + % (K, g;-) + aiz (k.. Z—Z) +5 @19

As noted in Section 11, the eddy diffusivities K,,, K,,, and K, embody the
information concerning turbulent diffusion. To the extent that the solution
of (2.19) can be represented as

'
&x,y, 2,8 = f” fo Gx,y, 2, ¥, y', 2/, 1)
X Sx',y', 2, t')ydt dx' dy' d7’ (3.18)

the Eulerian and Lagrangian approaches can be compared directly.

Let us consider, as we did in the previous section, an instantaneous
point source of strength Q at the origin in an infinite fluid with a velocity &
in the x direction. The mean concentration in the case of constant K.,
K,,, and K, is governed by

a¢ a¢ 8% 9%¢ a*c

= Kegam t Kot Kap

T3 % (3.19)
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é(x, ¥, z, 0) = Q8(x)8(y)8(2) (3.20)

ox,y,2,t)=0, x,y,z2—>*x (3.21)
Let

éx, ¥, z, 1) = ¢ilx, ey, Des(z, 1)

with ¢,(x, 0) = 0'38(x), cx(y, 0) = Q'8(), and c3(z, 0) = 0'?3(z). Then we
have

ad ey _ 625'1 dcy 8%c, dcy 8%y
o VAo = Ka ar _ Cweyrr T KzzFZ'z" (3.22)

Each of these equations may be solved by the Fourier transform. We
illustrate with the equation for ¢;. The Fourier transform of ¢ (x, ?) is

Cla ) = Flex, 0} = @m)™" [~ citx, e dx
and thus transforming, we obtain
aC/at + iaiC = —a?K,,C, Cla, 0) = 0VQm)""2  (3.23)
The solution of Eqgs. (3.23) is
Cla, ) = 0"3Q2m)"12 exp[—(a?K,, + icui)t]
The inverse transform is
e, ) = Qo2 [~ Cla, e der
Thus,

Q1/3 o
e, ) = %= |7 expl-[0K ot — iotx — aD)} de

Completing the square in the exponent,

x — at)? (x — ad?

oK, t — ia(x — af) —

aK,.1 ARt
_ v M - lit)]Z =
["‘(K**’) WK aK.1

Let n = a(K,0)"? — i(x — ut)2(K1)"? and dy = (K,.0)"? da. Then

13 x — an?] (=
alx, ) = i;%ﬁm exp[— —4Kxx—t—] J:m e dn
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The integral equals V7, so

B Q1/3 [— (x — at)Z:I
c,(x, t) = W exp __41(,“[ (3.24)
By the same method
13
oy, ) = T L e MKyt (3.25)
yy
173 2
oz, 8) = NTK D7 ekt (3.26)
L #4
and thus
&x,y,z,0) = Q
T 8(m1) (K, K, K )"
(x—ar 2 J
X e"p[ iK1 aKy aka G2

We note the similarity of Egs. (3.27) and (3.15). In particular, if we
define o2 = 2K,.t, o} = 2K,,t, and o = 2K, the two expressions are
identical when v = w = 0. Thus, we see that the mean concentration from
an instantaneous point source in an infinite fluid with stationary, homoge-
neous turbulence has a Gaussian form, with the variances of the concen-
tration distribution related to the variances of the wind velocity fluctua-
tions or to constant eddy diffusivities.

IV. Mean Concentration from Continuous Sources

Solutions were obtained in Section III for the mean concentration re-
sulting from an instantaneous release of a quantity Q of material at the
origin in an infinite fluid with stationary, homogeneous turbulence and a
mean velocity & in the x direction. We now wish to consider the case of a
continuously emitting source under the same conditions. The source
strength is specified as g (g sec™?).

A. LAGRANGIAN APPROACH

A continuous source is viewed conceptually as one that began emitting
at + = 0 and continues as ¢t — «., The mean concentration achieves a
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steady state, independent of time, and S(x, y, z, 1) = g8(x)8(¥)8(z). Thus,
Eq. (3.1) can be written as

&y, 2, 0 = [ p0e, v, 2,100,0, 0, 1)q dr @

The steady-state concentration is given by

- — 3 - — . t ' '
x,y, 2= lgg éx,y,z, ) = lgg fo p(x,y, 2,40, 0,0, t')g dt

The transition probability density p(x, y, z, 10, 0, 0, ¢') is interpreted as
the concentration at (x, y, z) at time ¢ resulting from a unit source at the
origin at time ¢'. From Eq. (3.15),

p(x,y,2,40,0,0,t) = Qm) 3ot — t)ay(t — ot ~ )]}
. el
% ""‘P[‘ 2, — 17 20,(t - 1)

22
T 20, — z')ZJ “.2)

which we note can be expressed as p(x, y, z, ¢ — £'|0, 0, 0, 0). Thus

éx,y, 2 =lim | p(x, y, 2,1 = 10, 0, 0, 0)q dr
tso JO

= lim L:P(x, ¥, 2,70, 0, 0, 0)g dr

Therefore the steady-state concentration is obtained by integrating the
non-steady-state concentration over all time from 0 to «.

We note that the term exp{—[(x — @f)%/202]} is peaked about the value of
the travel time ¢ = x/i and falls off exponentially for longer or shorter
values of 1. Consequently, the major contribution of this term to Eq. (4.2)
comes from a range of values of # givenroughly by (x — o i st =< (x +
o,)/i. This expression is not really symmetric about x/i because of the
distortion caused by o,(#), i.e., the older puffs are larger than the younger
ones. By rewriting the exponential argument as (x/i — £)%2[o(1)/iz)* we
see that the mean wind speed i scales the rate of fall off of the integrand
from its peak value. The smaller # is, the larger will be the range of ¢ over
which the integrand in Eq. (4.2) will contribute significantly.

Combining Eqgs. (4.1) and (4.2), the mean concentration from the con-
tinuous source is expressed as
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&y, 2 = [ dlero.o,0]

x — a0 2 ]
S A A 4.
X exp[ 297 207 207 dt 4.3)

L o) = o) = o) = o(0)

We now want to evaluate the integral in Eq. (4.3). To do so, let us
assume that

ox(t) = oy(1) = o (1) = ol(f) 4.4

A Taylor series expansion of the puff kernel about the time ¢t = x/i7 is

SIS ST TR TR B P

where

B y2 + ZZ
" = 252 (x/a)

We now assume, consistent with the Taylor series expansion, that the
major contribution to the integral comes from the range

4.6)

xii—8=<t=xla+§

where 8 < x/ii (and |t — x/i| < 8). We expect 8 to be propomonal to o(t)/i
based on the form of the expression.

The parameter § must be sufficiently large so that a substantial portion
of the entire integral is contained within the integration limits x/i# — 8§,
x/a + 8. However, since the integrand is peaked about the value ¢ = x/i
and falls off exponentially for t 2 x/ii, we reasonably expect § to be a
small quantity.

Substituting Eq. (4.5) into Eq. (4.3) yields

x/d+8

ox, y,2) = Lu s (27:')3’20'3(0 [1 - (t - %) 2am + ] dt 4.7

If we further assume that o(r) does not change significantly in the
interval x/a — & < t < x/i + 8, and hence oX(t) = o*(x/i) within the
integration limits, we conclude that only the first term in the expansion
will contribute to lowest order in 8, since to order 8,
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JWH (t - %)n dt=0 for n=1 “4.8)

x/g—6
Consequently, to order 8, we get from Eq. (4.7),
. AN
V2w 2a(xli)

We now have an expression for ¢(x, y, z) that depends on the parameter
8, which itself depends on time. The quantity i#d expresses the distance
for which a puff emitted at ¢ = 0, and whose center is located at x = zt,
has appreciable concentrations. Physically, Eq. (4.9) expresses the con-
centration emanating from the point source to be a plume composed of
many puffs whose concentration distributions are sharply peaked about
the puff centroids at all travel distances. We have not specified the param-
eter §, although we expect that it should be proportional to o(x/i)/ii. The
assumptions made in deriving Eq. (4.8) require that 8 < x/i. If the propor-
tionality constant relating 8 and o(x/i7)/iz is of order one, as we expect it to
be, then the condition of validity of Eq. (4.9) can be stated as

olxli)ix <1 (4.10)

Physically, this condition states that the spread of the individual puffs is
small compared to the downwind distance. An alternative way of express-
ing this condition is that the rate of spreading of a puff in the direction of
the mean flow is small compared to the rate of advection of the puff by the
mean flow. This assumption is termed the slender-plume approximation.

The above analysis does not tell us the constant of proportionality
relating & and o/i. However, if we assume § = qgo/i, substitute this
expression for § into Eq. (4.9), and impose the condition of conservation
of mass (i.e., that the total flow of material past the plane at x is g}, we
obtain a = (m/2)"2, The resulting equation for é(x, y, z) is

cx, y, 2) = 4.9)

5 = q I A
€y, = mem[ 2GR 20'2(x/ﬁ)] @.11)

Summarizing, we have evaluated the general expression (4.3) in the
special case in which the standard deviations of the puff distribution are
the same in the three coordinate directions and in which the standard
deviation is much smaller than the distance from the source at any x, the
so-called slender-plume approximation.

2 2 _ 2 _
2. Ox=Yd, Oy =, o7 ="t

Let us return to Eq. (4.3) and consider the case in which o, # o, # a,.
To perform the integration, it is necessary to specify the temporal depen-
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dences of o, 0y, and o,. A particular form of dependence was developed

in Eq. (3.16), from which we write
ol = Yil, 0'3 = Y, ol =yt
Thus, it is desired to evaluate

- S q
&x,y,2) = L C Py, y) P

Gc—ap  y2 2 ] &t

X exp[ 2y,t 2yt T 2y,

This integral can be expressed as

5 =294 [
éx, y, 2) Cr () J;, t

(r* — 2uxt + aztz)]
X exp[ o, d
where 12 = x? + (y./v,)y* + (y./y)Z>. Thus,

- - q iix/yy “ -3/2
¢x, y, 2) (2_”)30(%‘7),7 D72 € ,[o !

X e"p[”(z;zxt * z%)] dt

Letn = 2 and

- = 2q
€Y D = oy ) €

saxlyy

L] - (32525

The integral is equal to
f " p-(an+bin?) dn = %(,n./a)llze~2(ab)”2
4]

so finally

éx, y,2) = W exp[— ;u: (= x)]

4.12)

4.13)

4.19)

4.15)

(4.16)

4.17)

is the expression for the mean concentration from a continuous point
source of strength g at the origin in an infinite fluid with the variances

given by Eq. (4.12).
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Equation (4.17) can be simplified somewhat for most situations of prac-
tical interest by the slender-plume approximation. In dealing with Eq.
(4.17), this approximation implies that advection dominates plume disper-
sion so that only the concentrations close to the plume centerline are of
importance. In the case of Eq. (4.17) we are interested in values of x, y,
and z that satisfy

2 2
(rlvy)y ;; (y<lv)z <1

which can be viewed as the result of two assumptions,
Y2 o an %o Y _
) —z— <1 @ v o, v, o o)

y

Assumption (ii) implies that the variances of the wind speeds are of the
same order of magnitude. Since

2 4 2712
r=x [1 + ('YX/Yy)y 2 ('Yx/')'z)z ]1

(4.18)

using (1 + {)» =1+ {p + -+, Eq. (4.18) can be approximated by®

2 + 2
rex [1 + (yelvy)y 2xz(’y,;/'yz)z ]

In Eq. (4.17) we approximate » by x and r — x by the above expression.
Thus, Eq. (4.17) becomes

4.19

" x/ 2 4 x/ 2
&x, v, 2) = my‘q&j@e"p{" :Yu_ [(v 04 Zx(y Y.)2 ]} 4.20)

If we relate time and distance from the source x by ¢t = x/iz, then we can
use Eq. (4.12) to give

0'3 = y,xld, ol = yxlu 4.21)

6 The expression
drormis @)oo

is valid for all p if —1 < { < 1. Thus,
(1 +Dllz= 1 +i§+§£2+
for —1 < { < 1. Note that

C) -

where for noninteger p, p! = I'(p + 1).
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Then Eq. (4.21) becomes the anisotropic version of Eq. (4.11):
2

. __qa [ (¥ = ]

Equation (4.22) is the expression for the mean concentration from a con-
tinuous point source of strength g at the origin in an infinite fluid when the
standard deviations of plume spread are different in the different coordi-
nate directions and when the slender-plume approximation is invoked.

B. EULERIAN APPROACH

The problem of determining the concentration distribution resulting
from a continuous source of strength g at the origin in an infinite fluid with
a velocity # in the x direction can be formulated by the Eulerian approach
as’

iy = (3—152 + zz;; + 32 ) + a8(080:)8(2) 4.23)
éx,y,20=0, X, y, 72— *oo 4.24)
To solve Eq. (4.23), we begin with the transformation
flx, y,2) = élx, y, )™ (4.25)
where k = 4/2K, and Eq. (4.23) becomes
Vif — kf = —(g/K)e *8(x)8()8(2), (4.26)

fx,9,2=0, x,y,z— %=
First we will solve V2 f — k*f = 0, where r2 = x2 + y2 + z2. To do so, let £ ()
= g(r)/r and
14 dg 1 d%
2 = - __.._
vr=ag P
so the equation to be solved is d%g/dr? — k*g = 0. The solution is g(r) =
A;e’ + A,e™*. Then A, = 0 satisfies the condition that g is finite as r — o,
and f(r) = (A/r)e *. To determine A, we will evaluate
[, @r-wnav=- | Letswmsmemdv @21

7 We illustrate the solution procedure for the case of X,, = K,, = K, = K. The solution
for the general case is presented subsequently.
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on the sphere with unit radius. The right-hand side of Eq. (4.27) is simply
—qg/K. The left-hand side is, using Green’s theorem,

[, @2 - iy av = f ds - k[ fav
On a sphere of unit radius,

Jognas = [} [L cos 0 (37),., a0 dp = ~amacie + 1

_ f fdv = f' 4mr¥f dr = AmAleHk + 1) — 1]
v 0

Thus, Eq. (4.27) becomes 477A = ¢/K. Finally,

e, y, 2) = 413,0 exp[— d(r21—< x)] 4.28)

where r2 = x2 + y2 + 2%, or

2 4+ 2\
Y Z) (4.29)

r=x(1+ 2

If we invoke the slender-plume approximation, we are interested only
in the solution close to the plume centerline. Thus, as in Eq. (4.20), Eq.
(4.29) can be approximated by

ey (1 +2 2;222) (4.30)

If in Eq. (4.28) r is approximated by x and r — x by (y* + z2)/2x, Eq. (4.28)
becomes

o = ggee] - (gg) o2+ 2] @

We will now show that Eq. (4.31) may be obtained by solving the
atmospheric diffusion equation in which diffusion in the direction of the
mean flow is neglected relative to advection:

_a¢ 9% 9%
ago= K ( P + 3 ) + g8(x)8(y)o(z)

¢0,y, =0, ¢x,y,20=0, y z—> o (4.32)

In fact, the source may now be included in the x = 0 boundary condi-
tion by
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_9¢ (626 0%¢
4= K Y% + az2)
€0, y, 2) = (¢)d(y¥(2), ©¢x,y,2)=0, y, z—> xx (433)

where the x = 0 boundary condition arises by equating material fluxes
across the plane at x = 0. We will present the solution of Eq. (4.33).
The solution can be carried out by Fourier transform, first with respect
to the y direction, C(x, a, z) = F,{é(x, y, z)}, and then with respect to the z
direction, C'(x, a, B) = FA{C(x, {, 2)}, in which case Eq. (4.33) becomes

u aa—i” = —K(@® + B)C'(x, a, B) 4.34)

The x = 0 boundary condition, when transformed doubly, is
C', a, B) = ql2mi (4.35)
The solution of Eq. (4.34) subject to Eq. (4.35) is

: =4 |- K2+ g2 ]
C'(x, a, B) - exp[ P @+ B9 (4.36)
We must now invert Eq. (4.36) twice to return to ¢(x, y, z). First,

1 ] )
Cx, a,z) = I j_m C'(x, a, B)e* dB

Thus,

a0

i KxB?
Cx, a,2) = (Egm; e o7Kx f_m exp[iBz - =

u

] g8 (4.37)

It is now necessary to express the exponential in the integrand as

Kxg2 .\ _ Kx\» iz (a\np
- F - ipz) = ‘[(—,{) B"'z’(i&) ] T iKx
and let y = (Kx/2)"?B — (iz2)(a/Kx)'?. Then Eq. (4.37) becomes

q a\\ o?Kx  Zal e
Clx,a,2) = rPSH (E;) exp[— = " ﬁ(}] j_w e dn

Proceeding through identical steps to invert C(x, «, z) to &(x, y, ), we
obtain

_ q u
éx,y,2) = nkx exp[-— iKx O* + zz)] (4.38)
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Finally, we can proceed through similar steps in solving the more gen-
eral form

_9¢ 9% 3%
ua=Kyy5‘y-§+ Kzzé?z'
é0, y, 2) = (¢)d(8(2), ¢x,y,220=0, y,z—> *o (4.39)
to obtain

9= regmonl- ()]
C(X, Y, Z) - 477(Knyzz)1 xeXP 4x Kyy ( . )

F44

x|~

C. SuMMARY OF CONTINUOUS POINT SOURCE SOLUTIONS

Table I presents a summary of the solutions obtained in this section. Of
primary interest at this point is comparison of the forms of the Lagrangian
and Eulerian expressions, in particular the relationships between the eddy
diffusivities and the plume dispersion variances. For the slender-plume
cases, for example, the Lagrangian and Eulerian expressions are identical
if

ol = 2K, xli, of=2K.xli (4.41)

which can be compared to Eq. (4.21).

In most applications of the Lagrangian formulas, the dependences of o
and o2 on x are determined empirically rather than as indicated in Egs.
(4.41). Thus, the main purpose of the formulas in Table I is to provide a
comparison between the two approaches to atmospheric diffusion theory.

V. Point Source Diffusion Formulas Based on a
Gaussian Distribution

The presumption of a Gaussian distribution for the mean concentration
from a point source, although demonstrated only in the case of stationary,
homogeneous turbulence, has been made widely and, in fact, is the basis
for many of the atmospheric diffusion formulas in common use. Based on
the developments of Section IV, we present in this section the Gaussian
point source diffusion formulas that have been used for practical calcula-
tions.



TABLE I

MEAN CONCENTRATION ¢ (x, y, ) FROM A CONTINUOUS POINT SOURCE IN AN INFINITE FLUID IN STATIONARY,
HoMOGENEOUS TURBULENCE

Approach Full solution Slender-plume approximation
Lagrangian q [ i ] q [ ( ¥? 2 )]
e — — — —_— _— 4 —
o";‘ = Yl 20y, SPLT 7, r=x 2mio,a, 7 20, 20}
oy = Wi 2= 42 2 2
(Tf = Y.t ri=x"+ (Yx/')’y)y + (YX/YL)Z
Eulerian q q [ i (y2 2? )]
PO 2 2 -1 PR S—— —— S —_
K.*K,+K, ar KnKaX' + KaKoy® + KuKyy2') K K% Pl i \x, T &,

FlE g8 -+
x_exp~m K—u+K_yy+E - X
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A. LAGRANGIAN APPROACH

The Gaussian concept can be extended beyond that already developed
in Section IV. The general Gaussian probability density function for the
position of a fluid particle released from a source located at (x', y’, z') at
time ¢’ can be expressed as (Lamb, 1980)

px,y, z, t)x', ¥y, 7, 1) = [Qu)P 2 exp[—4 P71 (5.1)

where T is the transpose of the column vector with the following compo-
nents:

L=x—-x"—a(t—-1), LG=y—y —ot-1t)
L=z2—-2 —wit—-1t)

and P! and |P| are the inverse and determinant, respectively, of the
matrix

5.2

(R (SR &
P=|{L @) &L 5.3
€L L) &
where the covariance ({3, (L), etc., are
€D = x — P — @ - )
Gy = (& — XNy = ¥)) — av(e - ')
Since measurements of (u'v’), (u'w'), etc., usually indicate that the magni-
tudes of these covariances are much smaller than the mean square veloc-

ity fluctuations (%), (v'?), etc., it is generally assumed that the off-diago-
nal elements of P are negligible. Also, we use the notation, o2 = ({3, 02 =
(LD, o7 =D

It is customary to assume that the mean wind is directed along the x
axis, i.e., o = w = 0. Then, Eq. (5.1) becomes

5.4

px, v, z, tx', y', 7', ') = [QuYolola?] 2

-x —at -y O -y»
202 20'5

X exp[—

(= z—ag')z]

(5.5)

Up to this point we have assumed a fluid occupying an infinite domain.
For atmospheric applications a boundary at z = 0, the earth, is present.



236 JOHN H. SEINFELD

One can modify Eq. (5.5) to allow for different concentration distributions
in the z direction by separating out the form of the distribution in the z
direction:

Py, z, tx', ¥y, 2, 1) = pfz, iz, t)

X [4nolol]1?
x-x-a¢t-1) - y’)z]
X exp [ 207 2(75
(5.6)

The form of p, will depend on the extent of the vertical domain and the
type of interaction between the surface and the species. Two possibilities
are generally considered when specifying the extent of the vertical do-
main in the atmosphere:

(1) unbounded domain, 0 = z < ;
(2) bounded domain, 0 = z < H.

Case (2) corresponds to the existence of a layer occupying z > H that acts
to inhibit diffusion of material. Three possible situations exist when speci-
fying the type of interaction between the surface and the material:

(1) total reflection;
(2) total absorption;
(3) partial absorption;

Consider first an unbounded domain and a;totally reflecting surface. To
obtain an expression for p,, we assume that the presence of the boundary
at z = 0 can be accounted for by adding the concentration resulting from

an imaginary source at z = —z' to that from the source at z = z’ in the
region z = 0. Then p, assumes the form
b oy 1 ( [ (z - z’)z] [ (z + z’)z])
Pz, Uz, ') = G, exp 207 + exp 2797 5.7

If the earth is a perfect absorber, the concentration of material at the
surface is zero. The form of the vertical distribution can be obtained by
the method of an image source, with the change that we now subtract the
distribution from the source at —z' from that for the source at +z’. The
resulting vertical distribution is

plz, tz', t") = (—2—1’,—)1772—0—2 (exp [-— e - zl)z] — exp [— MD (5.8)

7 )
20 207
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Either Eq. (5.7) or (5.8) can be used in Eq. (5.6) to give the complete
distribution in the cases of totally reflecting and totally absorbing sur-
faces, respectively. The case of a partially absorbing surface cannot be
treated by the same image source approach since some material particles
are reflected and some are absorbed. The Eulerian approach offers a
convenient way to determine the form of the vertical distribution over the
range of situations.

We now turn to the case of a continuous source. The mean concentra-
tion from a continuous point source of strength g at height & above the
(totally reflecting) earth is given by (it is conventional to let /2 denote the
source height, and we do so henceforth)

t _q__ _ (x - m.)2 _ y_Z]
¢(x, ¥, 2) = lim || (2m)*0,0,0, exp [ 207 20}
(& - by i)
<[or (- E57) + o (- S5 0 59

As usual, we will be interested in the slender-plume case, so we evaluate
the integral in the limit as o, — 0. We can use the following relation:

x

— )2
11m \ G )1,2 exp [ 20;) ] = 8(x — x) 5.10

to take the limit of the x term as o, — 0. Using this relationship and letting
£ = it, we get from Eq. (5.9)

&l y2
éx,y,2) = 11m f 21ruaya'z exp (— F)
y

X (exp [—(Z — h)z] + exp[— (Z—”’—)f]) 8(x — &) dé (5.11)

20 20

where o, and o, are now functions of ¢/i. The final result is

4q Y
cx, y,2) = 5~ azeXp( Y. 2)

Ty

x(exp[ ] xp |- z::')z]) (5.12)

Z

the so-called Gaussian plume equation.

This result may also be obtained by starting with Eq. (4.11), assuming a
source at z = h and a fictitious source at z = —h, and adding the two
expressions in the region z = 0. If we assume a totally absorbing earth, the
corresponding form of the Gaussian plume equation is
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. 4 (-2
€x, ¥, 2) = 2mio,o, exp ( 20'5)
(z — h)? (z + hY
X (exp [-— ——2(—’_—%—] — exp [— 207 D (5.13)

Now we turn to the Eulerian approach to obtain the same results as we
have just obtained by the Lagrangian approach.

B. EULERIAN APPROACH

The object of this section is to derive the Gaussian equations of the
previous section as solutions to the atmospheric diffusion equation. Such
a relationship has already been demonstrated in Section IV,B for the case
of no boundaries. We extend that consideration now to boundaries. We
recall that constant eddy diffusivities were assumed in Section IV,B.

1. Instantaneous Source

Assuming a uniform wind speed i in the x direction, we begin with the
unsteady atmospheric diffusion equation with constant eddy diffusivities:
ac a¢ 8%¢ 8%¢ 9%¢
— + ] — = —— — —
at u ox Kxx axZ + Kyy ay2 + KZZ 822 + S(x, Y &, t) (514)
with initial condition

x,y,2,00=0 (5.15)
and x and y boundary conditions

éx,y,2,0) =0, X,y —> *x (5.16)

The z boundary conditions specify both the extent of the region and the
physical interaction of the material with the boundaries. It will be conven-
ient in solving Eq. (5.14) to assume that an impermeable barrier to diffu-
sion exists at a height z = H. Then the case of an unbounded region z = 0
is obtained by letting H — «. The surface (z = 0) boundary condition can
be represented in general as

K, 3¢/dz = vy, z=0 (5.17)

where vy is a parameter that is proportional to the degree of absorptivity
of the surface. For total reflection, vq4 = 0, and for total absorption, vq =
o, The specification of the problem is completed with the z = H boundary
condition:
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aclaz = 0, z=H (5.18)

The solution of Eq. (5.14) can be expressed in terms of the Green’s
function G(x, y, z, t|x’, y’, z', ') as

H fo fo 1 _
e, y, 2, 1) = fo f__m f_m fo G(x, y, z, ', ¥', 2, )

X Sx',y', 2, ¢)dt dx' dy' d7’ (5.19
where G satisfies

G G az(; aZG *G
T T Kaga t Ky gm t Ka g
Gx,y,z, 0, y', 2/, 0) = 8(x — x)8(y — y")8(z — 2"
G=0, x,y— z» (5.20)
G _ B8G for z=0
9z 0 for z=H

where 8 = v4/K,, . First we remove the convection term by the coordinate
transformation ¢ = x — (¢t — t'), which converts Eq. (5.20) to
oG G 3*G *G
_a"t— = Kxx agz + Ky), ayz + KZZ azz
To obtain G, we let
G, y,z, t,y, 2, )= A, y, tIx', ', )B(z, 1|2, t')

where
94 *A PA
= Kagg T gy
A&, y,0x', y', 0) = 8(¢ — x)8(y — y) (5.21)
A, y, tx',y', 1) =0, £ y— *o
oB o’B
ot = Ku%@ 972
B(z, 0)z', 0) = 8(z — 2') (5.22)

aB__{BB for z=0
0 for z=H
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We begin with the solution of Egs. (5.21). Using separation of vari-
ables, A(£, y, fix', y', t') = P(§, fx', tYQ(y, tly’, 1'). The solutions are
symmetric,

— ¥"2
P&, v, 1) = €=

a [__ (E-x)

Kot — O P [T 3K (- 1)
C o b -7

Wy, fly', ') = K, (t = )7 °XP [— K, - 1) ,/)]

Thus,

!

A(fv Yy, tlx', y" t') = (KnKyy)‘:/Z(t — f’)
& - x') (y — y')
X exp [’ K —1) Kt - z')]

We determine a' from the initial condition

A(f? Y, le" yla 0) = 8(§ - x')a()’ - yl)
or

a = (o & - xy (y —»')
KK, At = 7). | exe |- K - z')] exp | - K - t')] d¢ dy
= [ [ s - x50y — y') d dy
which reduces to @' = 1/4w. Thus,

1
A(§9 Y, tlx', Y, t) = %(Kqu)lD(t - 1)
(& — x')? (y —y)
X exp [‘ Kt — 1) Kt - t')] (5-23)

Now we proceed to solve Eq. (5.22) to obtain

+ B2) cos[A(H — z')] cos[\(H — 2)]
O+ p)+B

2 &
B(Z, tIZl, tr) — _H 2 ( n
n=1

X exp[—A K, (t — )] (5.24)
where the A, are the roots of
Mtan M H =8

In the case of a perfectly reflecting surface, 8 = 0 and
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Bz, e, 1) = 75 3 cosIAH = 2)] cosDh(H — 2)] expl-NK(t = )

where sin A, H = 0. This result can be simplified somewhat to

’

B@, tlz, 1) = % 20 cos (117;_2) cos (1"1—;—) exp[— (%,,)zKu(t - z')] (5.25)

The desired solution for G(x, y, z, t}x', y', Z', t') is obtained by combin-
ing the expressions for A(¢, y, f|x', y', t') and B(z, t|z’, t'). Physically G
represents the mean concentration at (x, y, z) at time ¢ resulting from a
unit source at (x', y', z’) at time ¢’. For example, in the case of a totally
reflecting earth, we have

o ’ ' 1oty — 1 < nwz n1TZ,>
Gy, 2 1, ¥, 2 1) = goprp g S =7y & ©08 (%) cos (5

<o - () - )

(¢ —x) =)
x exp | - K G- 1) K0 = :')] ©.26)

As usual, we are interested in neglecting diffusion in the x direction as
compared with convection, i.e., the slender-plume approximation. We
could return to the original problem neglecting the term 4¢/dx? in Eq.
(5.14) and repeat the solution. We can also work with Eq. (5.26) and let
K, — 0. To do so, return to Eq. (5.23) and let o = 2K,,(t — t'). Using Eq.
(5.10) to take the limit of the x term as o, — 0,

. 'y ) = !
lim AGx, y, ', ¥, ) = s e

=YV
X exp [— 4K, (1 - 1)

Thus, the slender-plume form of Eq. (5.26) is

] 8(x —x' —ait—1r))

- * 2 '
Gx, y, 2, tx', ¥y, 2, 1) = X {‘ﬁ cos (n_;‘z) cos (THi>

n=0
o[- (2 k0]
X 2[1rKyy(t1—- )| EXP [" Z;‘gy,(_z—{):q]

X 8x—x' —alt—1t)) 5.27)
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2. Continuous Source

Now we consider a continuous point source of strength g at (0, 0, k).
The continuous source solution is obtained from the unsteady solution
from

H (o © [
C_(x’ Y Z) = lt}-’naz Jo J'—ac J—m J’O G(x’ Yz, tlx” y" Z'a t')q
x 8(x")8(y")8(z' — h) dt’ dx' dy' d7’

The solution is illustrated for the case of a totally reflecting earth. Using
Eq. (5.27) and carrying out the integration, we obtain

9 g o () o 2

o 2
<), (,—-lt)—rz exp [“ Ik—(yr_—?”) - () Kt - ”)}
X 8x — a(t — 'y dt’

Evaluating the integral,
. nmh
3.8 g 5, on () on (221

< {(2)" exp |- Wy:x/& - () k3 629

This is the expression for the steady-state concentration resuiting from a
continuous point source located at (0, 0, &) between impermeable, nonab-
sorbing boundaries separated by a distance A when diffusion in the direc-
tion of the mean flow is neglected.

Finally, we wish to obtain the result when H — =, i.e., only one bound-
ing surface at a distance 4 from the source. Let

ol =2K,xli ol =2K,xli

and Eq. (5.28) can be expressed as

) 2 - nmwz
x,y,2) = (2_—77)”23‘71“7 > cos (—%)

n=0

oo () o[- 35~ () 5]
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Now let H— «, Let S = 1/H, and

- nmz nwh nmw

71 3, cos () cos (25) exp [~ () %] = 3 ret 49 a5
As AS — (, the summation approaches f: f(S) dS and

. _ 2 [ y’} »
éx,y,2) = m exp | — 27._—3 fo cos(7Sz2)

2
X cos(wSh) exp [ - (ﬂ"_zﬂ] das

Now,

cos(wzS) cos(whS) = d[coswS(z + h) + cosmS(z — h)]

2
5 - q y
%, D = Gyt o0 [~ 503]

¥
x { [} costtz + mySle-eees?2 as
+ f: cos[m(z — h)Sle~ @52 ds}

The integrals can be evaluated with the aid of tables to produce the final
result,?

_ L q ¥y ]
e, y, 2 = 2mioy,o, €xp [ 202

x {exp[ (Z_ )2] [ h)z]} (5.29)

the Gaussian plume equation.
The various point source formulas we have derived in Section V are
summarized in Table II.

C. LINE AND AREA SOURCE SOLUTIONS

Consider Fig. 2 showing a line source of length L;, the coordinates of
the midpoint of which are (x;, y;). The line source, of strength g(¢), is

8 We note that -
o0 1 {m\2 Bz)
-ax? ==-[Z - £
fo e ™ cos Bx dx 3 (a) exp ( v



TABLE 11

PoiNT SOURCE GAUSSIAN DIFFUSION FORMULAS

v

Mean concentration Assumptions
Gaussian puff formula Totally reflecting earth at z = 0
C-x—ae -1 -yP bz @0
p - e X Tx - _ - S = Q8(x — x)8(y — y)8(z — 2)8(t — ')
C(X, Vs 2, t) (2“)3,20‘10')!0-1 exp [ 203 20§ ] 0= ZQ_<. o Y y (
z-2'P z+ ') }
x [exp (_ 207 ) t+ exp (-‘ 202 )
Totally absorbing earth at z = 0
Q x—x —at - (-yP 8@99
- P L _¥Z S = 08(x ~ x)8(y — y"Hb(z — 2)8(t ~ 1)
&x, y, 2,0 (217')3”0',(7,'0'; exp [ 20-5 20’§ ] 0=z=<s»
(z—2') @+ ') ]
X [exp (— 207 ) ~ exp (— 202 )
Totally reflecting earth at z = 0
4 G-x —ait-0p (y-y) P el
A - _amx mHl - Y= § = Q8(x ~ x)8(y ~ y")8(z ~ z')8(t — 1')
ox, y, 2,0 (KK, — 1) €xp [ AK (1 — 1) 4K, (t — t')] 0<z=<H
2 < 2 2 r
x5 20 €OS Az €OS A2’ exp[—A2K,(t — 1))
P
A =fI§

ol =2K.(t — 1"
o2 = 2Kt — 1)
ol = 2K, (t — t)



(34

i Q G-x—ae -t  G-y)
€y, 2,0 = e NG — 1) K, €Xp [ aK (- 1) 4K, — t')]

2 & O2 + B2) cosIMEH — 2)] cosIAEH — 2)]
H.5 N+p)+B

x expl—AK (t — )]
Mtan A H =g

B = viK,

ol = 2Kt — t)

ol = 2Kt — t')

ot =2Kt— 1)

a=(u0,0
S = Q8(x — x"8(y — y')d(z — 2')d(r ~ ')
0=z=<H

Gaussian plume formula

wrom el Blonl- 5052

y

éx,y,2 = 211’1:7‘,0'7_ exp (— %)[exp (_ €4 2—0;)2) — exp (— %:—:;X)]

N

éx, 5,2 = W 2
X exp [ (‘2);_) - ("ﬁ‘"’)’ 2’22]

Totally reflecting earth at z = 0
a=(i0,0)
§ = qd(x)(y)8(z — h)
Slender-plume approximation
0sz=<wx

Totally absorbing earth at z = 0
a=(i0,0)
§ = g(x)6(y)8(z — h)
Slender-plume approximation
I=sz=swx

Totally reflecting earthat z = 0

a=(i0,0)
S = gd(x)5(y)d(z — h)
0<z=<H
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Y

Fi1G. 2. Line and area sources.

inclined at an angle 6, to the y axis. Assuming that the wind velocity
components are # and ¥ and that Ky = K,, = K|, the previous solutions
may be used to give the mean concentration at time ¢ after the source
began emitting at time zero. The result is

' q(T)pz(Z, T'ha O)ISIH ell
o A(mKyr)'?

éx,y, 2, 1) =

— —— v + —_— —_— - - 2
X exp {— [(x = x = %) cos 0; KH(TY yi = ¥) sin 6] }
-y —y)cosf—(x—x—X)sing + L,/2]
X {erf [ KT
_ (y—)’I‘-)’?)COSOI—(x—x,-—f)sinﬂ,—Ll/2]}
erf [ WK dr

(5.30)
where X = 4t and y = ot.
As before, p, is determined from the vertical boundary conditions. If
the source is at height 4 and the only barrier to diffusion is the ground,

p .0 = g fon [ S 2] o [ E5222)
(5.3
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If a barrier also exists at z = H, an alternative form to Eq. (5.28) is

1 ® — h + 2nH)
pz(z, tih’ 0) = W "Zw {Cxp [— (Z 4Kutn ) ]

A

Now we consider the area source shown in Fig. 2. The mean concentra-
tion corresponding to Eq. (5.30) is

_ fr q(1)p Lz, 7|h, 0)
0 4

(5.32)

&x,y, 2,0
(et ) - o Ui )

X {erf [g‘(—lz;%] —erf [g(;;—;;%]} dr  (5.33)

where

R=(@x—x,—%)cos 8, + (y —y, — ¥)sin 6
Yo T VAT (5.34)
T=(y—y,—y)cos 0, — (x —x, — %) sin 6,

D. FLUCTUATING PLUME MODEL

The cornerstone of the Gaussian expressions for the mean concentra-
tion from a point source are the standard deviations of plume spread, o,
and o,. Although we have not yet discussed how these quantities vary
with downwind distance, some insight into their behavior may be gained
by comparing the instantaneous and time-averaged plume. As we have
seen, a plume may be thought of conceptually as consisting of an infinite
series of overlapping puffs, each released an infinitesimal time interval
after the preceding one. Each puff, as it is transported with the mean
wind, meanders and expands diffusively in the crosswind, vertical, and
downwind directions. If diffusive transport in the downwind direction is
small compared to advective transport, then each puff need only be
thought of as diffusively spreading in the vertical and crosswind direc-
tions as it meanders downwind.

The x axis, aligned with the direction of the mean wind, is assumed to
represent the centerline for the mean plume. At any instant, the center of
a particular disk is conceived of as having a random displacement (D,, D))
from the fixed position of the x axis. The coordinates (D,, D,) vary not
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only as a function of travel time for each disk but also for successive puffs
at the same travel times. We note that the ensemble average of many puffs
viewed at the same travel times, ¢ — f,, is analogous to averaging the real
plume at a fixed downwind position, x = i#(t — 1), for a significant finite
averaging time 87.

If it is now assumed that the crosswind and vertical concentration
distributions in each disk are Gaussian, i.c.,

- Qo _G-D) (-Dy
clx, y, 2 P NT T exp [ e 57

where Y2 and Z? are the variances of the material distribution in the
crosswind and vertical directions, respectively, at x = (¢ — f;) and are
functions of x, and if it is also assumed that the probability density func-
tions of the disk center displacements D, and D, are Gaussian,

£y(Dy) = [2zD2]~'? exp|—y*/2D?]
2.D,) = [2nD?~'? exp[~7*2D7]
where D, = D, = 0, then an expression for the mean concentration &(x, y,

Z) can be obtained by taking the expected value of Eq. (5.35) (Gifford,
1959). The result is the so-called fluctuating plume model:

q
2ma[(Y? + D2)(Z? + DY)

] (5.35)

(5.36)

&x,y,27) =

y2 Z2 ]
272+ DY) 27T+ DY)

The dispersive contributions due to plume spreading (given by Y2 and
Z7?) are statistically independent of the contributions due to plume mean-
dering (given by 52), and Bf). The fluctuating plume model is depicted in
Fig. 3.

Gifford (1960) has also shown, for the case of one-dimensional spread-
ing, that the sum of the mean square dispersion due to spreading of the
plume elements and the dispersion of the center of the plume as a result of

the overall plume fluctuations is equal to the total average dispersion of
the plume:

X exp [— (5.37)

a?=Y'+D:, ol=Z'+D} (5.38)

where Y7 is the variance of the instantaneous concentration of the fluctu-
ating plume in the crosswind direction, centered about the crosswind
displacement of fluctuating plume, D,, from the axis of the mean plume;
Z7? is the variance of the instantaneous concentration of the fluctuating
plume in the vertical direction, centered about the vertical displacement
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AVERAGE PLUMEX

CENTERLINE

FLUCTUATING PLUME
- CENTERLINE

— -‘_\_l

Fic. 3. Definitions of quantities associated with average and fluctuating plumes.

of the fluctuating plume, D,, from the axis of the mean plume; 53 is the
variance in the crosswind direction of the frequency distribution of the
ﬂuctuating plume centerline displacement from the mean plume axis, i.e.,
the variance of the frequency distribution of D,; and D is the variance
(vertical direction) of the frequency distribution of D,.

In Eq. (5.9), the reflection condition at the ground is accomplished by
taking the solution for an actual source position (0, 0, 4) and adding to
this the solution for a fictitious image source at the position (0, 0, —h).
Consequently, the exponential term in z in Eq. (5.9) is merely replaced
by one exponential term in (z — /) and another exponential term in (z +
h). This technique directly accomplishes reflection only because the
Gaussian material distribution of the steady-state plume is symmetric
with respect to the mean plume line.

For the fluctuating plume model, the simple addition of the solutions for
sources at altitudes 4 and —h will not accomplish reflection because the
asymmetries due to plume meandering must also be reflected in the ficti-
tious image source at —A. The correct reflection for the fluctuating plume
model is
q P { o - Dy)z}

(T X e

’ {e"p [_ Lz__—;%z_—DZ)—Z] o [- &;gz#]} (5.39

clx,y,2) =



250 JOHN H. SEINFELD
where c is the instantaneous concentration. The expected value of Eq.
(5.39) provides the concentration of the time-averaged plume,
q exp {_ ____yz_}
(Y2 + D)VAZ? + D))" 2(Y? + DY)

X {exp [— 7LD ((-;—2_+h)’.;2)] + exp [— ——"—2((%2++h;3)]} (5.40)

éx,y,2)= >

VI. Validity of the Atmospheric Diffusion Equation

To arrive at the atmospheric diffusion equation (3.17), a number of
constraints must be imposed (Seinfeld, 1975). The deviation between real-
ity and these constraints will thus represent a measure of the inaccuracies
associated with the atmospheric diffusion equation. Among these con-
straints, the following two are most pertinent;

(1) The time scale for describing the temporal variations of the pollu-
tant species, T, is large when compared with the time scale characterizing
the turbulent processes in the atmosphere (i.e., the Lagrangian time scale,
TL)'9 Thus, T > TL-

(2) The length scale for describing the spatial variation of the pollutant
species, L, is large when compared with the turbulent mean free path, [, a
distance traveled by a particle in time T; . Assuming the root-mean-square
(rms) turbulent velocity of the particle is &, this condition can be ex-
pressed as L > | = 4T;.

According to measurements made in the atmosphere, the Lagrangian
time scale is of the order of 100 sec (Csanady, 1973). Using a characteris-
tic particle velocity of 5 m sec™!, the above conditions are T > 100 sec and
L » 500 m. Since one primary concern is to examine diffusion from point
sources such as industrial stacks, which are generally characterized by
small T and L, it is apparent that either one (but particularly the second
one) or both of the above constraints cannot be satisfied, at least locally,
in the vicinity of the point-like source. Therefore, in these situations, it is
important to assess the error incurred by the use of the atmospheric
diffusion equation.

This problem has been addressed by Corrsin (1974) for several simple
hypothetical cases. Many qualitative and, in some instances, semiquanti-

% The Lagrangian integral time scale T can be considered as a measure of the time during
which a fluid particle persists, in the mean, in a motion in a given direction. In Section VIII
we will discuss T, quantitatively. Where unambiguous, 7;. will be denoted simply by T.
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tative estimates have been obtained. By first writing a general equation
describing the transport process, a simplified form of the atmospheric
diffusion equation, a one-dimensional counterpart of Eq. (3.17) can be
derived if one assumes that the transporting mechanism is fairly local in
space and time, that the transporting mechanism is homogeneous and
stationary, that the transporting mechanism is symmetric in space, and
that the transporting mechanism is characterized by negligible higher de-
rivatives. The validity of these assumptions is essentially dependent upon
the so-called homogeneity condition and stationarity condition of the
mean field. Based on a simple kinetic theory (a random walk model), it
was shown (Corrsin, 1974) that these two conditions can be expressed as
follows

(CalC)(P24) < 1 (homogeneity condition)
(Clé)TL <1 (stationarity condition)

where the subscripts z and ¢ indicate partial derivatives of the mean con-
centration ¢. Thus, the left-hand sides (denoted below as E; and E,,
respectively) may be used as measures of the possible error associated
with the use of the atmospheric diffusion equation. Using turbulent
boundary layer data collected by Blackwelder and Kovasznay (1972),
Corrsin (1974) estimated the Lagrangian integral time scale Ty and the
turbulent mean free path [/ to be

428/ at z/6 = 0.20
- {6.86/12 at z/6 = 0.45
{0.235 at z/8 = 0.20

0.313 at z/8 = 0.45

where § is a boundary layer thickness defined by i(x, §) = 0.9%i.,, where
U= is the free stream velocity. He was therefore able to establish that the
criteria analogous to the left-hand sides of the above conditions are

2% at /s =0.20
’={4% at 28 = 0.45

_(05% at 26 =10.20
2o {0,9% at z/6 = 0.45

Thus, for the case of a turbulent boundary layer, although the stationarity
condition is fairly well satisfied, the homogeneity condition is probably
satisfied only for z/8 = 0.2.
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This analysis can also be extended to the dispersion of point source
emissions in the atmosphere if we assume that the mean concentration
gradient is expressed by ¢, ~ a/z, where « is a constant that is propor-
tional to the emission rate. It then can be shown that
Gy 17 1 (1)2
E, 24 12\7
Thus, using the estimated turbulent mean free path in the atmosphere of
500 m, the above criterion gives E; = 10% if z = 0.913] ~ 450 m.

The approach described above is by no means complete or exclusive.
For example, Lamb er al. (1975) have proposed an alternative route to
assess the adequacy of the atmospheric diffusion equation. Their ap-
proach is based on the Lagrangian description of the statistical properties
of nonreacting particles released in a turbulent atmosphere. By employing
the boundary layer model of Deardorff (1970), the transition probability
density p(x, y, z, t]x', ¥, Z’, t') is determined from the statistics of parti-
cles released into the computed flow field. Once p has been obtained, Eq.
(3.1) can then be used to derive an estimate of the mean concentration
field. Finally, the validity of the atmospheric diffusion equation is as-
sessed by determining the profile of vertical diffusivity that produced the
best fit of the predicted mean concentration field.

It was found by Lamb et al. (1975) that the errors are nearly randomly
distributed in space except for the neutral case where rather large errors
occur near the source. That the errors are larger in this region is consis-
tent with the conclusion drawn from theoretical considerations that the
gradient transport hypothesis should not hold when the length scale of the
mean concentration distribution is comparable to or smaller than the La-
grangian length scale of turbulence, as we have shown previously by
adopting Corrsin’s approach. For the most part, however, it appears that
the use of the atmospheric diffusion equation is reasonable. Errors in the
calculated concentrations are not larger than about 10% at points farther
than about 6u./f (where u, denotes the friction velocity and f the Coriolis
parameter'®) from the source in the neutral case and at nearly all points at
ground level in the unstable case. These conclusions, again, are qualita-
tively consistent with those obtained earlier, following Corrsin’s analysis.

In summary, we conclude that the application of the atmospheric diffu-
sion equation to point sources will introduce an error of the order of 10%
into predictions at points reasonably well removed (on the order of 1 km)
from the source.

Els

18 See Section VI for definitions of these quantities.
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VIl. Meteorological Parameters Characterizing the
Atmospheric Boundary Layer

Material released at or near the earth’s surface is dispersed in the
planetary boundary layer. The portion of the planetary boundary layer
closest to the surface is called the surface layer, and that above the
surface layer is called the Ekman layer. The Ekman layer extends to a
height of from 300 to 500 m depending on the type of terrain, with the
greater thickness corresponding to the more disturbed terrain. In the
Ekman layer, the wind direction tends to turn clockwise with increasing
height in the Northern Hemisphere (counterclockwise in the Southern
Hemisphere). The wind speed in the Ekman layer generally increases
rapidly with height; however, the rate lessens as the free atmosphere is
approached. The exact distribution of the wind speed depends on many
parameters, particularly the vertical distribution of the horizontal pres-
sure gradient as well as the atmospheric stability. The layer inmediately
adjacent to the surface, typically up to 100 m from the ground, is called
the surface layer. Within this layer, the vertical turbulent fluxes of mo-
mentum and heat are assumed constant with respect to height, and indeed
they define the extent of this region.

In this section primary attention is directed at the turbulent processes
that occur in the mixed layer as a result of the interaction between shear-
and buoyancy-driven flows. The flux Richardson number R; gives a mea-
sure of the relative importance of the buoyancy terms in the equatlons of
motion, (g/ T)w'd’, as compared to the shear production terms, u'w’ 9i/dz,
ie.,

(g/Tw'e’

u'w' diloz @.D

f =
where w'@' is a measure of the kinematic sensible heat flux, u’w’ is the x
component of vertical momentum flux, and T and 6 are the absolute and
potential temperature, respectively.!! When Ry is large, the flow is domi-
nated by buoyancy effects. The flux Richardson number is a function of
the distance from the ground and is thus a measure of the local stability of
the turbulent flow.
A major deterrent to the use of Eq. (7.1) as a measure of atmospheric

11 The potential temperature 4 is that to which dry air originally in the state (7, p) would
come if brought adiabatically to p,. Adiabatic temperature profiles expressed in terms of 6
are vertical on a plot of z vs 8, facilitating comparisons of actual temperature profiles to the
adiabatic lapse rate.
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stability is the need for simultaneous determinations of both the heat and
momentum fluxes. Another approach is to define a quantity similar to Eq.
(7.1) called the gradient Richardson number R;,

_ g 0000

R = T 9z\az

(7.2)

The relationship between R; and R, is
Rt = (Kp/Kn)R; 7.3)

where K, and K, are the eddy diffusion coefficients for momentum and
heat, respectively.

Another stability parameter often used in micrometeorology is the
Monin-Obukhov length

uic,pT
kQug

where c, is the specific heat of air at constant pressure, p the air density, k
the von Karman constant (0.4), g the acceleration of gravity, Q, the
vertical heat flux, and w, the friction velocity (see Section VII,C). Physi-
cally, the Monin-Obukhov length is the approximate height above the
surface at which the production of turbulence by buoyancy effects be-
comes comparable to that by shear effects. The Monin—Obukhov length
L, like R¢, provides a measure of the stability of the surface layer: stable
for L > 0, neutral for L = «, and unstable for L < 0. The interpretation of
L in terms of atmospheric stability is given in Table III.

Atmospheric stability is frequently characterized in terms of the Pas-
quill A-F stability classes (Pasquill, 1961. The A-F categories refer to
atmospheric conditions as follows: A-—very unstable, B—moderately un-

L=- (7.4)

TABLE Il

INTERPRETATION OF THE MONIN~OBUKHOV LENGTH L WITH RESPECT TO
ATMOSPHERIC STABILITY

L Stability condition
Small negative -100m<L<0 Very unstable
Large negative ~10m=<L=<-100m Unstable
Very large (positive or
negative) L] > 10°m Neutral
Large positive Om=sL=<10m Stable

Small positive 0<L<i0m Very stable
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stable, C—slightly unstable, D—neutral, E—moderately stable, and F—
very stable.

A. ESTIMATION OF THE MONIN-OBUKHOV LENGTH

The Monin-Obukhov length L is not a parameter that is routinely mea-
sured. Golder (1972), however, established a relation between the stabil-
ity classes of Pasquill, the roughness height z, (see Section VII,B), and L.
The results of his investigation are shown in Fig. 4. Alternatively, the
local wind speed and cloud cover measurements are used to estimate the
Pasquill stability class (Table IV). In addition, Golder developed a nono-
gram for relating the gradient Richardson number R; to the more easily
determined bulk Richardson number Ry:
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F1G. 4. Relationship between Monin—-Obukhov length L and roughness height z, for
various Pasquill stability classes. From Myrup and Ranzieri (1976).
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TABLE IV

ESTIMATION OF PASQUILL STABILITY CLASSES?

Night-time
Surface wind Solar radiation® Cloud cover fraction
speed at 10 m
(m sec™!) Strong  Moderate  Slight =% =<3
<2 A A-B B
2-3 A-B B C E F
3-5 B B-C C D E
5-6 C C-D D D D
>6 C D D D D
Solar insolation
Incoming radiation?
(category) langley min~! W m?
Strong 1>1.0 1>700
Moderate 05=I=<10 350=< I =700
Slight 1<05 1<350

7 From Turner (1969).

In order to simplify calculation of 1/L, Golder’s (1972) stability classes
can be approximated by a single straight line of 1/L against surface rough-
ness. The parameters for the straight-line approximations to the stability
classes are shown in Table V.

The Monin-Obukhov length L can also be estimated from conventional
meteorological data by first evaluating the parameter a (Fulle, 1975):

-2 -12
a= [(10 + %%) + 0.0025 g—zl{] (7.6)

where the vertical temperature gradient 87/9z is in units of degrees Cel-
sius per 100 m, and the vertical wind speed gradient du/dz is in units of
reciprocal seconds. The Pasquill stability class corresponding to a given
value of a is determined as shown in Table VI. Then, L is determined
within each class as a function of roughness length z, from Fig. 4.

B. ESTIMATION OF SURFACE ROUGHNESS
The effects of small-scale surface irregularities on the boundary layer

transfer processes are usually incorporated only through the surface
roughness parameter z,. The range of variation of z, over different land



ATMOSPHERIC DIFFUSION THEORY 257

TABLE V

COEFFICIENTS FOR STRAIGHT-LINE APPROXIMATION TO
GOLDER’Ss PLOT AS A FUNCTION OF STABILITY CLASSES

1/L = a + b logy 2

Coefficients
Stability Pasquill
condition stability class a b
Extremely unstable A -0.096 0.029
Moderately unstable B -0.037 0.029
Slightly unstable C -0.002 0.018
Neutral D 0 0
Slightly stable E 0.004 -0.018
Moderately stable F 0.035 ~-0.036

types is quite large, and the measurements required to estimate the effec-
tive roughness are quite complex. As an alternative, Plate (1971) pro-
posed a simple formula that relates z, to the mean canopy height h,:

20 = 0.15h 7.7

Depending on the conditions, the ‘‘constant’’ 0.15 varied from % to .
Figure 5 presents surface roughness values for a variety of land use cate-
gories compiled primarily from the reviews of Myrup and Ranzieri (1976)
and Hodgin (1980) and presented by McRae e al. (1982). The precision
implied by some entries on the figure is deceptive because there is consid-
erable scatter in many of the underlying experimental data.

When a region includes a large body of water, the roughness cannot be
characterized by simply associating /. with the wave height. Unlike the
land, the effective roughness of the water surface is a dynamic variable
whose magnitude is influenced by factors such as the wave state and
wind stress. There is a variety of models of the air-sea interaction and

TABLE VI

RELATIONSHIP OF PASQUILL STABILITY CATEGORIES TO
RANGES OF THE PARAMETER a‘

a Stability category a Stability category

a<170 A 875<a=95 D
70<a=80 B 9.5<a=<1125 E
80<a=875 C 11.25<a=<13.5 F

< From Fulle (1975).
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its influence on z;. The studies by Gent (1977), Hsu (1974), and
Kitaigorodskii (1970) illustrate some of the complexities. Arya (1977 has
recently reviewed some of the simpler parameterizations that are applica-
ble to the present study. For example, Wipperman (1972) has suggested
the following formula for smooth as well as rough conditions:

2o = 0.1v/u, + bullg (7.8)

where v is the kinematic viscosity of air and b is a constant (=0.02). The
formula implies a considerably increasing trend in z,; the results of Ste-
wart (1974) and calculations by Gent (1977) imply a more or less constant
value of z; = 0.01-0.02 ¢cm for 10-m wind speeds in the range 6-12 m
sec1,

C. DETERMINATION OF THE FRICTION VELOCITY u,

Close to the ground, in the constant flux layer, u, is a measure of the
turbulent transfer of momentum. The friction velocity is defined by

u? = 1lp = ~u'w’ 7.9

where 7, is the shear stress per unit area of the boundary and p is the
density of the fluid. Monin—-Okukhov similarity theory predicts that the
mean wind speed gradient is representable as

010z = (uJkZ)Pm(z/L) (7.10)

where ¢,(z/L) is a universal function (Monin and Yaglom, 1971). The
friction velocity can be obtained by integrating Eq. (7.10) between z;and a
reference height z, at which a measurement of # is available:

u. = kii(z,) [ [£ 6 (%) 5125]'1 (7.11)

where it has been assumed that i(z) = 0.
Generally accepted forms of the universal function ¢, are those of
Businger et al. (1971):

1+ 4.77L for z/L > 0 (stable)
bm (—) =11 for z/L =0 (neutral) (7.12)
[1 —15z/L)] "  for z/L <0 (unstable)

These forms of ¢, can be used in Eq. (7.11) to obtain the following
expressions for u,:
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4.7 -1
I (z — Zo)] for zZL >0

]—l for ZL =0

T o)« m [ e

(7.13)

L + 2[tan”'{ — tan“g)]}_1 for Z/L <0

L =11 - 15z/L14, = [1 — 15z/L]"

where the /L < 0 form in Eqgs. (7.13) is not the exact integral of Eq. (7.11)
but has values very close to the exact integral while not suffering from
numerical divergence in the neutral limit (Benoit, 1977).

D. THE CONVECTIVE BOUNDARY LAYER

When the turbulence in the atmospheric boundary layer is maintained
largely by buoyant production, the boundary layer is said to be in a
convective state. The source of buoyancy is the upward heat flux originat-
ing from the ground heated by solar radiation. Convective turbulence is
relatively vigorous and causes rapid vertical mixing in the atmospheric
boundary layer.

The height of the atmospheric or planetary boundary layer under neu-
tral conditions can be estimated from (Blackadar and Tennekes, 1968)

Z, = auJf  (neutral) (7.149)

where f is the Coriolis parameter and a is a constant (=0.35)
(Zilitinkevich, 1972)."> Under nonneutral conditions the corresponding
estimates are (Zilitinkevich, 1972)

[a(u./f WufL)~ 12 (stable)
a(uJf)(—uJfL)'?  (unstable)

where the stable value is not allowed to exceed that calculated from Eq.
(7.14) and the unstable value is not allowed to be less than that calculated
from Eq. (7.14).

The determination of z, under unstable conditions is usually not critical

Z (7.15)

12 The Coriolis parameter fis defined by f = 2w cos ¢, where w is the earth’s rotation rate
and ¢ is the latitude.
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to performing atmospheric diffusion calculations because a temperature
inversion layer, which limits the extent of vertical mixing, is generally
present at some height z; well below z,. The value of the height z; of the
base of an elevated inversion layer can be determined from a temperature
sounding as the height at which the potential temperature equals the
potential temperature at the surface. In short, z; is the height at which a
line of slope —0.0098°C m™! (the so-called dry adiabat) extended up from
the observed surface temperature intersects the measured temperature
profile. The height z; then serves as the upper vertical boundary location
to define the layer (0, z;) within which diffusion occurs.

From the definition of the Monin—-Obukhov length, shear production of
turbulence is confined to a layer of height of the order of |L|. Under
convective conditions, then, we expect

~Liz; <1 (7.16)
Equation (7.16) can be written as
—Lizi = (u/w)? < 1 7.17

where w, is the convective velocity scale given by

o (—% Qozi) " (7.18)

Velocity and temperature gradients are confined to the surface layer de-
fined by z < |L|. Above |L| the wind velocity and potential temperature are
virtually uniform with height. Venkatram (1978) has presented a method
to estimate the value of the convective velocity scale w.. On the basis of
this method, he showed that convective conditions in the planetary
boundary layer are a common occurrence (Venkatram, 1980). In particu-
lar, the planetary boundary layer is convective during the daytime hours
for a substantial fraction of each year (~7 months). For example, for a
wind speed of 5 m sec™!, a kinematic heat flux Q, as small as 0.1°C sec™!
can drive the planetary boundary layer into a convective state.

VIil. Dispersion Parameters in Gaussian Models

In Section V we derived several Gaussian-based models for estimating
the mean concentration resulting from point. source releases of material.
We have seen that the conditions under which the equation is valid are
highly idealized and therefore that it should not be expected to be applica-
ble to very many actual ambient situations. Because of its simplicity,
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nevertheless, the Gaussian plume equation has been applied widely (En-
vironmental Protection Agency, 1980). The justification for these applica-
tions is that the dispersion parameters o, and o, (0, o), and o in the case
of an instantaneous release) used have been derived from concentrations
measured in actual atmospheric diffusion experiments under conditions
approximating those of the application. This section is devoted to a sum-
mary of several results available for estimating Gaussian dispersion coeffi-
cients.

A. SpPATIAL AND TEMPORAL AVERAGING

It is useful to begin our discussion with a consideration of spatial and
temporal averaging, with particular reference to the dispersion of emis-
sions from a continuous point source. A key problem in specifying plume
dispersion is distinguishing between mean and turbulent motions. The
demarcation line is indeed arbitrary and depends on the averaging time
involved. Roughly speaking, the demarcation line lies between eddies
much larger in dimension than the instantaneous plume width and all
eddies below the scale of the instantaneous plume width.

The very large eddies contribute to changes in the instantaneous wind
vector. The very smallest eddies cause slight dispersive spreading of the
plume, but eddies about the same size as the local plume width are the
most effective in producing turbulent plume dispersion. Eddies larger
than the instantaneous plume width but smaller than the characteristic
horizontal scale of the region of interest (typically, the downwind distance
from the source) produce the meandering character of the instantaneous
plume. In summary, if / is the characteristic eddy dimension, x is the
characteristic horizontal scale of the region, and D is the average instanta-
neous plume width, then the role of eddies in plume dispersion is given by
the following:

(1) I < D, slight plume dispersion and internal plume mixing;
(2) | ~ D, most effective in plume dispersion;

(3) D <l = x, produces plume meandering;

(4) I > x, produces changes in the wind vector.

If a plume is photographed or measured by a device having an averag-
ing time of the order of a fraction of a second, the appearance will have a
sinuous form. The sinuosities appear to increase in amplitude and charac-
teristic wavelength as one observes at greater distances from the source.
Generally, eddies of all scales can be expected to be present in the atmo-
sphere but not necessarily to an equal degree. Near the source, the diffu-
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sive spreading of the plume is produced by the small turbulent eddies
comparable in scale to the initial plume width. As the plume is advected
downwind, the instantaneous plume spreads horizontally and vertically
and also tends to meander within more or less definite limits. The ampli-
tude of the crosswind and vertical meandering increases as the plume is
advected downwind, as does the apparent effective wavelength of the
sinuosities. The increasing crosswind and vertical spreading in the down-
wind direction constantly brings into play larger-scale eddies that become
the most effective in spreading the instantaneous plume. Based on the
above observations, one would expect the effective wavelength of the
sinuosities to increase in the downstream direction, since this ‘‘effective’’
wavelength must also be characteristic of the dominant scale of the eddies
producing the meandering effect.

The description of the plume physics given above intimately associates
the spatial scale of eddies governing the phenomena of plume spread and
meander with the downwind distance from the source. However, the
description also implies certain temporal scales that, together with these
spatial scales, dictate the state of the plume actually measured or ob-
served. First, the downwind distance from the source, x, can be associ-
ated with a time, Ar, based on the fact that transport in that direction is
mostly due to advection, x ~ i Ar. Similarly, at any given downwind
distance x, there is some associated spatial range of eddies. Measure-
ments or observations of the plume made at position x would have to be
repeated over some time interval, 8¢, in order to view approximately the
same values of the state more than once, i.e., in order to just average out
the meandering effects. The time 8¢ must be associated with the time
interval required to advect the governing range of eddies past the observa-
tion point. Since the scale of eddies / is not a single well-defined value, the
time scale of 8¢ is also not well defined. However, in some sense, we
would expect 8¢ = [l[/it] 5oy Since [ is proportional to x, 8¢ increases down-
stream from the source. In terms of meandering, we know that [ is
bounded by x, so that, for example, if # ~ 5 m sec™!:

&6t ~ 20 sec, x ~ 100 m

&t ~ 3 min, x ~ 1km
St ~ % hr, x ~ 10 km
&8t ~ 5 hr, x ~ 100 km

The form of the instantaneous cross-sectional distribution will be a
function of the initial conditions and, again, the averaging time associated
with the ‘‘instantaneous’’ observation. Close to the source, the measure-
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ment time must be fairly short in order to differentiate between the instan-
taneous plume and the plume averaged over the short period meandering
motions. Consequently, observations of the instantaneous plume for
small distances x can be expected to show a rather irregular cross-sec-
tional material distribution. However, for large distances x, the irregulari-
ties due to initial conditions can be expected to be sharply reduced. Also,
longer mesaurement times can be made of the instantaneous plume with-
out averaging out the meandering motion. For long measurement times,
the small scale turbulent eddies can be expected to smooth the material
distribution in the ‘‘instantaneous’’ plume, so that its form may be similar
to the cross-sectional distribution obtained by averaging over the mean-
dering motions. A truly instantaneous view could be expected to portray
an irregular cross-sectional material distribution at any distance x.

The question now arises as to how the average plume will be manifested
when viewed or measured with an instrument that has a fixed averaging
time, 6T = 8T’ = constant. Clearly, 8T’ can correspond to the character-
istic time scale of the dominant eddies that produce meandering near only
one downstream position x’, 87’ = 8#(x’). For all positions 0 < x < x’', §T’
will be longer than the characteristic time scale 82(x) of the eddies that
produce meandering and for all positions x' < x =< xg, 87’ will be shorter
than the characteristic time scale 8#(x). When x > x', then ¢ > 8T’ and
one can expect to view what is essentially the ‘‘instantaneous’ meander-
ing plume with a possibly non-Gaussian cross-sectional concentration
distribution having a central peak offset from the axis of the mean wind.
For x < x', then 8¢t < 8T’ and the averaging time of the instrument will
include the effect of eddies larger than the dominant class of eddies re-
sponsible for meandering; the motion of these eddies would normally be
ascribed to the mean wind by an observer fixed at that location.

Based on the manner of derivation of the Gaussian equations in Section
I11, we see that the dispersion parameters o, and o, are originally defined
for an instantaneous release and are functions of travel time from release.
Since the puff equations depend on the travel time of individual puffs or
releases, the dispersion coefficients depend on this time, i.e., these coeffi-
cients describe the growth of each puff about its own center. This is
basically a Lagrangian formulation.

In determining how the dispersion coefficients depend on travel time
one may employ atmospheric diffusion theory or the results of experi-
ments. Because of the difficulty of performing puff experiments, how-
ever, the coefficients are usually inferred not from instantaneous releases
but from continuous releases. Thus, the dispersion coefficients derived
from such experiments are essentially a measure of the size of the plume
envelope formed by sampling a real meandering plume emitted from a
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continuous point source for, say, 1 hr. Consequently, to the extent that
the puff equation represents the plume envelope, one is treating the enve-
lope as though it were composed of a continuous train of effective spheri-
cal puffs (o, = o,) whose growth is specified by the desired dispersion
coefficients. This decomposition of the plume envelope into a continuous
train of effective puffs is not the same as building up a plume envelope
from an ensemble of isolated true puffs the growth of which is specified by
true Lagrangian coefficients. This distinction arises because the effects of
mutual interactions of overlapping puffs are taken into account in an
average way in the effective puff picture but not in the true individual puff
picture. Because the experimentally determined o, and o, values that are
generally used are based on plume experiments, it seems reasonable that
this distinction will not be of concern in the application of formulas.

In the puff situation the overlapping train of effective puffs that contrib-
ute to the mean concentration at a receptor location at a particular time
have a range of travel times associated with them and therefore have
undergone a range in degree of growth. For the steady-state equation,
there is, strictly speaking, only one time that can be defined, the time x/a.
Consequently, the dispersion coefficients, if expressed in terms of travel
time, are evaluated at the times x/i corresponding to the source-receptor
pair of interest.

B. DETERMINATION OF gy AND O,

The basic Gaussian plume dispersion parameters are o, and o,. The
essential theoretical result concerning the dependence of these parame-
ters on travel time is for stationary, homogeneous turbulence (Taylor,
1921). Consider marked particles that are released from the origin in a
stationary, homogeneous turbulent flow with a mean flow in the x direc-
tion. The y component, {,, of the position of a fluid particle satisfies the
equation

dg,/dt = v(0) ®.1)

where V() is the Lagrangian velocity of the particle at time ¢, evidently
the velocity component in the y direction at the position of the marked
fluid particle at time ¢. Since we have assumed no mean flow in the y
direction, v!(?) is just the fluctuating component v'(§(0), O. Equation (8.1)
may be integrated from ¢ = 0, the assumed time of release of the particle,
to time ¢, to give

40 = [ vy ar 8.2)
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We are interested in computing the ensemble mean square deviation of
all particles, {{2). This quantity is, in fact, one of the desired elements of
P. If we multiply Eq. (8.1) by (8.2), integrate, and then take the ensemble
mean of the resulting equation, we obtain

@y =2 [ [ e dr r 8.3)

The value of the joint moment, (V/(v)v/(¢")), indicates the degree of correla-
tion between the y components of the velocities of a fluid particle at times
7 and t'. This joint moment is usually expressed in terms of the Lagran-
gian velocity autocorrelation:

o
R, 7) = “’%’T@ 8.4)

where the mean square (v?) is independent of time and location due to the
assumption of stationary, homogeneous turbulence. In fact, in stationary,
homogeneous turbulence, R(¢', 7) = R(t' — 7). Using Eq. (8.4) in Eq. (8.3),
we have

@y =2 [ [ Rw — 7 dr ar 8.5)

Another gquantity of interest is the Lagrangian integral time scale,

T= |7 Rt dn (8.6)

the value of which is indicative of the length of temporal correlation
between the Lagrangian velocities.

The limiting behavior of ({2) at small times (¢ — 0) is obtained by noting
that R(n) = 1 as n — 0. For long times (1 — ©) the definition of T can be
employed. The results are

WA for t<T

2 =
R {2<u2>n for t> 7T &

It has been pointed out over the years that the simple exponential
function of the form e~*7, where ¢ is travel time from the source, appears
to approximate the Lagrangian velocity autocorrelation function R(f)
rather well (Neumann, 1978; Tennekes, 1979). If R(t) = exp(—#/T), then
the mean square particle displacement is given by (Taylor, 1921)
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@0y =207 [ @« - R@) dr

=207 [ ¢ - 1)erT dr

= 2)THHT — (1 — e™'7)] (8.8)

This result is seen to be identical to Eq. (3.14) if 8 = T~'. If the exponen-
tial function in Eq. (8.8) is expanded in a Taylor series near ¢t = 0,

(G@) = (W — HAPIT + - 8.9)

The first term of Eq. (8.9), identical to that given in Egs. (8.7), describes
turbulent diffusion very close to the source. Particle paths remain straight
lines as long as the Lagrangian velocity remains equal to that at the time
of departure from the source (Tennekes, 1979). The second term in Eq.
(8.9) shows that the dispersion rate slows down relative to the initial stage
of turbulent diffusion. This term reflects the fact that Lagrangian veloci-
ties gradually lose their correlation as the time interval increases.

The results just obtained for (; ) are, however, rarely used in applica-
tions because (v?) and T are generally not known. The Gaussian disper-
sion parameters o2 and o' are, in a sense generahzatlons of (2) and ().
The particle displacement variances o and o? are not calculated by Eq.
(8.8). Rather, they are treated as empirical dispersion coefficients the
functional forms of which are determined by matching the Gaussian solu-
tion to data. In that way, the empirically determined o, and o, actually
compensate for deviations from stationary, homogeneous conditions
which are inherent in the assumed Gaussian distribution.

There exist a number of correlations for the dispersion parameters o,
and o, as a function of downwind distance x and atmospheric stability.
These correlations have been reviewed extensively and repeatedly, and
the reader is referred to Gifford (1976), Weber (1976), American Meteoro-
logical Society Workshop (1977), Doran et al. (1978), Irwin (1979), and
Sedefian and Bennett (1980) for comprehensive summaries of the avail-
able formulas. In particular, these references provide one with the rela-
tions necessary to select o, and o, for a specific application. We do not
endeavor to survey these relations here.

Of the two standard deviations o, and o, more is known about o, .
First, most of the experiments from which o, and o, values are inferred
involve ground-level measurements. Such measurements provide an ade-
quate indication of o, whereas vertical concentration distributions are
needed to determine o,. Also, the Gaussian expression for vertical con-
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centration distribution is known not to be obeyed for ground-level re-
leases (see Section I1X,D), so the fitting of a measured vertical distribution
to a Gaussian form is considerably more difficult than that for the horizon-
tal distribution where lateral symmetry and an approximate Gaussian
form are good assumptions.

Some of the correlations for o, have the convenient form

ox) = O'(y)x" (8.10)

where the constants a-‘,’ and a depend on the atmospheric stability and the
averaging time. The vertical standard deviation can likewise be expressed
in the form!3

o(x) = aixt @8.11)

where o) is a function of atmospheric stability and averaging time. In
contrast to Eq. (8.10), in some sets of correlations, b is a function both of
atmospheric stability and of downwind distance x. It has been found that
in such cases b(x) may be approximated by

b(x) = by + b’ exp(—Ax) (8.12)

where by, b’, and X are all functions of atmospheric stability. b, > 0 for all
stability conditions, but conditions for 5’ are as follows: unstable for b’ >
0, neutral for ' = 0, and stable for b’ < 0. For small x, b(x) — by, + b’, and
for large x, b(x) — b,. Table VII summarizes four correlations for o, and
o, that can be expressed in the form of Egs. (8.10)-(8.12). In presenting
these forms, we are not necessarily recommending their use. The reader
is urged to consult the references cited above for guidance in selecting a
set of o, and o, correlations for a particular application.

C. DisPERSION COEFFICIENTS IN CONVECTIVE CONDITIONS

The case of convective conditions is a special one in determining atmo-
spheric dispersion (Section VII,D). Since under convective conditions the
most energetic eddies in the mixed layer scale with z;, the time scale
relevant to dispersion is zi/w,. This time scale is therefore roughly the
time needed after release for material to become well mixed through the

13 Because of the accuracy of the exponential form of the Lagrangian velocity correlation
fanction R(¢) and the resulting simplicity of the expression (8.8) for (¢%), Neumann (1978)
has questioned the use of the power-law forms for o, and o, . Although estimates of (v*) and
T are seldom available, Neumann argues that the parameters o) and a or o? and b must also
be estimated, and, in fact, the relationship of these parameters to physical quantities is not
known. He shows that excellent approximation is obtained when Eq. (8.8) is fit to a set of
commonly used dispersion parameters.
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TABLE VII

Stability class

Averaging time
Source (min) Coefficient A B C D E F
o, (x) = o)x? and o (x) = ox*

Pasquill-Gifford 10 a 0.443 0.324 0.216 0.141 0.105 0.071
(Turner, 1969;

Gifford, 1961) a 0.894 0.894 0.894 0.894 0.894 0.894

American Society of 60 a 0.40 0.36 0.32 0.31
Mechanical Engineers a 0.91 0.86 0.78 0.71
1973) a? 0.40 0.33 0.22 0.06

b 0.91 0.86 0.78 0.71

Klug (1969) 10 a’ 0.469 0.306 0.230 0.219 0.237 0.273

a 0.903 0.885 0.855 0.764 0.691 0.594
o! 0.017 0.072 0.076 0.140 0.217 0.262
b 1.380 1.021 0.879 0.727 0.610 0.500
ox) = O'gx"(‘”" exp(—Ax)

Pasquill-Gifford 10 o 0.000186  0.0560  0.107 0.385 0.428 0.432
(Turner, 1969; by 2.13 1.10 0.918 0.638 0.570 0.511
Gifford, 1961;

Diamante et al., b’ 0.749 0.105 0.00164 -0.159 -0.162 -0.194
1976) A X 10° 8.73 8.74 6.55 5.11 4.30 3.58

% x in meters.
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depth of the mixed layer. The dimensionless travel distance X = xw./itz;
can then be defined.

As we have noted in Section VII,D, the wind is essentially uniform in
IL| < z < z. In the same region the standard deviation of the horizontal
velocity fluctuations o, ~ w, (Kaimal ef al., 1976). Thus, it can be as-
sumed that the lateral standard deviation o, can be described by

oy/z; = g(X) (8.13)

The definition of X incorporates the fact that the Lagrangian integral time
scale is of the order of zj/w.. The statistical theory of turbulent diffusion
outlined in the beginning of Section VIII,B can be used to estimate the
functional dependence of g as

X for small X

8.14)
X2 forlarge X (

g(X)~{

Vertical dispersion cannot be described in such simple terms (Kaimal ez
al., 1976). First, o, varies throughout the planetary boundary layer. In the
region, |L| < z < 0.1z, o, ~ 7', and o, scales with w, only above 0.1z;.
For z; = 1500 m and an effective stack height of 400 m, the dispersing
plume is controlled by an inhomogeneous region that is almost half the
effective stack height.

Venkatram (1980) has summarized the aspects of dispersion in the con-
vective boundary layer:

The longevity and coherence of the thermal plumes in the PBL can give rise to unusual
effects. Pollutants emitted into a downdraft may continue to travel downward until
they impact on the ground. Similarly pollutants caught in an updraft can be carried up
all the way to the top of the mixed layer. As the downdraft velocities are smaller and
less turbulent the plume is more coherent when it travels downwards. This causes the
locus of maximum concentration to descend from the source. Numerical modeling
shows (Lamb, 1979) that for source heights greater than 0.25z; this rate of descent is
about 0.5w.. It is also found that the centerline rises upwards some distance downwind
of the point of impingement.

The estimation of ground-level concentrations close to an elevated
source under convective conditions is difficult. Concentrations can be
predicted with considerably more accuracy after the emissions have be-
come nearly well mixed. The work of Willis and Deardorff (1976) suggests
that mixing throughout the boundary layer is nearly complete at X = 3.
Beyond this distance the mean ground-level concentration can be esti-
mated as

¢ ~ qluzig(X) (8.15)



ATMOSPHERIC DIFFUSION THEORY 271

which, on the basis of the range of X dependences of g(X), leads to the
functional dependence,

¢~ X¢, i<ax<1 (8.16)

In water tank studies Willis and Deardorff (1978) found a = 0.82.

The study of Lamb (1979) has provided some understanding of the
concentration distribution close to the source (X < 3). He has shown that
for release heights z, > 0.25z;, the maximum concentration at the point of
impingement x; is given by

Cmax ~ q/2:3; 8.17)

This result implies that the effect of the mixed layer height z; is felt by the
plume by the time it impinges at x;. Assuming a downdraft velocity of
0.5w., x; = 2iz/w.. Thus, for z/z; = 0.25, the point of impingement
corresponds to X = 0.5, implying that z; affects the concentration even
before X = 1.

D. DETERMINATION OF Df AND D?

The state of theoretical and observational knowledge of the ﬂuctuatmg
plume parameters, including the horizontal and vertical variances D and
D2 (Diamante et al., 1976) of the distribution of the instantaneous plume
centerline displacement with respect to the mean plume axis, is limited.
We note the relations that were developed in Section V,D:

ol=D'+7Y, ol=D+22 (8.18)

relating the parameters of the mean and fluctuating plume models.

Hilst (1957) measured the variances of the instantaneous and mean
plumes for very stable conditions for x < 1 km and found that Dz could be
represented by

D? = DL x™ (8.19)

where Dyo is a constant. In addition, he found that D contributed one
half or more of the total variance o-y and that these mstances divided
about equally between the situations D ~ Y2 and D > Y2 ThusJ_zt_hls
implies that ¥o9)? < D2, 5o < (09)?, and that a reasonable estimate of Dy is
}o?%)2. From Eq. (8.10) and Table VII, we see that b ~ d ~ 1.0.

Smce the width of the instantaneous plume can never equal zero for x >
0, we know that ﬁy; < (0'0)2 for all x > 0. However, it is clear from the fact

that

D2—>D! and D:— D} as x— (8.20)
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and Eq. (8.10) that Y? must eventually predominate as x — o, so that if
Eq. (8.19) were to hold for all x, then d = d(x) — 0 for x — . Since the
fluctuations characterized by D, are of amplitude determined by the range
of turbulent eddies whose scale is proportional to the distance from the
source up to some limiting scale, we would further expect D to be a
monotone increasing function of x.

Little is known about the actual limiting value D?_ or the downwind
distance x.. at Wthh thns value is reached. Let x = x, be the hypothetical
distance at which D D . from Eq. (8.19), i.e.,

Dl =D i (8.21)

Assume that Eq. (8.19) is actually valid out to a distance x < 4x,. Further-
more, let the actual limit D; be approximately achieved at a distance x =
2x,. A relation for B" that provndes a smooth transition in the range ix, <
x < 2x, is (Dxamante et al., 1976)

D? = D% [x, tanh(x/x,)]* (8.22)
By analogy with —53, W€ can assume

Dl = o (8.23)

for x < xp/2. If _53 - BZ as x —> «, then we can define the distance
x, = (DL /D% )" (8.24)

and the interpolation relation,

D? = DZ[x; tanh(x/x))]* (8.25)

For the exponent e, by analogy to Eq. (8.12), it can be assumed that
e(x) = ey + €' exp(—Ax) (8.26)

where, for lack of better information, it can be assumed that e, = by, e' =
b’,and A =\, i.e., D?follows approximately the same power law as o2 for

x = x,/2. For very stable conditions, however, D; = D} = D’ are very
small, Then, ¢’ = ¢;, ey = by, A = 0.

E. DETERMINATION OF Y2 AND Z2

As x — o, Batchelor (1950) has shown that the variance of the instanta-
neous relative concentration distribution Y2 must become independent of
two-particle statistics. As a consequence, D} — D>_and Y? ~ ¢2. Conse-
quently, for all x, the power law

Y2 = Yix2 8.27)
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can be expected to provide a reasonable approximation. As noted previ-
ously, Hilst’s observations indicated that meandering effects either domi-
nated relative diffusion effects or contributed about equally, so that n ~
d~aand0 < Y?=<iol.

Theoretical considerations and observations for neutral stability indi-
cate for small x that ¥? ~ }o3, where o is determined for averagmg_tzlmes
on the order of tens of minutes (Hogstrom, 1964). Consequently, Y; can
be estimated as z}(o-")2 If Eq. (8.8) holds strictly, then Yo must actually be
a weak function of x, i.e.,

2

Y: = -21- (o9 {sz(“"’) - %’—3 [xp tanh (:}p)]u x‘zﬂ} (8.28)

The quantity in brackets is =1 for x < x,/2.

With respect to Z2, observations for neutra.l stablhty and small x indi-
cate that Z2 ~ }o2. Hllst (1957) made observations of o2 under very stable
conditions, so that vertical meandering was almost completely sup-
pressed and o2 ~ Z2. The observations were limited in extent but sup-
ported the relation

72 = 72y (8.29)

and leveled out so that o> ~ ZZ — constant for x > 300 m.

Since the very little theoretlcal or observational information that is
available concerning Y2 and Z2 is not in conflict with Egs. (8.18) and with
the functlonal forms proposed for the pairs (ay , o2) and Dy, D7), we can
assume Y? and Z? to be determined by Egs. (8.18), namely

Y!=02-D:, Z'=o!-D! (8.30)

F. AVERAGING TIME CONSIDERATIONS

At various points in Section VIII we have referred to the concept of
averaging time. As we have used it, the term ‘‘averaging time’’ refers to
the time period over which measurements are made, and was denoted by
&t in Section VIILA.

Ordinarily one deals with averaging times less than about 5 hr. Experi-
ence suggests that the concept of a mean wind (magnitude i and direction)
is reasonably valid over an interval of 2-3 hr, but breaks down rapidly
after 5 hr. The value of 5 hr also coincides with the appropriate averaging
times for which the mean plume model will be valid at downwind dis-
tances of approximately 100 km.

As noted in Section VIII,A for a given downwind position x from a
point source, there is an averaging time 8¢ ~ x/i that will be just appropri-
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ate for the measurement to apply to the mean plume representation. This
order of 8¢ is the value required to view approximately the same values of
the concentration more than once, i.e., in order to properly average out
the meandering effect. The mean plume model still applies for averaging
times 87 much larger than this 8. However, if 8T > ¢, dispersion effects
of larger-scale eddies enter. If, on the other hand, 8T < 8¢, the correct
local representation is the fluctuating plume model.

The available values of o,(x) and o,(x) are based on averaging times
ranging from 10 min to 1 hr depending on the particular correlation cho-
sen. For example, the widely used Pasquill-Gifford correlations, as re-
ported in Turner (1969), are based on a 10-min averaging time. Based on
the above discussion, we see that o values determined on a 10-min time
scale apply only to distances relatively close to the source, since 8¢ ~ x/i
implies that for any reasonable wind speed, an averaging time of about 10
min at a 100-km downwind distance would still apply to the fluctuating
plume. Most of the original data were in fact taken at distances <1 km
from the source. Turner (1969) has indicated reasonable accuracy of the
Pasquill-Gifford o-curves for distances ranging from a few hundred me-
ters to 10 km or more depending on stability conditions. For an averaging
time of 10 min and wind speeds in the range 1-10 m sec™!, 8¢ ~ x/i implies
values of x ranging from 600 m to 6 km.

At downwind distance x the characteristic time scale &7 of the eddies
governing the crosswind fluctuations is bounded by

2V200xi < &7 < xli (8.31)

The condition for an averaging time 87 to apply to the fluctuating plume is
8T = 2\/§o'f.x“/a. For the measurement to apply to the mean plume, the
condition is 8T > x/a.

The question now arises as to how to relate dispersion parameters o,
and o, measured over two different averaging times. It has been suggested
that peak ground-level concentrations measured over two averaging
times, 8¢ and 87, can be related by (Herman, 1980)

c(8T)/ c(81) = (8t/8T) (8.32)

Conservation of mass suggests a relation between the product of the peak
values of mean plume concentrations and the corresponding dispersion
parameters (o, o) for all averaging times

Cmax(8T )y (x; 8T)o(x; 8T) = Cmax(88)ay(x; 8t)a (x; 81) (8.33)
Equations (8.32) and (8.33) give
ay(x; 8T)o(x; 8T) = oy(x; 8o (x; 81)(8T/6t)* (8.34)
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Assuming the same dependence on averaging time for both o, and o,
ay(x; 8T) _ oyx; 8T) (ﬂ‘)sﬂ
o,(x; 81)  ofx;8) \&t

Herman (1980) has surveyed values of s in Eq. (8.35) for data on SO;.
He found that a value of s = 0.5 best fit the data analyzed, with an
uncertainty in s of +0.2,

(8.35)

IX. Parameters in the Atmospheric Diffusion Equation

The atmospheric diffusion equation

oc 9 ¢ o
ar YT Vs T Ve

d ac¢ d ac d ac
=7 (Kxx 5;) + a—y' (Kyy 5) + % (Kzz a—z) +S (2.19)
embodies information on the flow field and the nature of turbulent mixing
through the mean velocities and the eddy diffusivities. While the Gaussian
equations of Section V have been widely used for atmospheric diffusion
estimates, the underlying presumption of stationary, homogeneous turbu-
lence and a uniform velocity field imposes restrictions on the situations in
which the equations may be employed with a degree of confidence. To
deal with situations where inhomogeneities exist, such as shear flows,
resource is often made to Eq. (2.19). There exist a number of solutions of
Eq. (2.19) under various assumptions concerning the spatial dependences
of the mean velocities and eddy diffusivities. The key problem is to
choose the functional forms of these coefficients in a manner consistent
with observations and available theories of turbulent diffusion.

A. MEAN WIND SPEED
The mean wind speed is often represented as a power-law function of
height which may be expressed as
ali, = (2z,)P 9.1)

The exponent p is then to be determined on the basis of atmospheric
conditions. By differentiating Eq. (9.1) with respect to z, p is found from

p = (Zu)(91/dz) 9.2)
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Monin-Obukhov similarity theory, as expressed by (7.10), can be used
in (9.2) to give

p = (u/kidypu(z/L) 9.3)
which can be expressed as
_ _ $u@L)
P = FGL, 2/D) 04

A functional representation of the approximate form of the universal func-
tion F has been obtained by Huang and Nickerson as (Huang, 1979)

2 ) [€- D&+ D Sy et
F(32) - |t pesTg] + ten t - e el 609
where { = ¢nu(ZL) ™' and § = ¢n(ze/L)"!. Huang (1979) has presented
values of the power law index p computed from Egs. (9.4), (7.12), and
(9.5), and these values are reproduced in Fig. 6.

B. VEerticaL EppY DirrusioN COEFFICIENTS

Monin-Obukhov similarity theory can be used to prescribe the form of
K., in the surface layer. K,, can be expressed as

ku.z
= ) ©9

where ¢(z/L) is a universal function of z/L for material transport. The
universal function ¢,(z/L), for momentum transport, as determined by
Businger er al. (1971), has been given by Eq. (7.12). The function ¢(z/L)
can be expressed as

K.

1+ 4.77L for zZL >0
é (I%) =41 for zZIL =0 ©9.7)
[1 - 1SgL1""2  for ZIL <0

where for stable and neutral conditions ¢(z/L) = ¢n(z/L), whereas for
unstable conditions ¢(z/L) = ¢2%(z/L) by analogy to heat transport
(Galbally, 1971; Crane et al., 1977).

1. Unstable Conditions

If we define K7; as the eddy diffusivity for momentum, the vertical eddy
diffusion coefficient under unstable conditions can be expressed as
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Fi6. 6. Variation of the power law index p with surface roughness and Monin—-Obukhov
length L: (3) z = 10 m; (b) z = 30 m. From Huang (1979).

Kz
Ke= 5Dy ©.9)

We note that the assumption that K, = K7, can lead to an underestimate
of K,, by a factor of three.

Carl et al. (1973) suggested an expression for K7, that closely fits a
second-order closure model calculation of Zeman and Lumley (1976):

K5 = 2.5w.zitkz/z)*? 9.9

Combining Eqs. (9.8) and (9.9) gives an expression for K, in the surface
layer under unstable conditions:

K, = 2.5w.zi(kd/z)*?[1 ~ 15z/L}" (9.10)

Now we consider specification of X,, in the Ekman layer. We begin
with convective (unstable) conditions. Lamb e7 al. (1975) derived empiri-
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cal expressions for K, using the numerical turbulence model of Deardorff
(1970). Lamb and Duran (1977) improved the numerical procedures of the
earlier paper and extended the stability range from z/L < —4.5to z/L <
—1100. When scaled with w,, the convective velocity, and z;, the diffusiv-
ity profiles are sufficiently similar in shape to suggest that a single profile
of the form K,, = K,,/w.z; = ¥(z/z;) might be applicable. Convective scal-
ing is appropriate because L is small compared with z;. The function s can
be assumed to be universal under the following conditions: (i) the turbu-
lence structure within the mixed layer is self-similar and in equilibrium
with the current boundary conditions and (ii) the normalized eddy diffu-
sivity K, is independent of the nature of the pollutant source distribution
(Crane et al., 1977). In practice, the equilibrium condition is usually satis-
fied since it requires that the mixed layer depth varies slowly, i.e., that
dzi/0t < w,. Willis and Deardorff (1976) indicate that self-similarity occurs
after w.x/iiz; exceeds 2.5, where x is the distance covered after the mate-
rial has been released. Condition (ii) is not, in general, satisfied in convec-
tively driven flows. If the eddy diffusivity were truly a local property of
the turbulent flow, then K,, would be independent of the height of source
emissions. Lamb and Duran (1977) determined that the form of the K,
profile is quite dependent on the source height. With the proviso that the
result be applied when emissions are released or at near ground level and
so a single profile is applicable, the form of K, recommended for unstable
conditions is (see Fig. 7)

[ 2.5(kz/zy**[1 — 15(z/L)]*, 0 = z/7; < 0.05
0.021 + 0.408(z/z) + 1.351(z/z)?
% - - 4.096(z/z;)* + 2.560(z/z)*,  0.05 < z/z; = 0.6
0.2 exp[6 — 10(z/z)], 0.6 <zz=1.1
L 0.0013, 2z > 1.1
9.11)

The maximum value of the diffusivity occurs when z/z; = 0.5 and has a
magnitude = 0.21w.z;. For typical meteorological conditions this corre-
sponds to a diffusivity of O(100 m? sec™!) and a characteristic diffusion
time defined by z%/K,, of O(5z;/w.). Yamada (1977), for example, has ob-
served diffusivities of O(100 m? sec™') when simulating the Wangara day
34 field experiment. Above the surface layer the observational evidence is
inadequate to verify more than an order of magnitude estimate of the
diffusivity. Clearly there is a need for more field data to establish the
shape of the profile in the upper portions of the mixed layer.
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FiG. 7. Vertical turbulent diffusivity profile corresponding to Eq. (9.11). From Lamb

and Duran (1977).

A number of other models for unstable conditions have been used,
notably the formulations of O’Brien (1970) and of Myrup and Ranzieri
(1976). O’Brien’s model defines a cubic polynomial variation of K,, above
the surface layer. Boundary conditions are established by matching a
similarity solution at the top of the surface layer and fixing profile gradi-

ents at z = |L| and z;. The expression for the diffusivity is
G~ 2
zi = |L]
KAL) — K. (z) }]
2 (B )

K, =K.z + [

J' | xalh - Kuted + @ - 120 {5

9.12)
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where the height of the top of the surface layer is given by z = |L|. The
similarity solution can be used to evaluate K,(|L]), the gradient 3K,,/dz,
and the maximum diffusivity in the mixed layer:

K (L) = 5.0w.zi(k|L//z)*? = 2u.|L| 9.13)
K, _ flﬂ o
""a—z— z=IL[ - 8.23kwa ( Zi ) - -3”.: (9.14)

Assuming z; > |L|, the maximum diffusivity occurs at z/z; = 0.3 and is
given by

0Ky,

Tz- ] = 0.5u.z; (9.15)

4
Kofmax) = 57 | KoL) + 2 22|
Myrup and Ranzieri (1976) developed an approach based on similarity
theory and a set of empirical formulas. For unstable conditions (z/L < —95)
their profile is specified by

K, = ku.z[1 — 15z/L]¥g (9.16)
where
1 for 7 < 0.1
q= 9.17)
1.1 —zlz; for 01=<z/z;=<1.1

For the above conditions, the maximum diffusivity occurs at z/z; = 0.5
with a value K, (max) = 0.4u,z;. Figure 8 presents a comparison of the
three different diffusivity expressions for a set of typical meteorological
conditions. The maximum diffusivity for all models is quite large, which
in turn implies that vertical mixing is quite rapid under unstable condi-
tions.

2. Neutral Conditions

Under neutral conditions the atmospheric lapse rate is adiabatic. Close
to the ground the vertical eddy diffusivity profile can be based on Monin-
Obukhov similarity theory, in which case ¢, = 1 and K, = ku.z. With this
formulation, K, increases without limit—clearly a physically unrealistic
situation. Myrup and Ranzieri (1976) proposed a set of empirical “‘roll
off”” functions for altitudes above the surface layer:

ku,z for 2z < 0.1

K, = Ykuz(1.1 - 2/z) for 0.1 =2z =<1.1 (9.18)
0 for iz > 1.1
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FiG. 8. Comparison of diffusivity profiles for unstable conditions (L = —30 m; &, = 0.5
m sec”!; z; = 500 m).

Shir (1973) developed the following relationship from a study of a one-
dimensional version of a turbulent transport model for extrapolation
above the surface layer:

K,, = ku.z exp[—8fz/u.] (9.19)

Under neutral conditions, L == « and so the Monin—Obkuhov length is not
an appropriate choice for the vertical length scale. An alternative is to
define the scale in terms of the Ekman layer height «./f. Another formula-
tion was proposed by Businger and Ayra (1974) for neutral and stable
conditions:

ku,
Ke = [T ab.0D) P Bz 2—{] 9.20)
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where V, is the geostrophic wind component orthogonal to the surface
wind and o a constant. Note that if V, = 8u., as has been predicted by the
turbulence models of Wyngaard (1973) and of Deardorff (1970), then both
Egs. (9.19) and (9.20) are very similar. Lamb et al. (1975) calculated the
eddy diffusivity of virtual particles by employing the same techniques
described in the previous section. Their polynomial form for the neutral
case is given by

Ku=ff—z{7-396 X 1074 + 6.082 X 10-2(f) + 2532(f)
- 1272 (Zf) 15.17 (Zf) ] for 0= %fs 045 (9.21)
K. =0 for Z—f> 0.45

#

The predictions of the various expressions for K, in the neutral case are
shown in Fig. 9, where the scale height has been replaced with

0.5u,/f by Shir (1973)
H =14z by Myrup and Ranzieri (1976) 9.22)
ulf by Lamb et al. (1975)

From an examination of the profiles it is clear that there are substantial
differences in the magnitudes of K,, predicted by the various models. The
diffusivity estimates at the top of the boundary layer predicted by the
similarity solution are excessively large. The profiles of Shir (1973) and
Lamb et al. (1975) are in quite close agreement up to a height of z/H = 0.3.
Above this elevation the polynomial profile is considerably smaller.

3. Strable Conditions

In the surface layer, similarity theory can be used to give an expression
for eddy diffusivity under stable conditions:

ku.z
0.74 + 4.7Z/L

Again, as in the previous cases, the above results are not applicable for
Z/L > 1. Under stable conditions, mixing above the surface layer can be
expected to be quite different from local free convection where the eddies
scale with the depth of the mixed layer z;. When z > L, the appropriate
scale for the eddies is L because buoyancy inhibits vertical excursions of

K, = 9.23)
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Qi0

UnH

Fi16.9. Comparison of various models for vertical diffusivity profile under neutral con-
ditions: H = z; (—), 0.5u:/f (—-), u.{f (), and z; (—).

air parcels over larger distances. This fact emphasizes that under stable

conditions there is a minimum of turbulent exchange in the vertical direc-

tion. Businger and Ayra (1974) proposed a modification of Eq. (9.23) to
extend the model above z = L:

_ ku.z [ lVg

K=+ amz®|™ s,

EJ 9.29)

u

The maximum value of the diffusivity for this model is given by
K, (max) = 0.03w/f)(fL/u)"** 9.25)
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For typical meteorological conditions the maximum diffusivity can be
expected to be in the range 0.5-5 m? sec™!. The magnitude is considerably
smaller than the equivalent values encountered under strongly unstable
conditions. A limitation of the above formulation is the need for knowl-
edge of the geostrophic wind velocity V,. If the assumption V, = 8u,,
discussed in the previous section, is employed, then Eq. (9.25) can be
written in the form

K.

kuz §f:§] 9.26)

= 0.74 + 4.7L P [‘ i

This model is quite similar to the Myrup and Ranzieri (1976) form in
neutral conditions except that the exponential decay is replaced by the
functions defined by Eq. (9.16). An alternative approach is to modify the
O’Brien formula, noting that the expression (9.12) enables a unique poly-
nomial profile to be established by matching the applied boundary condi-
tions. From Eq. (9.23), the slope at z = L is given by

(0K 2/02)|,-1 = 0.025ku. 9.27)

Substituting this result into Eq. (9.12) and defining the scale height to be
H, the vertical diffusivity variation is

Ko = Kt + [5—2] [k - Kot

2 ()]

where K, (L) = 0.025ku.L. If K, (H) is set equal to K,(L), then Eq. (9.28)
can be simplified further to

(9.28)

K, = 0.025ku.L [1 +0.025 (£ - 1)(5 - z)z] (9.29)
The form and magnitude of the scale height H clearly depends on the
meteorological conditions. Wyngaard (1975) concluded that turbulence is
confined to a layer of thickness H given approximately by

H = 0.22(u./f)(fLIu)"? (9.30)

This result is the same form as the power law predicted by Zilitinkevich
(1972) and, apart from a different constant, 0.74, is identical to the
Businger and Ayra (1974) model. The diffusivity profiles for the above
models are very similar to the forms shown in Fig. 9.
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C. HorizoNTAL EDDY DIFFUSION COEFFICIENT

The statistical theory of turbulent diffusion (Section VIII,B) predicts
that the mean square displacement of a fluid particle in, say, the y direc-
tion manifests the following behavior:

o0 = {(v’z)t2 for t< Ty
¢ 2K,,t for t> Ty

where Ty is the Lagrangian integral time scale of the turbulence. As a
result, the crosswind eddy diffusion coefficient K, is related to the vari-
ance of plume spread by

K,, = ¥do?/dt) = }i(da?/dx) 9.32)

9.31)

fort> T..

Measurements of T in the atmosphere are extremely difficult to per-
form and it is difficult to establish when ¢ > T; holds for urban scale flows.
Csanady (1973) indicates that a typical eddy which is generated by shear
flow near the ground has a Lagrangian time scale of the order of 100 sec.
Lamb and Neiburger (1971), in a series of measurements in the Los
Angeles Basin, estimated the Eulerian time scale Tg to be ~50 sec. In a
discussion of some field experiments, Lumley and Panofsky (1964) sug-
gested that T} < 4T%. If the averaging interval is selected to be equal to
the travel time, then an approximate value for K,, can be deduced from
the measurements of Willis and Deardorff (1976). Their data indicate that
for unstable conditions (L > 0) and a travel time ¢t = 3z/w.

ol = 0.64 (9.33)

Employing the previous travel time estimate and combining this result
with Eq. (9.33) gives

K,, = ¥otw.z = 0.1w.z (9.34)

This latter result can be expressed in terms of the friction velocity u, and
the Monin—-Obukhov length L as

K,, = 0.1z*(—kL)"Pu, (9.35)

For a range of typical meteorological conditions this formulation results in
diffusivities of O(50-100 m? sec~!). Some typical results (given in Table
VIII) are in quite close agreement with field measurements and the formu-
las recommended by Briggs (1974) for city conditions. In the above
model, K, varies as a function of the surface conditions at different
spatial locations but is assumed to be invariant with height.
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TABLE VIII

TypicaL HorizoNTAL EDDY DIFFUSIVITIES AND CROSS WIND STANDARD DEVIATIONS

Travel
Stability  z L a us Zi W Ky o, time
class (m) (m) (msec?) (msec’) (m) (msec’) (m’sec™d (m) (sec)

A 0.5 —14 2 0.42 300 2.44 73 231 368
B 1.08 -29 2 0.43 500 1.58 79 387 949
C 1.7 -250 4 0.83 500 1.48 74 387 1013

In most cases of practical calculations, it is usually assumed that
K. = K,,.

D. SOLUTIONS OF THE STEADY-STATE ATMOSPHERIC
DirrusioN EQUATION

The Gaussian expressions are not expected to be valid descriptions of
turbulent diffusion close to the surface because of spatial inhomogeneities
in the mean wind and the turbulence. To deal with diffusion in layers near
the surface, recourse is generally had to the atmospheric diffusion equa-
tion, in which, as we have noted, the key problem is proper specification
of the spatial dependence of the mean velocity and eddy diffusivities.
Under steady-state conditions, turbulent diffusion in the direction of the
mean wind is usually neglected (the slender-plume approximation), and if
the wind direction coincides with the x axis, then K., = 0. Thus, it is
necessary to specify only the lateral (K,,) and vertical (K,) coefficients. It
is generally assumed that horizontal homogeneity exists so that i, K,,,
and K, are independent of y. Hence, Eq. (2.19) becomes

(22 (g ) 2 (g 0]
“ax'ay K,, 3 +az K, 9z (9.36)

Sections IX,A-C have been devoted to expressions for i(z), K,(z), and
K,, based on atmospheric boundary layer theory. Because of the rather
complicated dependence of i and K,, on z, Eq. (9.36) must generally be
solved numerically (see, for example, Nieuwstadt and van Ulden, 1978;
van Ulden, 1978). However, if they can be found, analytical solutions are
advantageous for studying the behavior of the predicted mean concentra-
tion.

A solution of Eq. (9.36) has been obtained by Huang (1979) in the case
when the mean wind speed and vertical eddy diffusivity can be repre-
sented by the power-law expressions:
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u(z) = az? 9.37)
K, (2) = b7" (9.38)

and when the horizontal eddy diffusivity is related to 0'3 by Eq. (9.32).
For a point source of strength g at height & above the ground, the
solution of Eq. (9.36), subject to Egs. (9.32), (9.37), and (9.38), is

) __ 4 Y ] (zh)t -2
cx, y, 2) = @), P [ 202 " bax

o 25000 . e

where a =2 + p — n, v = (1 — n)la, and I_, is the modified Bessel
function of the first kind of order —».

Equation (9.39) can be used to obtain some special cases of interest. If
it is assumed that p = n = 0, then Eq. (9.39) reduces to

9.39)

éx,y,2) = (—27—’_?,7507 exp [-— -2-)5—3] %
X exp [ - %%hf] I (%) (9.40)
where
o2 =2K,xla, of=2K,xli (9.41)
Using the asymptotic form
Iipx) = Qlmx)2 coshx as x> 9.42)

Eq. (9.40) reduces to the Gaussian plume equation. Note that the asymp-
totic condition in Eq. (9.42) corresponds to zh > o2,

The case of a point source at or near the ground can also be examined.
We can take the limit of Eq. (9.39) as 2 — 0 using the asymptotic form of
L(x)as x— 0:

4

X
L(x) = m as x—0 (9.43)
to obtain
_ 3 q o
éx,y,2) = (217)”20,)5“*”)’“ av(baZ)(Hp)/al‘((l + p)/a)

a(z* + h")]

X exp [ - -22:—_5] exp [ e (9.44)
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Finally, in the case of an infinite, cross wind line source, Eq. (9.39
can be integrated over y from —x to += to give

_ qzh)~™"? exp [_ az* + h"')] ) [Za(zh)"""

" bax batx ba’x ] ©.45,

é(x, 2)

Again, letting h — 0, we obtain

. _ qa [ a@* + k)
é(x, ) = a,,(baz)(1+p)/ar((1 + p)/a)x“*")’“ exXp | — balx

] (9.46,

X. Monte Carlo Simulation of Turbulent Diffusion

The fundamental Lagrangian quantity in turbulent diffusion theory i
the probability density function p(x, y, z, fjx’, y’, ', t'). Unless a func
tional form of p, e.g., Gaussian, is assumed, p must be evaluated experi
mentally (Willis and Deardorff, 1978, 1980) or numerically (Lamb et al.
1975; Lamb, 1978). The numerical evaluation of p carried out in the twi
references cited involved tracking fluid particles in a flow field generatec
by a numerical solution of the turbulent Navier-Stokes equations. Ai
alternative approach to the numerical evaluation of p that is receiving
considerable attention is that of tracking fluid particles in a flow fiek
generated by a Monte Carlo algorithm that produces velocity fluctuation:
with the same statistics as the turbulent flow simulated (Reid, 1979
Lamb, 1981; Runca et al., 1981). In this section we will examine the basi
elements of the Monte Carlo simulation of turbulent diffusion. We restric
our attention to homogeneous turbulence.

A. ELEMENTS OF MONTE CARLO SIMULATION OF
TURBULENT DIFFUSION

The basis of all the experimental and numerical approaches to evaluat
ing p is the following approximation:

s oo Py, X,y 2 ) .
plx,y, z, X',y , 7', ) = Ax Ay Az (10.1

where P(x, y, z, tlx’, y', Z’, ') is the probability that a particle released a
(x',y,z)attime ¢ will be in [x = Ax/2, y = Ay/2, z = Az/2] at time 1. For
brevity, we will henceforth consider only the single spatial variable x anc
assume ¢’ = 0. P(x, f|x’, 0) can be estimated by
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.14
P(x, tlx', 0) = lim 3 >, ¢;(x, tlx’, 0) (10.2)
ko kj:]

where

1 if particle j is in (x = Ax/2) at ¢
djlx, tlx', 0) = (10.3)

0 otherwise

To compute ¢;(x, t|x’, 0), particle trajectories must be obtained. In the
numerical approaches, these particle trajectories are generated by follow-
ing fluid particles in the numerical flow field. In the Monte Carlo method,
an algorithm is formulated to produce the particle velocity and position as
a function of time. Perhaps the simplest such algorithm is the following:

n=290, U(AL, x') = uf(x')
n=1, u{(n+1)Atx)=aunAtx)+pn+1AD  (10.4)
x((n + 1) At, x') = xi(n At, x') + uf{(n + 1) At, x') At

where u}((n + 1)At, x') is the velocity of the jth particle (released at x')
after (n + 1) intervals of time At. This velocity is used to advance the
particle from location x;(n At, x') to x;((n+1) At, x’). At the first time step,
the particle velocity coincides with that at the source location x’. (The
suffices [ and e refer to Lagrangian and Eulerian quantities, respectively.)
The coefficient a reflects the degree of persistence of the particle’s veloc-
ity from time step to time step and obeys 0 < a < 1, and p{(n+1) Ar)isa
random contribution to the velocity of the jth particle that must be gener-
ated by a Monte Carlo method. To generate p;, we need to know the
probability density of p, p,.

In homogeneous, stationary turbulence, the probability density of u/,
pl, must coincide at all times with that of the velocity recorded at any
fixed point, p;. The probability densities of #/((n + 1) At, x') and
u/(n At, x') are thus identical. Under homogeneous, stationary conditions,
pt is known to be Gaussian (see Section III). We indicate the distribution
pl. as

pi = NWu), (u%) (10.5)
where N((u), (u?)) denotes a normal distribution with mean (u) and mean
square (u?%).

Based on Eq. (10.5), we can determine the distribution of the random
component p, p,. Since

pi(n + 1) AD = ul((n + 1) At, x') — aul(n At, x') (10.6)
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the expected value of p is found from Eq. (10.6),
(p) = (1 = a)w (10.7)
The mean square value of p is found from
pH(n + 1) Af) = [ui((n + 1) At, x") — auj(n At, x)P*  (10.8)

Henceforth we will not indicate the explicit dependence of u' on the
source location x’, and we will drop the suffix [ because of the assumption
of stationary, homogeneous turbulence. Taking the expected value of Eq.
(10.8),

(p?) = WH(n + 1) AD) — 2afu((n + 1) Anu(n AD) + oXu(n At)?y (10.9)

The second term on the right-hand side of Eq. (10.9) can be expressed as
2a(u(n AD[au(n Af) + p((n + 1) AD])

= 2a%u(n AD? + 2a0{u(n ADp((n + 1) AD)) (10.10)

It is generally assumed that p(m At?) is uncorrelated with u(n A¢) for m >
n,i.e.,

{p(m Atu(n Af) = 0, m>n (10.11)
Thus, Egs. (10.9)-(10.11) yield
P =1 = a)u?) (10.12)

The random component of the particle velocity in stationary, homoge-
neous turbulence is normally distributed with mean, (1 — a){«), and mean
square, (1 — a?){i?),

P, = N1 — a)u), (1 — o?Xu?)] (10.13)

It is of interest to compute the Lagrangian velocity autocorrelation
resulting from trajectories generated by Eq. (10.4):

R, ) = W Ou'(r)){u?) (10.14)
Lett = m Atand v = n At. Then
(W((r)y = ([au((m — 1) A + p(m ADJu(n A1)
= {afaw((m — 2) A + p((m — 1) AD] + p(m AD}u(n AD))

— oy + ki o Kp(k Aduln AD) (10.15)
=pn+ |

Using Eq. (10.11), we obtain
R({(m — n) Af) = ™" (10.16)
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or, equivalently,
R(t,7) = R(t — 1) = ot~ (10.17)

Next, it is of interest to compute the Lagrangian integral time scale of
the process [recall Eq. (8.6)):

T= [ R (10.18)

Using Eq. (10.17), we obtain
T = At/In(l/a) (10.19)

Wenote thatasa— 0, T—>0andasa—> 1, T—> x,
Finally, it is of interest to compute the mean square particle displace-
ments resulting from the algorithm (10.4). From Eq. (8.3) we write

) =2 f‘: L: (u(Du(t)) dr dr’
=20 [/ [ R~y drar (10.20)

Using Eq. (10.17) in Eq. (10.20), we obtain, with t = n At,

2 Ap2
(xXn AD) = 2((—51-)7321 [@"—1-nlna] (10.21)

or, equivalently, using Eq. (10.19),
(n AD) = 2T n AT — (1 — e~ A1T)] (10.22)

which agrees with Taylor’s classical result.

B. APPLICATION OF THE MONTE CARLO METHOD TO A
CoNTINUOUS, ELEVATED LINE SOURCE

To illustrate the application of the Monte Carlo method, we consider
the problem of simulating the dispersion of material emitted from a con-
tinuous line source located between the ground and an inversion layer. A
similar case has been considered by Runca et al. (1981). We assume that
the mean wind # is constant and that the slender-plume approximation
holds. The line source is located at a height . between the ground (z = 0)
and an inversion layer (z = z). If the ground is perfectly reflecting, the
analytical expression for the mean concentration is found by integrating
the last entry of Table II over y from —» to +%. The result can be
expressed as
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_ . q - _(z— h+ 2nz)
€ 2) = Gt 2., {e"p [ 252 ]
(z + h + 2nz)?
+ exp [— T]} (10.23)
where o-ﬁ is given by Eq. (10.22) with (i) replaced by (w?):
ol = 2wA)T?[n AT — (1 — e7"2T)] (10.24)

It is convenient to express the analytical solution in dimensionless form
by defining W = wiw,, X = xw.liz;, Z = Uz, v = utiw., and C = éizglg,,
where w, is the convective velocity scale. The result is

b |- OL (h/zi))z]}

oIz ) (10.25)

where

G =2 G () x - (-ew (- 22))] 029

Figure 10 shows C(X, 0) as a function of X from Egs. (10.25) and (10.26)
for hiz; = 0.25, (w?) = w, and Tw./z; = 0.2, the conditions chosen by
Runca et al. (1981).

The Monte Carlo approach can now be used for the same problem. The
algorithm for the z velocity component and position in dimensionless form
can be written as

Wi(n + 1) A7) = aWi(n A7) + Qi((n + 1) A7) (10.27)
Zi((n+ 1) A1) = Zi(n A7) + Wi((n + 1) A7) Ar (10.28)

where W = wiw,, At = w, At/z;, and = p/w,. The probability density
function of Q is pg = N(0, 1 — &?). For the simulation, Az/z; = 0.1 and
Ax/a At = 1. The value of « used was given by a = exp(—At/T), with
AUT = 0.5,

To implement the method, it is necessary to decide how to handle the
case when a particle encounters either vertical boundary. Following Fig.
11, if a particle is predicted to cross the boundary, its position can be
reflected. At the next step, n + 1to n + 2, the velocity at step n + 1 can be
taken as the reflected value (line a in Fig. 11), as the previous value
unreflected (line b), or as zero with only the random component (case c).
In Fig. 12, dimensionless surface concentrations are shown correspond-
ing to each of these three options. As expected, the lowest concentrations
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Fic. 10. Dimensionless ground-level concentration resulting from an elevated line
source located at a height (h/z) = 0.25. Analytical solution (——) and three Monte Carlo
solutions corresponding to 250 (----), 1000 (~—-)}, and 2000 (----*) particles.

are achieved with reflection of the velocities and the highest with the
velocities unaltered from the previous step. Case c falls intermediate
between the other two.

Figure 10 show- the effect of the number of particles used in the Monte
Carlo calculatior The calculations were carried out with 250, 1000, and
2000 particles using randomized velocities, case ¢ of Fig. 12. Although as
the number of particles is increased from 250 to 1000, a noticeable reduc-
tion in fluctuations occurs, from 1000 to 2000 particles the change is not as
pronounced.

This section has illustrated a relatively simple application of the Monte
Carlo technique for simulating atmospheric diffusion. With the availabil-
ity of large-scale computing capacities, Monte Carlo methods can be envi-
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FiG. 11. Three ways of treating particles that intersect a boundary in a Monte Carlo

calculation. In case a the velocity is reflected at step n + 2. In case b the velocity is unaltered

at step n + 2. In case c the velocity at step n + 2 is assumed to have a random component
only.
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Fic. 12. Dimensionless ground-level concentration resulting from an elevated line
source located at a height (h/z) = 0.25. Monte Carlo solution corresponding to the three-
boundary treatments of Fig. 11: (@) case a, velocities reflected; (A) case b, velocities
unaltered; (0J) case ¢, velocities randomized.

sioned to become more and more important in the arsenal of techniques in
atmospheric diffusion theory. The key problem in such methods is to
select properly the statistical properties of the random fluctuations in
accord with the turbulent properties of the atmosphere.

Xl. Summary

We have presented a relatively self-contained development of the fun-
damentals of atmospheric diffusion theory. The emphasis has been on
elucidating the origin and applicability of the basic expressions commonly
used in atmospheric diffusion calculations. This article is intended for the
practicing scientist who desires a tutorial introduction to atmospheric
diffusion theory or for the advanced undergraduate or graduate student
who is entering atmospheric diffusion research.
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pour variations, 163
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Aluminum alloys, variation, and rapid phase
transitions, 162--163
Aluminum plants, explosions, 110
API 6A6 subcommittee, LNG spill tests, 116
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molten aluminum studies, 167-169
molten salt studies, 155
Arrhenius relationship, k, 8-9
Atmospheric boundary layer
convective, 260261
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meteorological parameters, see Meteoro-
logical parameters
Atmospheric diffusion equation, 217, 222,
231-232, 275
boundary conditions, 238-239
constraints, 250
errors, 252
Lagrangian integral time scale, 251
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eddy diffusion coefficients, see Eddy
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mean wind speed, 275-276
universal function F, 276

point source emission dispersion, 252

solution, 286-288

turbulent mean free path, 251

validity, 250-252

Atmospheric diffusion theory, 209-299, see

also Point source diffusion formulas

Battelle molten aluminum study, 169-170
Black liquor recovery boiler explosion list,
150-154
Bubble column, 199-200
Bubble growth dynamics, 87-99, 189-193
bubble pressure, 190
chemical criteria, 190
constant population, 93-97
critical bubble size, 190, 196-197
destruction rate, 93
devolatilization efficiency, 94-95
diffusion-control model, 94-95
disappearance, 89, 92
energy equation, 191
and extraction efficiency, 92, 94-97
formation rate, 93
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gas pressure, 89
hydrodynamic control, 96-97
Newman-Simon model, 97-98
nucleation rate, 89
number per unit volume, 89
physical and mathematical model, 88-98
radius and extraction efficiency, 94-97
superheated propane, 192-193
vapor blanketing, 197-198
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velocity, 191
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n-Butane spill tests, 121-122

C

Carbon, molar disappearance rate, 16
Catalyst
change in diffusivity and kiln perfor-
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throughput, 51, 54
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and burning rates, 6-7
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conversion
catalytic activity, 53, 55
kinetics, 45-47
rate, 46
rate of change, 50
CO/CO, ratio, 45-46
function of temperature, 46
Coatings, organic, on water vessels, and
aluminum rapid phase transitions, 164
Coke burning, 1-59, see also Fast coke
burning; Slow coke burning
accumulation term, 31, 33
afterburning, 50-51
amount of carbon burning, 48
burning rate constant, 9-10
carbon remaining versus burning time, 8
catalyst beads, whole versus pulverized,
6-7
catalyst throughput, 51, 54
chemical reaction, 46
comparison of control schemes with step
coke change, 40, 44
dynamic response model, see Dynamic
response model
explicit model, see Explicit model
fish eye, 7
history, 2-3

INDEX

interface with catalyst bead, 7-8
nomenclature, 57-59
rate, 5
noncatalyzing oxide bases, 9, 11
shell progression, 47
silica—alumina catalyst, 8
single-particle kinetics, 3-13
burning rate, 5-7
diffusional limited burning, 9-13
intrinsic kinetics, 3-9
oxygen utilization rate, 5-6
slide rule, 12
temperature dependency of k, 8-9
transitional and observed rates, Arrhenius
plot, 13-14
Combustion Engineering, smelt-water ex-
plosion investigations, 146-147
Conoco tests, 120
Conservation of mass, air pollutants, 211
Constock Liquid Methane Corporation,
LNG spill tests, 116
Continuity equation, incompressible fluid,
216
COYOTE test series, 133-134

D

Diffusion-control model, 94-95, 98
Diffusion coefficient, 65-66
poly(vinylacetate) and toluene system, 66
Dispersion parameters
averaging time considerations, 273-275
convective conditions, 268, 270-271
correlations, 267-269
dependence on travel time, 264--265
determination, 265-268
eddies
characteristic time scale, 274
role, 262
fluctuating, 271-272
in Gaussian models, 261-275
spatial and temporal averaging, 262-
265
groundlevel concentrations, 270-271, 274
instantaneous cross-sectional distribu-
tion, 263-264
instantaneous relative concentration dis-
tribution variance, 272-273
joint moment, 266
lateral standard deviation, 270



INDEX

mean plume concentrations, 274
mean square particle displacement, 266-
267
plume envelope decomposition, 264265
puff equations, 264
and stability class, 269
vertical standard deviation, 268
Dissolver-tank explosions, 144-145
Drag flow shape factors, 72
Dynamic response model, 31, 33-42
accumulation terms, 31, 34
amount of fast coke, 35
closed-loop schemes, 40, 42-43
increased catalytic temperature response,
35, 37-38
prediction to plant performance compari-
son, 40-41
simulation kiln conditions, 36

E

Eddy diffusion coefficients
horizontal, 285-286
vertical, 276-284
above mixed layer, 283
extrapolation above surface layer, 281
maximum value, 278, 283
neutral conditions, 280--282
profile, 278-279, 281, 283
roll-off functions, 280
scale height, 284
stable conditions, 282-284
unstable conditions, 276-280
Eddy diffusivity, 217, 238
Ekman layer defined, 253
Energy, activation, thermofor catalytic
cracking kiin, 50, 53
Energy equation, bubbles, 191
Escalation model, 195-198
basic concepts, 198
Esso spill tests, 120121
Ethane—propane—-n-butane
tests, 122-123
RPT regions on 298-K water, 128
Ethane spill tests, 121-123
binary mixtures, 121, 123, 129
Ethylbenzene—polystyrene system, 83
Ethylene-poly(ethylene) system, 85-86
Ethylene spill tests, binary mixture, 121, 123

system spill
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Eulerian approach, turbulent diffusion, 214,
222-224
mean concentration, continuous source,
230-233
point source diffusion formulas, 238-245
Explicit model
CO,/CO ratio, 45-46
conversion Kinetics, 42-43, 45-57
diffusion kinetics, 47-57
extention for fast and slow, 26-31
initial temperature and residual carbon,
26-27
steady-state solution, 30
Explosive boiling, see Rapid phase transi-
tions
Extraction efficiency, 92
Extruder, see also Mass transfer rate
single-screw
flow patterns, 68—69
partially filled screw channel, 68
schematic view, 67-68

twin-screw
intermeshing counter rotating, sche-
matic, 79-81
nonintermeshing counter rotating,

schematic, 78-79
partially filled channel, 81-82
presence of bubbles, 88, 90-91
schematic, 78-79

F

Fast coke burning, 4
effect on slow coke, 31-33
kiln equations, 15-16
Fluctuating plume parameters, see Disper-
sion parameters, fluctuating
Fluctuating transport, 216-217
Fourier transform, concentration, 223
Free contact model, 195
Freon, see R-22
Friction velocity, 259-260
Fuel-coolant interactions, see Rapid phase
transitions

G

Gaussian models, dispersion parameters,
see Dispersion parameters
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Gaussian plume equation, 237-238, 243, 287
Gaussian plume formula, 245
Golder’s plot, coefficients as function of sta-
bility classes, 257
Green’s function, 213, 241
atmospheric diffusion equation, 239
slender-plume form, 241
stochastic, 220

H

Heat of combustion, slow coke, 29

Heptane-poly(dimethy! siloxane) system,
88, 90-91

n-Hexane, LLNG spills on, 120

Hexane-polyethylene system, 84

Hexane-polystyrene system, 84

LI, K

Isobutane spill tests, 121-122
Isobutylene spill tests, 121-122
Jacob number, 191

K-theory hypothesis, 216-217

L

Lagrangian approach, turbulent diffusion,
214, 218-222
mean concentration
continuous source, 224-230
Gaussian distribution, 235-238
instantaneous source, 218-222
Lagrangian integral time scale, 251, 266, 291
Lagrangian velocity autocorrelation, 266,
290-291
Latex, continuous conversion, 62-63
Lawrence Livermore National Laboratory/
Naval Weapons Center, see LLNL/
NwWC
Liquefied natural gas, rapid phase transi-
tions, 113-141
background, 116-117
delayed, 115
large-scale circumstances, 115
overpressures, 115-116, 136-141
spill tests, 108—109
Bureau of Mines, 117-119

INDEX

Conoco, 120
Essa, 120-121
LNG composition, 133-136
Memphis Light, Gas and Water Divi-
sion, 116-117
M.LT., 120-128
on organic liquids, 120
Shell Pipeline Corporation, 128-130
Transco, 117
University of Maryland, 119-120
on water, overpressures, 137-139
Wisconsin Gas Co., 116
summary, 113-116
superheated-liquid model, 108
superheat-limit temperature, 114
Liquefied natural gas-n-hexane explosions,
120
Liquid refrigerant explosions, 186-189, see
also R-22
properties, 187
thermal boundary-layer development,
195-197
Lithium, and probability of rapid phase tran-
sitions, 166—167
LLNL/NWC, spill tests, 130-136
BURRO test series, 131-133
COYOTE test series, 133-134
LNG spill facility, 130-131

M

Massachusetts Institute of Technology
early spill tests, 120
LNG Research Center, 121-128
Mass transfer rate, 67-87, 93-94
enhanced, 87-99
fictitious coefficients, 98-99
liquid mass flow rate, 98
molar flux, 92, 98
momentum equations, 93
single-screw extruder, 68-78
assumptions, 70
axial dispersion, 73
boundary and initial conditions, 70
drag flow shape factor, 72
experimental studies, 74-78, 83-87
exposure time, 69
molar flux, 71
penetration theory, 70
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and screw speed, 72-73
styrene~polystyrene system, see
Styrene—polystyrene system
theory, 69-74, 81-83
total molar rate, 69
volatile component concentration, 73
twin-screw extruder, 78-87
average value, 86
compared to single-screw, 82
exposure time, 82
polystyrene system, 83
Matagorda Bay, Texas, LNG RPT, 127-128
Memphis Light, Gas and Water Division,
LNG spill tests, 116-117
Meteorological parameters, 253-261
bulk Richardson number, 255
convective boundary layer, 260-261
convective velocity scale, 261
flux Richardson number, 253
friction velocity, 259-260
gradient Richardson number, 254
mean wind speed gradient, 259
Monin-Obukhov length, see Monin-
Obukhov length
parameter a, 256-257
Pasquill-Gifford stability classes, see
Pasquill-Gifford stability classes
surface roughness estimation, 256-259
universal function ¢, 259
Methane—-ethane-propane system, RPT re-
gions on 298-K water, 127
Methanol, thermal conductivity, 125-126
Methanol-poly(propylene) system, 76-77
Methyl metacrylate—poly(methyl methacry-
late) system, 85
Molar flux, 92, 98
mass transfer, 69, 71
Molten aluminum-water explosions, 159-
182
Alcoa test program, 162-166
background, 161-162
Battelle study, 169-170
criteria for, 178-179
external trigger shock, 181
industrial accidents, 171, 177-178
descriptions, 172-176
modified superheated theory, 179-~180
salt-gradient theory, 180-181
spectra, 170
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summary, 159-161
test schemes, 159-160
transitional boiling model, 181182
trigger shock, 168-170
Molten copper-water explosions, industrial
accidents, 171, 177-178
Molten metal-water explosions, 110-111
Molten salt studies, 155
pressure—temperature—composition dia-
gram, 157-158
Molten saltwater explosions, 109~110
pressure effects, 193-194
Moilten steel-water explosions, industrial
accidents, 171, 177-178
Momentum transfer, 93-94
Monin-Obukhov length, 254
estimation, 255-256
and roughness height, 255
and stability condition, 254
Monin-Obukhov similarity theory, 259, 276
Monte Carlo simulation, turbulent diffusion,
288-294
continuous, elevated line source applica-
tion, 291-294
dimensionless ground-level concentra-
tion, 292-294
elements, 288-291
Lagrangian integral time scale, 291
Lagrangian velocity autocorrelation, 290~
291
mean square particle displacements, 291
particle velocity, 290
probability density function, 288-289
ways of treating particles, 292-293

N

Na,CO;, solubility in water, 156-157
Naval Weapons Center, see Lawrence
Livermore National Laboratory/Naval
Weapons Center spill tests
Newman-Simon model, 97-98
predictions, 99
Nucleation
heterogeneous, 199
homogeneous, 88, 199
temperature, see Superheat-limit tem-
perature
rate, 89, 201
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Overpressure
distance graph, 137, 140
liquid propane, 119
LNG spills, 115-116, 137-140
Shell Pipeline spill tests, 136-137
Oxygen
accumulation term, 34
concentration, clean burned region, 9-10
diffusion rate, 47
flow rate, through bead surface, 10-11
as function of distance down the kiln, 29-
30
molar consumption rate, 16
rate of change, 49
utilization rate, 5-6, 48
versus temperature, 6

P

Pasquill-Gifford stability classes, 254-255
estimation, 255-256
and parameter a, 257
and plume dispersion parameters, 269
Peclet number, 73-74, 83
Penetration theory, 98
assumptions, 70
boundary and initial conditions, 70
Plume model, fluctuating, 247-250
crosswind and vertical concentration dis-
tributions, 258
definitions, 249
plume average dispersion, 248
reflection, 249
Plume physics
description, 262-263
dispersion, see Dispersion parameters
envelope, decomposition, 265
instantaneous cross-sectional distribu-
tion, 263-264
spread deviations, 247
Point source diffusion formulas
atmospheric diffusion equation, 222-224,
231-232
concentration
Fourier transform, 223
Lagrangian approach, 218-222
steady-state, 225
correlation coefficient, 219

Eulerian approach, 222-224, 238-245
continuous source, 242-243
instantaneous source, 238-241
separation of variables, 240

fluctuating plume model, see Plume
model, fluctuating

fundamental equations, 212-218
atmospheric diffusion equation, 217
concentration autocorrelation, 215
concentration cross-correlation, 214-

215
concentration decomposition, 216
concentration distribution, 215
continuity, 216
eddy diffusivity, 217
Eulerian description, 212, 214
fluctuating transport, 216-217
Green’s function, 213
inert tracer concentration, 213-214
Lagrangian approach, 218-222
Lagrangian description, 214
species conservation, 212-213
transition probability density, 214
wind velocity, 215

Gaussian diffusion formulas, 244-245

Gaussian distribution, 233, 235-250
covariance, 235
Lagrangian approach, 235-238
probability density function, 235-236
unbounded domain, 236-237

Green’s function, stochastic, 220

individual puff spread, 227

line and area source solutions, 243, 246—
247

mean concentration, 222
continuous sources, 224-234
equal velocity variances, 226-227
Eulerian approach, 230--233
instantaneous source, 218-224
unequal velocity variances, 227-228

mean square concentration, 220

Monte Carlo simulation, see Monte Carlo
simulation, turbulent diffusion

probability density function, 220

puff kernel, Taylor series, 226

slender-plume approximation, 227, 229,
231

transition probability density, 225

velocity, variance, 221-222

velocity components, autocovariances,
219
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Polybutenefreon system, 84
Polymers, stripping operations, see Vapor—
liquid stripping operations
Polymer—vapor equilibrium relations, 65-66
Poly(vinyl acetate)-toluene system, 66
Power law index, and surface roughness,
275-277
Probability density function, 220
Gaussian, 235-236
Monte Carlo simulation, 288-289
Propane spill tests, 121-122
overpressure, 119
superheated, bubble growth, 192-193
superheat-limit temperature, 114
Propylene spill tests, 121-122
Puff
kernel, Taylor series expansion, 226-227
spread, 227

R-22

critical bubble size, 196-197

thermal boundary-layer development,
195-197

thermal explosions, 193

water contact experiments, 188189

Rapid phase transitions, 105-208

absolute pressure effects, 189-198
bubble growth dynamics, 189-193

binary mixtures, 121, 123, 129

criteria, 107-108

defined, 112

escalation model, 195-198

interfacial temperature ranges, 125-126

laboratory scale, 124

large-scale, coherent, 109

liquefied gases on water, 129

LNG-water, see Liquefied natural gas,
rapid phase transitions

metal, see Molten aluminum-water ex-
plosions; Reactive metal-water explo-
sions

nomenclature, 203

possibility, rules for, 114

regions, methane-ethane—propane sys-
tem, 127

small-scale, and interfacial temperature,
125

superheated-liquid model, 108

trigger shock, 109, 112
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Reactive metal-water explosions, 182-186
background, 182-183
discussion, 185
titanium melting-furnace explosions, 183—
185
tungsten casting explosion, 185
Richardson number
bulk, 255
- flux, 253
gradient, 254

Salt-gradient theory, 142-143, 180181
Shell Pipeline Corporation spill tests, 128—
130, 136-137
Silica~alumina catalyst, 8
mass balances, 15
transitional and observed burning rates,
13-14
Slender-plume approximation, 227, 229,
231, 233, 241
Gaussian plume equation, 237
Slow coke burning, 4-5
effect of fast coke, 31-33
intrinsic rate of burning, 9
kiln equation, 13-26
countercurrent zone, 18
explicit solution, 13-19
kiln performance and explicit solution,
21, 23-26
one-dimensional, 16-18
parameters, 20
test and use of explicit solution, 19-23
oxygen accumulation term, 34
Smelt
defined, 141
desensitizers, 158-159
kraft, 141
analysis, 145
explosions, 144--145
soda, 141
analysis, 145
explosions, 144
Smelt-saltwater explosions, 109~110
Smelt-water explosions, 141-149
black liquor recovery boiler explosion
list, 150154
boiler, statistical survey, 148-149
description, 149, 155
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dissolving tank explosions, 144-145
laboratory investigations, 142, 146148
modified superheat theory, 156—158
salt-gradient theory, 142-143
summary, 141-143
superheat model, 155-156
Stationary process, defined, 219
Styrene-polystyrene system, 77
experimental results comparison, 78
stripping operations, 75-76
Superheated-liquid model, 108
modified, 160-161
Superheated liquids, 198-203
defined, 198
encapsulation, 199
existence, 198-199
explosion strength, and system pressure,
111-112
rate of formation, vapor embryos, 201
Superheated-liquid theory
modified, 110, 179-180
smelt—water explosions, 156158
smelt-water explosions, 155-156
Superheat-limit temperature, 114, 124, 199-
200
function of composition, 201202
function of temperature, 200-201
NaCl solutions, 157-158

T

Taylor series, puff kernel, 226
Temperature
cold liquid profiles, 195
as function of distance down the kiln, 29
interfacial, 124-125, 129-130
and LNG composition, 135
RPT range for hydrocarbon spills, 125~
126
plenum, effect of cooling air, 54, 56
rate of change, 49-51
superheat-limit, see Superheat-limit tem-
perature
Thermal explosions, see Rapid phase transi-
tions
Thermofor catalytic cracking kiln, see also
Coke burning
activation energies, 50, 53
afterburning control, 53, 56
air lift version, 34

INDEX

catalyst inlet temperature and burn-off
distance, 27-28
catalyst linear velocity, 17
catalysts, 3
closed-loop schemes, 40, 42-43
CO conversion catalytic activity, 53, 55
development, 2-3
flow patterns, 3, 5
mass balances, silica~alumina catalyst, 15
operation
coke remaining versus distance from
top, 21-23
conditions, 23, 52
parameters investigated, 51, 53
performance, 24
and air-inlet locations, 25-26
parameters, 18—19
change in catalyst diffusivity, 25-26
use of explicit solution, 21, 2326
plenum temperature and cooling air addi-
tion, 54, 56
plume burner, 27
response to coke increase, 36, 39-40
temperature in top zone, 21-22
Titanium melting-furnace explosions, 183-
185
Transco, LNG spill tests, 117
Transfer unit
length, 99--102
experimental values, 101
number, 99-100
Transition probability density, 214, 225,
246-247, 252
Transitional boiling model, 181-182
Tungsten casting explosion, 185
Turbulent closure models, second moment,
217-218

UV

University of Maryland spill tests, 119-120
Vapor explosions, see Rapid phase transi-
tions
Vapor-liquid stripping operations, 61-104
analysis and design problem, 64-67
diffusion coefficients, 65-66
mass transfer rates, see Mass transfer rate
nomenclature, 102-103
nonlinear constitutive equations, 64-65
polymer-vapor equilibrium relations, 65—
66
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Velocity Wind velocity, 215

autocorrelation, 266 Wisconsin Gas Co., LNG spill tests, 116

autocovariances, 219 Wood pulp preparation, 143-144

variance, 221-222 Wiped-film processors, mass transfer rates,

equal, 226-227 see Mass transfer rate
Velocity scale, convective, 261
X,Z
w
Xylene—polypropylene system, 76-77

Wind speed Zeolite catalysts, thermofor catalytic crack-

gradient, 259 ing, 43

mean, 275-276 with chromia, 51, 53
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